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ABSTRACT

A tree is a connected graph with no cycles. In 1968 Beineke and Pippet introduced the
class of generalized trees known as k-trees [3]. In this dissertation, we classify a subclass of
k-trees known as tree-like k-trees and show that tree-like k-trees are a common generalization
of paths, maximal outerplanar graphs, and chordal planar graphs with toughness exceeding
one.

A set I of vertices in a graph G is said to be independent if no pair of vertices of I are
incident in G. Let f; = fs(G) be the number of independent sets of cardinality s of G.
Then the polynomial I(G;z) = Z?SS) fs(G)z® is called the independence polynomial of the
graph G. [21]. In this dissertation, all rational roots of the independence polynomials of
paths are found, and the exact paths whose independence polynomials have these roots are
characterized. Additionally, trees are characterized that have —1/q as a root of their inde-
pendence polynomials for 1 < g < 4. The well known vertex and edge reduction identities
for independence polynomials are generalized, and the independence polynomials of k-trees
are investigated. Additionally, sharp upper and lower bounds for f, of maximal outerplanar
graphs, i.e. tree-like 2-trees, are shown along with characterizations of the unique maximal
outerplanar graphs that obtain these bounds respectively. These results are extensions of
the works of Wingard, Song et al., and Alameddine [1].

The first Zagreb index M;(G) and the second Zagreb index My(G) of the graph G are

given by: Mi(G) = > ,cve) d(u)?, and My(G) = > wer(c) Uu)d(v). The study of the



Zagreb indices M; and M, have been an active area of research since the report of Gutman
and Trinajsti¢ in computational chemistry [23] in 1972. The minimum and maximum M,
and M, values for k-trees are determined, and the unique k-trees that obtain these minimum
and maximum values respectively are characterized.

In 2011, Hou, Li, Song, and Wei characterized the Zagreb indices for maximal outerplanar
graphs and determined the unique maximal outerplanar graph that obtains minimum M,
and My values, respectively, as well as maximum M; and M, values respectively [29]. Select
works of Hou et al. are extended to all tree-like k-trees. That is, the maximum M; value for
tree-like k-trees is determined, and the unique tree-like k-tree that obtains this maximum
values respectively is characterized. Additionally, a partial result for the maximum M, value

for tree-like k-trees is determined, and a conjecture for a full result is presented.
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G a graph
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Sh(TF) the shell of a k-tree
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a(@Q) the independence number of G
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I(G;z) the independence polynomial of G
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1. INTRODUCTION

A graph is chordal if it does not have an induced cycle of length greater than three. A
graph is said to be k-degenerate if all of its subgraphs have minimum degree at most k, a
concept introduced by Lick and White in 1970 [32], and a graph is maximally k-degenerate
if it is k-degenerate and not a spanning subgraph of any other k-degenerate graph. In 1968
Beineke and Pippet introduced the class of generalized trees known as k-trees [3], and these
graphs have attracted considerable research as well as many applications [4, 16, 33, 37, 38].
A purpose of this dissertation is to investigate the class of graphs that are both chordal and
maximally k-degenerate, and it is shown that a graph is chordal and maximally k-degenerate
if and only if it is a k-tree.

A major emphasis of this dissertation is to classify a subclass of k-trees based on a “new”
parameter known as the shell of a k-tree, which is a reformation of the (k + 1)-line graph
first introduced in 2006 by Markenzon et al. [33]. The shell gives a way to distinguish
k-trees with a particular underlying structure. In particular, two k-tree subclasses known
as path-like and tree-like k-trees hold interest. These concepts are introduced in Chapter 2
along with a survey of facts and propositions about k-trees including path-like and tree-like
k-trees.

Path-like and tree-like k-trees generalize several commonly studied graph classes including
paths, maximal outerplanar graphs, and chordal planar graphs with toughness exceeding one.

Thus many results about k-trees may be expanded for tree-like k-trees and the previously



listed graph classes. Likewise, results on paths, maximal outerplanar graphs, and chordal
planar graphs with toughness exceeding one may generalize to all tree-like k-trees.

A set I of vertices in a graph G is said to be independent if no pair of vertices of I are
incident in G. Let fs = fs(G) be the number of independent sets of cardinality s of G. Then
the polynomial I(G; x) = Z:S) fs(G)x* is called the independence polynomial (Gutman and
Harary [21]), the independent set polynomial (Hoede and Li [26]), or Fibonacci polynomial
(Hopkins and Staton [27]) of G. In 1995, Wingard investigated the number of independent
sets in trees along with the independence polynomials of trees [44].

In Chapter 3, the works of Wingard are extended by investigating rational roots of the
independence polynomials of paths and trees. All rational roots of the independence poly-
nomials of paths are found, and the exact paths whose independence polynomials have these
roots are characterized. Additionally trees are characterized that have —1/q as a root of
their independence polynomials for 1 < g < 4.

Chapter 4 investigates the independence polynomials of k-trees. In 2010, Song, Staton,
and Wei generalized select results of Wingard presented in Chapter 3 to k-trees [41], and
following their lead a result of Wingard is extended to k-trees in Chapter 4. This result
is proven using generalizations of the well known vertex and edge reduction identities for
independence polynomials which are also introduced in Chapter 4. Additionally, sharp upper
and lower bounds for f; of maximal outerplanar graphs, i.e. tree-like 2-trees, are shown
along with characterizations of the unique maximal outerplanar graphs that obtain these
bounds respectively. These results are extensions of the works of Wingard, Song et al., and

Alameddine [1].



In 1975, Randié¢ introduced the branching index which later became known as the Randié¢
connectivity index [36]. The Randié connectivity index has been generalized as the general
Randi¢ connectivity index and the general zeroth-order Randié¢ connectivity index, where
the Zagreb indices appeared as a special case [8]. The first Zagreb index M;(G) and the
second Zagreb index Ms(G) of the graph G are given by:

ME) = Y AWl M@= Y dwd)

ueV(G) weF(G)
The Zagreb indices M; and Ms have been an active area of research going back to 1972 in
the report of Gutman and Trinajsti¢ in computational chemistry [23].

In particular, Das and Gutman in 2004 characterized the Zagreb indices for trees and
determined the unique tree that obtains minimum M; and M, values respectively, as well
as maximum M; and My values respectively [12, 20]. In Chapter 5, the results of Das and
Gutman are generalized to k-trees. That is, the minimum and maximum M; and M, values
for k-trees are determined, and the unique k-trees that obtain these minimum and maximum
values respectively are characterized.

In 2011, Hou, Li, Song, and Wei characterized the Zagreb indices for maximal outerplanar
graphs and determined the unique maximal outerplanar graph that obtains minimum M,
and M, values respectively, as well as maximum M; and M, values respectively [29]. In
Chapter 6, select works of Hou et al. are extended to all tree-like k-trees. That is, the
maximum M; value for tree-like k-trees is determined, and the unique tree-like k-tree that
obtains this maximum value is characterized. Additionally, a partial result for the maximum
M, value for tree-like k-trees is determined, and a conjecture for a full result is presented.

Wingard determined that for s > 0, fs is minimized among trees by the path, and f; is

maximized by the star. Similarly, Das and Gutman determined that M; is minimized among



trees by the path, and M; is maximized among trees by the star for ¢ € {1,2}. In Chapter
7, it is shown that for a given tree, it is possible to create a sequence of trees such that f;
(respectively M) of a given tree in this sequence is greater than or equal to f; (respectively

M) of any previous tree in the sequence for s > 0.

1.1. Definitions and Notation.
The following definitions will be used throughout this dissertation. For definitions not

presented here, we refer the reader to Diestel [14].

Definition 1.1. A graph G is an ordered pair G = (V, E), where V' is a non-empty finite
set and F is a collection of unorderd pairs from V. Each element of V' is called a vertex and

each element of F is called an edge.

Note that in the above definition, graphs are simple and undirected. That is, no edge
joins a vertex to itself, no two edges join the same pair of vertices, and edges are not given
a direction.

The subgraph G[S] induced by the vertex set S C V(G) is the subgraph with vertex set
S and edge set {uvju € S,v € S,uv € E(G)}. In particular, G — v denotes the induced
subgraph G[V(G)\ {v}] and G — S denotes the induced subgraph G[V (G)\ S] for S C V(G).
The graph G—e is the graph resulting from deleting the edge e from G, and G—F' is the graph
resulting from deleting F' C FE(G). Let G and H be two graphs with no common vertex.
Then GU H is the subgraph with V(GUH) = V(G)UV(H) and E(GUH) = E(G)UE(H).
Let u,v € V(G) such that uv ¢ F(G). Then G U {uv} is the graph with vertex set V(G)
and edge set E(G) U {uv}. Let ||G|| denote |E(G)].

Let v € V(G). Then the neighborhood of v is the set N(v) = {u|luv € E(G)}, and

Ny (v) denotes the neighborhood of v in the subgraph H. The set N[v] = {v} U N(v) is



called the closed neighborhood of v. The degree of v is defined as d(v) = |N(v)|, similarly
for a subgraph H, dy(v) = |Ng(v)|. For a graph G, §(G) (respectively A(G)) denotes the
minimum (respectively maximum) degree of G. Let u,v € V(G). Then d(u,v) is the length
of a shortest path connecting u to v in G. Let K,,, P,, and S,, denote the complete graph,
the path, and the star respectively on n vertices, and let K, ,, be the complete bipartite

graph on n; + ny vertices.

1.2. k-degenerate Graphs and k-trees.

Definition 1.2. A graph G is called k-degenerate if every subgraph H of G is such that

S(H) < k.

Note that if G is k-degenerate, then G is (k+ 1)-degenerate. Likewise, if G is k-degenerate
and H is any subgraph of GG, then H is also k-degenerate. We say that G is maximally k-
degenerate if GG is k-degenerate and G is not a spanning proper subgraph of any k-degenerate
graph.

A vertex in a graph is simplicial if the subgraph induced by its neighborhood is a clique.
We say that a vertex v is k-simplicial if G[N(v)] = K. It is commonly known that a
chordal graph on at least two vertices contains a simplicial vertex v. Let G = Gq, and let
G; = Gy —v; for © > 1. If each v; is a simplicial vertex in G;_, then {vy,...,v,} is a
simplicial elimination ordering of the n-vertex graph G. With these defintions, I will define
the concept of a k-tree, an idea first introduced by Beineke and Pippet in 1968 [3] and the

subject of emphasis for this dissertation.

Definition 1.3. Let T denote a k-tree on n vertices.

(i) The smallest k-tree is the k-clique Kj.



(ii) If T is a k-tree with n vertices and a new vertex v of degree k is added and joined
to the vertices of a k-clique in G, then the larger graph is a k-tree with n + 1 vertices

k
Tn+1 .

FIGURE 1. A 4-tree on 10 vertices

By the definition of k-trees, it is clear that k-trees are a direct generalization of trees. In
fact, trees are k-trees with & = 1. The simplicial vertices of a tree are said to be“leaves”,
and the unique neighbor of a leaf in a tree is said to be the “support vertex” of the leaf.

It was noted by Song in 2010 that k-trees are k-degenerate [40], and clearly k-trees are
chordal as well. However, through use of the Principle of Mathematical Induction, we may

make a stronger statement.

Theorem 1.4. Let G be a graph on n > k vertices. Then G is a k-tree if and only if G is

chordal and maximally k-degenerate.

Proof. 1t is clear that if G is a k-tree, then G is chordal and maximally k-degenerate. Suppose
that GG is chordal and maximally k-degenerate, and suppose that G is smallest such graph
that is not a k-tree. Then n > k 4+ 2. As G is a chordal graph on n > 2, there is a
simplicial vertex v € V(G). Since G is maximally k-degenerate, §(G) = k. If [N(v)| > k+1,
then G[N[v]] & Kj.2, and so G has a subgraph with 6(G) > k + 1; a contradiction. Thus
|IN(v)| = k, and G — v is a chordal maximally k-degenerate graph. Hence G — v is a k-tree,
and G is formed by attaching a vertex of degree k to a k-clique of G —v. Thus G is a k-tree

contradicting the assumption that G is not a k-tree. Hence G is a k-tree. O



d(v;) for the k-path on k4 4 < n < 2k vertices

1 1<i<n—k—-1 n—k<i1<k+1 k+2<i<n

d(v;) kE+1—1 n—1 k+n—i

d(v;) for the k-path on n > 2k + 1 vertices

1 1<i<k k+1<i<n-—k n—k+1<i<n

d(v;) kE+i—1 2k kE+mn—i
TABLE 1. d(v;) for the k-path on n vertices

Let TF be a k-tree. If n > k+2, T has at least two simplicial vertices. If n = k + 1, then
by definition every vertex is k-simplicial. For convention, we say that T} '+, has one simplicial

vertex.

Definition 1.5. Let GGy be a k-tree, and let S; be the set k-simplicial vertices of Gy. For

i>2 let G; =G;—1 — S1(Gi—1). Then S; denotes the set of k-simplicial vertices of G;.

Many results throughout this dissertation depend on several particular k-trees. These

graphs will now be defined.

Definition 1.6. The k-path, P*, has vertex set {vy,...,v,} where G[{vy,va, ..., v} =& K.

For k + 1 <i < n, let vertex v; be adjacent to vertices {v;_1,v;_2,...,0;_y}.

A helpful characteristic of the k-path P is that we may order the vertices vy, vy, ..., v,
such that P¥ — {v1,...,v;} is a k-path on n — 4 vertices for 1 <i <n —k — 1.

Additionally, the degree of vertex v; for the k-path may be characterized as follows: for
k+4<n<2kandk >4, dv;) =min(k+i—1,n—1,k+n—1i) and for n > 2k + 1,

d(v;) =min(k + i — 1,2k, k +n — i). Table 1 shows when these values are reached.



Definition 1.7. The k-star, Sy, has vertex set {vy,...,v,} where G[{vy,vq, ..., v }] =

Ky and N(v;) ={vy,..., 0} for k+1<i<n.

Definition 1.8. The k-spiral, S*, has vertex set {vy,...,v,} where G[{vi,va, ..., v5_1}] =
K 1, N{vi,..., 051} € N(v;) for k <i <n, and {v;_1v;,v;v;.1} C E(SF) for k+1<i <

n— 1.

Definition 1.9. A k-diamond DF has vertex set V(D) = {v1, v, ..., 0501} U{us, ..., u;}

for 1 <i < k41 such that G[{vy,va, ..., vp41}] = Kpy1 and N(u;) = {v1,v9, ..., 0541} —{vi}

P? S3.4 S3 D3

F1GURE 2. The 3-path, 3-star, 3-spiral, and 3-diamond on 7 vertices

for all 1.



2. TREE-LIKE k-TREES

A major focal point of the research in this dissertation stems from the ideas that will now
be presented. A k-clique in a chordal graph is said to be “bound” if it is contained in more
than one (k + 1)-clique. A k-clique in a k-tree that is not bound is said to be “unbound”.
The bound and unbound k-cliques of a k-tree help determine the underlying structure of the

k-tree, and this structure is referred to as the shell of a k-tree.

Definition 2.1. Let T* be a k-tree. Then shell of T, Sh(TF), is the graph defined as
follows:
(i) If X is a (k+ 1)-clique in T*, then X is a vertex in Sh(T¥). Hence V(Sh(TF)) is the
set of (k + 1)-cliques in TF.
(i) If X and Y are (k + 1)-cliques in T such that |[V(X) NV (Y)| = k, then XY €

E(Sh(TF)).

FIGURE 3. A 2-tree and its shell

We see from this definition that two (k + 1)-cliques X and Y are adjacent in Sh(TF) if
and only if the intersection of X and Y is a bound k-clique.

From the shell of the k-tree, special subclasses of k-trees emerge that may now be defined.



Definition 2.2. The k-tree TF is called path-like if Sh(T¥) = P,_;, the path on n — k

vertices.

Definition 2.3. The k-tree T* is called tree-like if Sh(TF) = T where T is a tree.

In 2005, Markenzon, Justel, and Paciornik defined simple-clique k-trees. A k-tree is defined
to be a simple-clique k-tree if any bound k-clique is bound by exactly two (k + 1)-cliques.
From this definition, Markenzon et al. introduced the (k + 1)-line graph for k-trees which is
analagous to the shell of the k-tree [33], and they showed that if a k-tree is a simple-clique
k-tree, then its (k + 1)-line graph is a tree. Hence, the simple-clique k-trees of Markenzon

et al. are synonymous with tree-like k-trees.

2.1. Facts and Propositions of k-trees and Tree-like k-trees.
In this chapter, several facts and propositions about k-trees, in particular path-like and
tree-like k-trees, will be noted. These ideas will be used throughout the dissertation and are

integral to the study of path-like and tree-like k-trees.

Fact 2.4. Let T be a k-tree on n vertices. Then

(i) SU(TF) #0 forn>k+1,

(i) Si1(TF) is an independent set for n >k + 2,
(i) So(TF) £ 0 forn >k + 3,
(iii) every k-clique is contained in a (k + 1)-clique,

(iv) TF is Kjyo-free.

n

Proposition 2.5. A k-tree on n vertices has (];) + (n — k)k edges.

10



Proof. Let vq,...,v, be a simplicial elimination ordering, and G; = G[{v;,...,v,}] for 1 <
1 < n. Then G, _ri1 is a k-clique with (’;) edges. For 1 < i < n—k, dg,(v;) = k, and

1Gill = [|Gisal| + k. Hence [|TF|| = |Gul| = [|Guil| + (n = k)k = (5) + (n — k)E. 0

2

In 1992, Froberg generalized Proposition 2.5 to determine the number of i-cliques in a
k-tree for 0 < i < k. Define the g-vector of a graph G as g = (g1, ..., grt1) Where g; is the

number of i-cliques in G for 1 <1i < k + 1. Froberg deteremined the g-vector for k-trees.

Theorem 2.6. [16] For n > 0, the g-vector of a k-tree on n vertices is as follows:

(GG @) e)o-n(G)6) () G))

Froberg also determined that a k-tree may be characterized by the neighborhoods of its

vertices.

Theorem 2.7. [16] Let G be a connected graph on n vertices and (’;) + (n—k)k edges. Then

G is a k-tree if and only if GIN(v)] is a (k — 1)-tree for each v € V(G).

From Theorem 2.7, if T¥ is a k-tree with a vertex v such that d(v) =n — 1, then T% — v

is a (k — 1)-tree. Thus as an extentsion of Theorem 2.7, we state the following theorem.

Theorem 2.8. Let T* be a k-tree on n vertices and R = {v|d(v) = n—1} such that |R| = r.

Then TF — R is a (k — r)-tree.

Proof. Let R = {vy,...,v,}. Clearly r < k as otherwise T* has a K}, subgraph and is not
k-degenerate. From Theorem 2.7, it is clear that T¥—vy is a (k—1)-tree and dg _, (v;) = n—2

for 2 <i <r. Hence T* — vy — vy is a (k — 2)-tree. Clearly, TX — R is a (k — r)-tree. O

11



Proposition 2.9. Let T be a k-tree, and let X be a k-clique of TF. Then X is bound if

and only if X s a cut set.

Proof. Suppose that X is a bound k-clique, but not a cut set. There are at least two vertices
v; and vy such that X C N(v;) N N(vy). If viv9 € E(TF), then T* has a (k + 2)-clique.
Let P be a shortest vy, vo-path in TT’f — X and v3 be the vertex on P closest to v; such that
N(v3) N X #£0.

If v3 = vy, then vy Pvszv; is an induced cycle of length at least four where z € V(X). If
v3 # Vg, then vy Pus| > 3. Let x € N(v3) N X. Then vy Pusxv; is an induced cycle of length
at least four. This contradicts the fact that T* is chordal. Hence T* is disconnected.

Let X be a cut set, then T¥ — X has at least two components H; and H,. We may assume
that there exists a vertex v € V(Hz) such that X C N(v).

Suppose X is not bound, then there is no vertex u € V(H;) such that X C N(u). However
T* is k-connected, so there are at least k-edges from H; to X. Hence |H;| > 2, and there
exists {u},us} C V(Hp) such that 1 < |[N(u}) N N(uy) NV(X)| < k —2. That is, there
exists z; € N(u)) NV(X) and x5 € N(ub) NV(X) such that zy ¢ N(u}),ze ¢ N(uj). Of
all pairs {u},u5} of V(H;) meeting these conditions, choose {uy, us} such that the smallest

U1, us-path P is minimal. Then xiu;Pusxox; is an induced cycle of at least four. This

contradicts the fact that T is chordal. Thus X is bound. U

In 1974, Rose gave several characterizations of k-trees.

Theorem 2.10. [37] A graph G is a k-tree if and only if

(i) G is connected,
(ii) G has a k-clique but no (k + 2)-clique, and
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(iii) every minimal x,y separator of G is a k-clique.

Theorem 2.11. [37] Let G be a graph on n > k vertices such that G has a k-clique but no
(k + 2)-clique and every minimal x,y separator of G is a clique. Then |E(G)| < kn — (g)

with equality holding if and only if G is a k-tree.

Theorem 2.12. [37] A graph G is a k-tree if and only if

(i) G is connected,
(i) every minimal x,y separator of G is a k-clique, and

(iii) [E(G)| = (5) + (n — k)k.

Theorem 2.13. [37] A graph G is a k-tree if and only if

(i) G has a k-clique but no (k + 2)-clique,
(ii) every minimal x,y separator of G is a k-clique, and
(iii) for all distinct nonadjacent pairs x,y € V(G), there exists exactly k vertex-disjoint

x, y-paths.
2.2. Propositions about Path-like and Tree-like k-trees.
Proposition 2.14. Let T* be a k-tree, then Sh(TF) is chordal.

Proof. Suppose Sh(T¥) has an induced cycle of length at least four. Then there are at least
four (k + 1)-cliques Xy, Xs, X3, X4 such that | X; N X;1| = k for 1 < i < 4 with arithmetic
on the indices is modulo 4. Then X; N X, =Y is a bound k-clique and T — Y is connected;

a contradiction. Hence Sh(TF) is chordal. O

Proposition 2.15. Let T¥ be a k-tree, then Sh(TF) has n — k vertices.
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Proof. By Theorem 2.6, T* has n — k (k + 1)-cliques. Hence Sh(T¥) has n — k vertices. [
Fact 2.16. A k-tree T* on n > ko vertices is path-like if and only if |S1(TF)| = 2.

Fact 2.17. A k-tree T* with n > k+2 is path-like if and only if, its vertices may be arranged

V1, Va, ..., U, SO that
(i) The vertices vy, vy, ..., vg11 induce a (k+ 1)-clique.
(ii) For each i > k + 2, the vertices vy, vq,...,v; form a path-like k-tree with simplicial

vertices v1 and v;.

Such an arrangement of the vertices of a path-like k-tree is called a presentation.

Fact 2.18. In a presentation of a path-like k-tree TF, viv;y € E(TF) for each i < n. It

follows that each path-like k-tree has a spanning path.
Fact 2.19. There is a unique tree-like k-tree on n vertices for k <n < k + 3.

Fact 2.20. A k-tree T* is tree-like if and only if, every bound k-clique is the intersection of

exactly two (k + 1)-cliques.

Fact 2.20 states that the simple-clique k-trees defined by Markenzon et al. are in fact

tree-like k-trees.

Fact 2.21. Let T* be a tree-like k-tree on n > k + 2 vertices with v € Si(T¥) and N(v) =

{ug,...,up}. Then | Ny N(u;)| = 2.
Proposition 2.22. If T¥ is a tree-like k-tree, then A(Sh(TF)) < k + 1.

Proof. Suppose that T is a k-tree such that A(Sh(T¥)) > k+2. Then there is a (k+1)-clique
X and r (k + 1)-cliques X;, X», ..., X, such that r = A(Sh(TF)) > k+2and | X N X;| =k
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for all . Hence there are at least two (k + 1)-cliques Y3,Y> € {Xi,...,X,} such that

(ViNX) = (YoNX). Thus {XY;, VY5, Y, X} C E(Sh(TF)), and so Sh(TF) is not a tree. [

Proposition 2.23. If T* is a tree-like k-tree, then Sh(TF) hasn —k — 1 edges.

Proof. By Fact 2.15 and the fact that Sh(TF) is a tree, it is clear that Sh(T¥) hasn —k — 1

edges. 0

Proposition 2.24. Let T* be a tree-like k-tree, then T* has nk — (k — 1)(k + 1) k-cliques,

where n — k — 1 are bound and (k — 1)n — (k — 2)(k + 1) are unbound.

Proof. Let vq,...,v, be a simplicial elimination ordering, and G; = G[{v;,...,v,}] for 1 <
i <n. Then G,,_,_; is a (k+ 1)-clique with k£ + 1 unbound k-cliques and no bound k-cliques.
Let ||G||x (respectively ||G|[;,) be the number of unbound (respectively bound) k-cliques in
G for agraph G. For 1 <i<n—k—1, ||Gillx = ||Giz1|lx + k£ — 1 and ||G||}, = ||Gi-1]]}, + 1.
Hence ([Tl = lIGulls = 1Gat1ls + (0 — k — 1)(k — 1) = (k — 1)n — (k — 2)(k + 1), and
TE|L = |Gall, = |Grnok—1llf + (n —k — 1) =n — k — 1. As every k-clique is either bound
or unbound there are n —k — 1+ (k— 1)n — (k —2)(k+ 1) =nk — (k — 1)(k + 1) k-cliques

in TF. U

Theorem 2.25. Let T be a tree-like k-tree onm = (j+1) mod k vertices for2 < j < k+1.

k1 '
(n—k—1)+%.

Then [Sy(T)] <

Proof. There is a one-to-one correspondence between simplicial vertices of T¥ and the leaves
of the shell of T, and we will count the number of simplicial vertices by counting the leaves

of the shell of T%. Consider T = Sh(TF), and let S; be the set of vertice of degree i for
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1<i<k+1land S=U,(S;). Now |V(T)| =n — k, and so

n—k =[5 +[Sea] +|5].

Suppose |S| > 2. Then there exists another tree 7" such that |S;(7)| < |S1(7")| and
|S(T")| < 1. We may assume 0 < |S(T)| < 1.

If |S| = 0 note that 7" may be formed by starting with K ;41 and recursively attaching k
leaves to a leaf in the previous tree. Thusn—k =k+2=2 mod k. Thenas ) ) d(v) =

2|E(G)];

[Sul+ (k + D)[Skqa| =2(n =k = 1)

S|+ (k+1)(n—k—1[S1]) =2(n—k—1)

k—1 2

1] = == —k) + 7
k—1 k—1 k+1
L A
k— J
= 2 (n—k’—l)—i—z

where 7 =k + 1.
Suppose |S| = 1, and let v € S such that d(v) = j for some 2 < j < k. Then n — k =
k+2+j—1=(j+1) mod k. Then
|S1| 4+ (k4 1)[Ska1| +J|S| =2(n — k — 1)

1S1|+(E+1)(n—k—|S]—-1)+j=2(n—k—1)

k—1 k—1—j
1S1| = ’ (n—k)——k
k—1 j



k—1
k
2<j<k+1. O

As [S1(T)] = |Sy(TH)], |S:(TH)] < (n—k—1)+ % where n = (j + 1) mod k for

2.3. Particular Classes of k-trees.
Fixing k£ to be 1,2 or 3, it becomes clear that tree-like k-trees are particular classes of

graphs.
Fact 2.26. The only tree-like tree (a 1-tree) on n vertices is P,, the path.
Markenzon et al. verified the following about tree-like k-trees.

Theorem 2.27. [33] Let G be a graph. Then G is mazimal outerplanar if and only if, G is

a tree-like 2-tree.

Theorem 2.28. [33] Let G be a graph with n > 3. Then G is a planar 3-tree if and only if

G is a tree-like 3-tree.
Additionally, for 3-trees, Markenzon et al. found the following.

Theorem 2.29. [33] Let G be a graph with n > 3. Then G is a planar 3-tree if and only if

G s a chordal and mazximal planar graph.

Let w(G) denote the number of components of a graph G. A graph G is t-tough if

S
t < ﬁ for every subset S of the vertex set V(G) with w(G — S) > 1. The toughness
w J—
of G, denoted 7(G), is the maximum value for ¢ for which G is ¢t-tough.
With adding the condition of toughness exceeding 1 to a tree-like 3-tree, we may restate

Theorem 2.29 to all chordal planar graphs.
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Theorem 2.30. Let G be a graph with 7(G) > 1. Then G is chordal planar if and only if,

G is a tree-like 3-tree.

Proof. We need to only show that if G is a chordal planar graph with 7(G) > 1, then G is
a tree-like 3-tree. We will proceed by induction on the number of vertices n. If n = 3, then
G = Ks. If n =4, then G = K. In both of these cases, G is a tree-like 3-tree.

Suppose that the theorem is true for smaller n, and consider GG, a chordal planar graph
with 7(G) > 1 on n vertices. Since G is a chordal graph, there is a simplicial vertex v, and
since 7(G) > 1 d(v) = 3. Let N(v) = {uy, us,u3}, and G[N(v)] = X which is a triangle. By
induction, G — v is a tree-like 3-tree.

Suppose X is a bound k-clique in G — v. Then there are two vertices z; and x5 such that
X C N(z;) fori € {1,2}. Then G contains a K3 3 subgraph with vertex set {uy, ug, us, x1, x2, v}.
Hence G is not planar.

Then X is unbound in G — v, and G is a tree-like 3-tree. Thus the theorem holds by the

Principle of Mathematical Induction. 0
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3. INDEPENDENT SETS OF TREES

An independent set in a graph G is a set of pairwise non-adjacent vertices, and the
independence number a(G) is the size of a maximum independent set of G. The idea of
counting independent sets in graphs was introduced by Prodinger and Tichy in 1982 [35],
where they defined, for a graph G, the Fibonacci number f(G) to be the total number of
independent sets of G. The Fibonacci number is a parameter of interest to chemists who call
it the Merrifield-Simmons index [18, 22, 42]. Let f; = fs(G) be the number of independent

sets of cardinality s of G. Then the polynomial

a(G)
I(Gix) =) [(G)z*

s>0

is called the independence polynomial (Gutman and Harary [21]), the independent set poly-
nomial (Hoede and Li [26]), or Fibonacci polynomial (Hopkins and Staton [27]) of G. There
are numerous results calculating the Fibonacci number and independence polynomial of
classes of graphs [9, 10, 15, 27, 28]. Not only have independence polynomials been related
to interesting theoretical problems in graph theory and combinatorics, they have been used
in studying statistical physics and combinatorial chemistry. As an example, see [19, 24].

In general, finding the independence polynomial of a graph is a very difficult problem.
Most of the literature consists of inequalities and asymptotic results. For more results not
given here, we refer to the reader to a thorough survey paper by Levit and Mandrescu [30].

The following propositions are commonly known and are very useful in calculating inde-

pendence polynomials of graphs.
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Proposition 3.1. Let G = (V, E) with |V| =n and |E| = m. Then

(i) folG) =1,
(ii) f1(G) =n,
(iii) £2(G) = (3) —m,
(iv) f(G) = f(G —v) + f(G = N[u]),
(V) fo(G) = fi(G = v) + for(G = N[u]),
(vi) I(G;x) = I(G — v;x) + 2I(G — N[v]; x),
(vii) f(G) = f(G —e) - f(G = N(e)),
(vill) fo(G) = fu(G =€) = fua(G — N{(e)),
(ix) I(G;x) = (G — e;x) — 22 I(G — N(e); x), and

(x) If G is the empty graph, then I(G;x) = 1.

Proposition 3.2. Let G, H, and J be graphs such that G = H U J. Then I(G;x) =

I(H;z)I(J;z).

Proposition 3.3. Let G and H be graphs such that H is a spanning subgraph of G. Then

fs(G) < f5(H).

3.1. Results of Wingard.
In 1995, Wingard researched independence polynomials of trees with an emphasis on roots

of the independence polynomial. Among his results are the following:

Theorem 3.4. [44] Let T' be a tree. Then |I(T;—1)| < 1.

Lemma 3.5. [44] If G is a graph with A independent sets of even cardinality and B inde-

pendent sets of odd cardinality, then A — B = I(G; —1).
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From Lemma 3.5, we see that for a graph G, if I(G;—1) = 0, then G has the same
number of independent sets of even cardinality as independent sets of odd cardinality. In
fact, Wingard characterized exactly when I(7; —1) = 0 for trees. First, we state the following

definition.

Definition 3.6. If T"is a tree, and P is a path in 7', then for every vertex v of T, the unique

vertex of P of minimal distance from v is called the nearpoint of v, denoted n(v, P).

Theorem 3.7. [44] Let G be a forest. Then I(G;—1) = 0 if and only if there is a path
P ={vy,...,v,} in some component T' of G where:
(i) d(v) = d(v,) =1
(i) n=1 mod 3
(iii) for every leaf v € V(T) — P, if n(v,P) = v; for i = 1 mod 3, then d(v,v;) = 0

mod 3.

Wingard also classified which forests have independence polynomials that do not have —1
as a root. The result is determined by a sequence of “reductions”. A reduction is carried
out by choosing a vertex v which is the neighbor of an end vertex, and removing v and its

neighbors from . The sequence terminates when every remaining component is a star.

Theorem 3.8. [44] Let G be a forest. If I(G;—1) # 0 and if k reductions by neighbors of end

vertices leaves ¢ components of the type Ky, t; > 1 for 1 <i < ¢, then I(G;—1) = (=1)**e.

3.2. Roots of Independence Polynomials of Paths and Trees.

Continuing the work of Wingard, we will now investigate rational roots of independence
polynomials of trees. In 1984, Hopkins and Staton gave a characterization of the indepen-
dence polynomial of the path which is now presented.
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Theorem 3.9. [27] Let P, be a path on n vertices and | = 5(1++/1+4x). Then I(P,;x) =

(20 — 1)1 (I — (1 — [)™+2),

From the characterization given by Hopkins and Staton, we may determine all possible
rational roots for the independence polynomial of the path. Additionally, we are able to de-

termine which paths have these rational roots for their respective independence polynomials.

Theorem 3.10. Let P, be the path on n vertices and ¢ a rational number such that I(P,;c) =

0. Then c € {-1,—%,—3}.

27

Proof. The coefficients of I(P,;z) are all positive. Thus ¢ < 0. According to the Rational
Root Theorem, ¢ = —% for some ¢ > 1, and so ¢ € [—1,0). Let p = +/1 + 4z. Then according

to Theorem 3.9, I(Py;x) = (;)(3)" (1 +p)" " — (1 — p)™*?).

Thus

1R =5 (%) (L4 ™2 — (1 - p)™*?)
NOTON (Z (2 —Z () 1n—k<_1>kpk)
_ (%) (%) " (:Xj (n Z 2) (" - (—kak)) .

Suppose n is even.

I(Py;zx) = (%) (%)W (:Zi <n Z 2> (" — (—1)'“pk))

S|~



Suppose n is odd.
n+2 /n+2
n+2
(Z ( ) )<p'f - <—1>'fpk>)

Q)08
CY () (mvmen+ ("5 @+ (") e+ o)
(%)nﬂ ((n+ 2) + (n ;: 2)p2 +ot (nz Q)pn—l +pn+1)

(2) —<%>n+l ((n+2)+<n§2>(1+4x)+...+(1+4x)’?1>.

For expressions (1) and (2) to be equal to zero, there must be summands of (1) and

(2) that are negative. Clearly, this is only possible if 1+ 42 < 0. Hence z < —1. Now

I(Py;z) = 1+ 2z and I(Py;z) = (14 x)(1 + 3z). Hence I(Py;—1) = 0, I(Ps;—3) = 0,
and I(Py; —%) = 0. Thus if ¢ is a rational root of the independence polynomial of P,, then

ce{-1,-1 -1}, O

27

As the previous theorem states, we have found that the only possible rational roots for

1

independence polynomials of paths are —1, —3, and —%. Now, we will demonstrate which

paths have these roots for their respective independence polynomials.

Theorem 3.11. Let P, be the path on n vertices. Then

4

-1 ifn={2,3} mod6

I(P;—=1) =40 ifn=1 mod 3

1 ifn={50} mod6

\

Proof. Proceed by induction on n. Suppose 1 < n < 6. Then by Table 3.2, the theorem

holds.
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T I(T;x) I(T;-1) | I(T5-3) |  I(T;—3)
P 1+ 0 1/2 2/3
P, 1422 —1 0 1/3
Ps 1+ 3z + 22 -1 —1/4 1/9
P, 1 + 4z + 322 0 —1/4 0
Ps 1+ 5z + 622 4 23 1 —-1/8 —1/27
Ps 1+ 6z + 102? + 423 1 0 —1/27
Py 1+ 7z + 1522 + 1023 + 42* 0 1/16 —2/81
Py 1+ 8z + 2122 + 202° + 5z* —1 1/16 —1/81
Py 1+ 9z + 2822 + 3523 + 152* + -1 1/32 —1/243
Py 1+ 10x + 362% + 562° + 212 + 62° 0 0 0

TABLE 2. Independence Polynomials of P, for n < 10

Suppose the theorem is true for paths on 1 < n’ < n vertices, and consider P, and let v

be a leaf such that N(v) = u. Then by Proposition 3.1,

I(Py;z) =1(P, —u;x) + xl(P, — N[u|;x)

Now P, — u has two components P; and P,_,. Hence

I(Py;x) = I(Py;2)I(Py_9;2) + xI(P,_3; 1),

and thus I(P,; —1) =0+ (=1){(Py—3;—1) = —1(P,_3; —1).
Suppose n = 1 mod 3. Then n —3 = 1 mod 3, and so by induction [(P,;—1) =
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Supposen = 2(or 3) mod 6. Then n—3 = 5(or 0) mod 6. Thus by induction I(P,; —1) =
—I(P,_3;-1)=—(1) = —1.

Suppose n = 5(or 0) mod 6. Thenn—3 = 2(or 3) mod 6. Thus by induction I(P,; —1) =
—I(P, 3;-1)=—(-1)=1.

Hence by the Principle of Mathematical Induction, the theorem holds for all n. 0

Theorem 3.12. Let P, be the path on n vertices. Then

~D)GIED ifn=13,4,5) mods

_5)— 0 ifn=2 mod4

%[ﬂ ifn=1{7,0,1} mod 8

Proof. Proceed by induction on n. Suppose 1 < n < 8 Then by Table 3.2, the theorem
holds.
Suppose the theorem is true for paths on 1 < n’ < n vertices, and consider P, and let v

be a leaf and u € V(T) such that d(v,u) = 2. Then by Proposition 3.1,
I(Py;x) = I(P, —u;z) +2l(P, — Nu]; )

Now P, — u has two components P, and P,_3, and P, — Nu| has two components P; and

P,_4. Hence
I(Py;x) = 1(Po;x)[(Py_3;x) + I (Py;2)(Py_4; ),

and thus (P =) = 0+ ~3(B)I(Poss 1) = ~3(Paii -}).

Suppose n = 2 mod 4. Then n —4 = 2 mod 4, and so by induction I(P; —%) =

(P, -1 =0
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Suppose n = 3(or 4,5) mod 8. Then n — 4 = 7(or 0,1) mod 8. Thus by induction

1P = —3(Prosi—d) = =471 = 412 - 3,

4 2

N[ —=

1 1
4 2

Suppose n = 7(or 0,1) mod 8. Then n —4 = 3(or 4,5) mod 6. Thus by induction

n

IR =) = ~H (P =) = (D0 T = 47172 - ],

Hence by the Principle of Mathematical Induction, the theorem holds for all n. 0

Theorem 3.13. Let P, be the path on n vertices. Then

1) E) ifn=7 mod 12

~EEY ifn=15.6,8,9) mod 12

1
I(Pii=3) =190 ifn=4 mod 6
3] ifn={11,0,2,3} mod 12
%(ﬂ ifn=1 mod 12

Proof. Proceed by induction on n. Suppose 1 < n < 10. Then by Table 3.2, the theorem
holds. Now I(Pj;) = 1+ 112 + 4522 + 8423 + 702* + 2125 + 2°, and I(Ppp;x) = 1 + 122 +
5522 4+ 1202° + 1262* + 562° + 725, Thus I(P; —3) = 1/729 for 11 < 4 < 12, and so the
theorem holds.

Suppose the theorem is true for paths on 1 < n’ < n vertices, and consider P, and let v

be a leaf and u € V(T) such that d(v,u) = 4. Then by Proposition 3.1,
I(P,;x) =1(P, — u;z) + zI(P, — Nu]; z)

Now P, — u has two components P, and P,_5, and P, — N[u] has two components P3 and

P,_¢. Hence
I(Py;x) = I(Py;2)I(Py_s;x) + xl(Ps; ) (Po_g; ),
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and thus 1(Py; ~5) = 0+ ~H(5)1(Pagi—4) = = £ 1 (Pa-gi ~).

27 3
Suppose n = 1 mod 12. Then n — 6 = 7 mod 12, and so by induction I(P,; —%) =

—LI(P, 1) = (_2%)(_1)5("%6W _ %(“%6“3 _ %(%]

Suppose n = 7 mod 12. Then n — 6 = 1 mod 12, and so by induction I(FP,; —%) =

2 1(Psi =) = (03T = - = B,

Suppose n = 5(or 6,8,9) mod 12. Then n—6 = 11(or 0,2,3) mod 12. Thus by induction

LI(P g —1) = _2%%[”7_6} — ("T_GW”) _ _(%(%W)‘

I(Py;—3) = —

Wl

Suppose n = 11(or 0,2,3) mod 12. Then n—6 = 5(or 6,8,9) mod 12. Thus by induction

—6
ol _afs]

1(Pi=3) = ~H1(Psi—=}) = (=)D}

W=

Suppose n = 4 mod 6. Then n — 6 = 4 mod 6, and so by induction I(P,;—3) =

Hence by the Principle of Mathematical Induction, the theorem holds for all n. O

Let A_; be the family of trees defined as follows:

(i) P e A.
(ii) Let T",T1,T5 be trees such that wv € E(T"), T1,T> € A_;, and v; € V(T;) for
i € {1,2}, and let T be a tree with V(T') = V(T") U V(T1) U V(Ty) and E(T) =

E(T")U E(Ty) U E(Ty) U{vu} U{vvy}. Then T € A_;.

In Theorem 3.7, Wingard gave a necessary induced subgraph to guarantee that the inde-
pendence polynomial of a forest has —1 as a root. With the defintion of A_;, Theorem 3.7

may be restated as follows.

Theorem 3.14. Let F' be a forrest. Then I(F;—1) =0 if and only if F' has a component T

such that T € A_;.
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Proof. Let F be a forrest with component T such that T € A_; with V(T) and E(T)
defined as above. By Proposition 3.2, I(F;x) = I(H;2)I(T;z) where H = F — V(T). By
Proposition 3.1 I(T; —1) = (T —v; —1)—I(T— N|[v]; —1). Now T'—v has T, as a component,
and T'— N[v] has T; as a component. As T}, Ty € A_y, I[(T;—1) = 0, and thus I(F;—1) = 0.

Suppose that I(F;—1) = 0. By induction, we will show that F' has a component 7" such
that T € A ;. If n € {1,2,3,4}, then it is routine to check that F' has a component
T € {Py, P,}, and thus T € A_;. Suppose that if I(F;—1) =0 for a forest F on 1 <n' <n
vertices, then F' has a component 7" such that T" € A_;, and let F' be a tree on n vertices
such that I(F;—1) = 0.

Let = be a vertex of degree 1 such that N(x) = y. Once again, by Proposition 3.1
I(F;-1)=I(F —u;—1) = I(F — N[u]; —1). Now F —u has P; as a component, and thus
I(F —u;—1) = 0. Hence I(F — N[v];—1) = 0. By induction, F' — N[v] has a component T
such that T € A_;. If T is a component of F', then the theorem is verified. Suppose then that
T is not a component of F. Then there is a vertex z € V(T') such that zw € E(F') for some
w € N(y). Hence there is a component of F'; T”, such that V(T") = V(T") UV (T}) U V(1)
and E(T") = E(T") U E(Ty) U E(Ty) U {zy} U{wz} where Ty = P, To, = T, and T" =
G[N[u] — v]. By definition, 7" € A_;. By the Principle of Mathematical Induction, the

theorem 1is verified. O

In a similar manner, other rational roots for independence polynomials of trees may be
found.

Let A, be the family of trees defined as follows:

(i) Let T, be a smallest tree such that I(7;;¢) = 0. Then T, € A..
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(ii) Let 7", T, Ty be trees such that uv € E(T"), T\, T, € A., and v; € V(T;) for i € {1,2},
and let T be a tree with V/(T') = V(T") UV (T1)UV(T3) and E(T) = E(T")UE(T))U

E(T3) U{viu} U{vvy}. Then T € A..

Theorem 3.15. Let T' € A.. Then I(T;c) = 0.

Proof. Proceed by induction on |V(T')|. The smallest tree in A. is T.. In this case, the
theorem holds. Let T' € A., and suppose that for trees in A. on fewer than |V (T')| the
theorem holds. As T € A, there exists trees 7", T}, and T3 such that V(T) = V(T") U
V(Ty) UV(Ty), and E(T) = E(T") U E(T1) U E(T3) U {viu} U {vve} where wv € E(T"),

T, T, € A., and v; € V(T;) for ¢ € {1,2}. By Proposition 3.1
I(Tyz)=I1(T —v;x) +2I(T — N[v]; z).

Now T' — v has Ty as a component, and 7" — N[v] has T} as a component. By induction, as
T, 15 € A, I(T—v;c) = I(T—N|v];¢) = 0. Thus [(T;¢) = [(T—v;¢)+cI(T—NJv];¢) = 0.

Thus by the Principle of Mathematical Induction, if T' € A,, then I(T;¢) = 0. O

By Theorem 3.15, to classify a family of trees whose independence polynomials have ¢
as a root one simply has to find a minimal example of a tree that has ¢ as a root of its
independence polynomial. In this sense, A, is characterized by T,.. Thus by Theorem 3.12

and Theorem 3.13, A_1 and A_% quickly follow.

D=

Theorem 3.16. Let T, be a smallest tree such that I(T.;c) =0. Then

12

[NIES

(i) T_
DT

p27
(11) ] P4.

1

Wl
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1

As stated, the only rational roots for the independence polynomials of the path are —1, —3,

and —%. The smallest examples of a tree in the families of trees A_;, A_ 1, and A_1 are all

1
3
paths. It may seem that —1, —%, and —% are the only possible rational roots for independence

polynomials of trees. However, that is not the case as we will now demonstrate. Let 777 be

the tree in Figure 4.

Theorem 3.17. Let T, be a smallest tree such that I(T.;c) =0. Then T 1 = Ty 5.

1
1

Proof. The independence polynomial of Ty is I(Tr7;2) = (1 4+ 22)*(1 + 2)* + (1 + 2)? =
(1+2)*(1+ 5z +42?) = (14+2)*(1 +4x). Hence I(Tr7;—1) = 0. It is easy to verify that for

atree T'2 Ty 7 on 1 <n <7 vertices that I(T;—}L)%O. O

FIGURE 4. 177

The question of what possible rational roots exist for the independence polynomials of
paths is closed. However, Theorem 3.17 raises the question as to what are the possible
rational roots of independence polynomials of trees. If T 1 exists for ¢ > 5 exists, it would
be interesting to determine such trees.

Additionally, I(T;—1) = 0 if and only if T" € A_;. It would be interesting to determine

whether or not “if and only if” statements can be made for A,%, A,%, and A 1 as well.

1
1
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4. INDEPENDENT SETS OF k-TREES AND TREE-LIKE k-TREES

As discussed in Chapter 3, Wingard determined numerous results in regards to indepen-
dence polynomials of trees. It is then a natural train of thought to generalize the results of

Wingard to independence polynomials of k-trees.

4.1. The Results of Song et al.
In 2010, Song, Staton, and Wei characterized independence polynomials for certain classes

of k-trees and k-tree related graphs. Among their results, they found the following.

Theorem 4.1. [41] For the k-path P¥, the following are true:

) a(p) =

(i) If 1 < s < a(Py), then fi(Py) = fo(Py1) + fsrr(Py_y1):

(iii) If0 < s < a(PF), then f,(PF) = ("*F¢1);

S

. a(P®) (m—k(s— s
(iv) I(Ph; ) = 208 (n 46Dy,

S

Theorem 4.2. [41] For the k-star Sy ,—, the following are true:
(1) Q(Sk,n—k:> =N — k’,‘

(i) fo(Seni) = ("), 5 > 2;

Theorem 4.3. [40] For the k-spiral S¥, the following are true:
(i) a(Sy) = =52 ];
(i) fo(S%) = (") 2 2;

S
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Ln—k+2

(iii) I(Sk;z) =1+ nz+ > . ] (n+2—k—s)x5,

s

Theorem 4.4. [41] Let G be a k-degenerate graph on n vertices. For 2 < s < «a(G), the

following are true:

() (") < £46);

(i) fs(G) < (”;k) if G is maximum k-degenerate.

Theorem 4.5. [41] If I(G;x) = I(Skn—k;x) for a graph G of order n > k + 1, then G =

Sk:,nfk-
Theorem 4.6. [41] If T¥ is a k-tree with I(T¥; x) = I(P*;z) and o(T*) > 3, then TF = Pk,

As an extension of the previous results of Song et al., it is not difficult to obtain a similar

result for the k-diamond.

Theorem 4.7. Let DF be the k-diamond on n vertices. Then
() a(DE) = n—k —1;
(i) fo(D) = ("571) + 2k +2—n);
(i) f.(Dy)

(iv) I(Dfsa) = L na+ (("571) + 2k +2 = n))a® + 32057 ("0 )"

S

(”_I;_l) for s > 3;

Along with the results of Wingard listed in Chapter 3, Wingard determined, in what we re-
fer to as Wingard’s bound, sharp bounds of the function values of independence polynomials

of trees obtained at x = —1, which is now presented.

Theorem 4.8 (Wingard’s Bound). [44] Let T be a tree. Then |I(T;—1)| < 1.
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We seek to generalize Wingard’s Bound to k-degenerate graphs and thus k-trees. We will
give Lemma 4.10 which generalizes Proposition 3.1(vi) to vertex sets. This formula may be
useful for the study of independence polynomials. As an application, we use Lemma 4.10
to give Theorem 4.11 which generalizes Wingard’s Bound to the k-path. In Section 4.3,
we give Lemma 4.13 which generalizes Proposition 3.1(ix) to edge sets. Through use of
Lemma 4.13 we give Theorem 4.14 which generalizes Wingard’s Bound to all k-degenerate
graphs. Though the result of Theorem 4.14 covers the result of Theorem 4.11, both ap-

proaches are useful.

4.2. Wingard’s Bound for the k-path and k-star.

As mentioned, Song et al. demonstrated that, for a k-degenerate graph G, the lower bound
for f(G) is obtained uniquely for the class of k-trees by the k-path, and the upper bound
for fs(G) is obtained uniquely for maximal k-degenerate graphs by the k-star [41]. In this
sense, the k-path and k-star are extremal cases for the number of independent sets among
k-trees.

We will now generalize Wingard’s Bound to the k-path and k-star. First, we introduce

some lemmas.

Lemma 4.9. Let K, be the clique on n vertices. Then |I(K,;—1)| <1 forn <k.

Proof. I(K,;z) =1+ nz. Hence I(K,; —3) =1—-2 < 1. O

n
k

Lemma 4.10. Let G be a graph on n vertices, and let j be an integer, 1 < j < n. Let
S; = {u,...,u;} CV(G), and define S; = {wy,...,w;} and G; = G — S; for 1 < i < j.
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Then

I(G;z) =1(Gj;x) + 2I(Gj-1 — N{us]; ) + 21(Gj-2 — Nlu;j1]; 2)

+...+2I(Gy — Nug); ) + 2l (G — Nuy|; x).

Proof. We will proceed by induction on |S;|. If j = 1, then by Proposition 3.1(vi) I(G;x) =
I(G—wvy;2)4+2I(G— N|v]; ). Suppose the statement is true for vertex sets with cardinality

less than j. Then by induction,
I(Gyx) = 1(Gj_1;2) + 2I(Gj—o — N[vj_1]; ) + ...+ 2l (G — Nv]; ).
By Proposition 3.1(vi) I(G;_1;7) = I(Gj_1 —uj;x) +xI(Gj_1 — Ng,_, [u;]; ), and note that
Ng,_,[u;] € Nluy]. Hence Gj_1 — Ng,_, [u;] = Gj_1 — Ng[u;]. Thus,
I(G;z) =1(Gj-1;2) + 2l (Gj—2 — N[vj-1];2)
+2I(Gj_3 — N[vj_o];2) + ...+ 2I(G — Nv]; x)
=1(Gj1 —uji2) + 21(Gj—1 — Nlujl; 2) + 21(Gj—2 — Nluj ] z)
+...+2I(Gy — Nw);x) + 2I(G — Nv]; )
—1(Gys) + 21(Gy1 — Nlogl @) + 1(Gy-z — Nlty1]i2)

+...+2Il(Gy — Nw);x) + 2l (G — N[ |; ).

Hence, the lemma is true for vertex sets of cardinality j for 1 < j < n. 0

As an application of Lemma 4.10, we will now generalize Wingard’s Bound to the k-path.

Theorem 4.11. Let qu be the k-path on n > k vertices and k > 2. Then

1
1P =)l < 1.
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Proof. We will proceed by induction on n. If n = k, P¥ is a k-clique, and the theorem is true
by Lemma 4.9. If n = k + 1, then P¥ = K4y, Thus I(P¥;—1)=1—(k+1)/k=1—-1—1.
Suppose the theorem is true for k-paths with less than n > k + 2 vertices, and consider
Pff on n vertices with vy, vs, ..., v, ordered according to a presentation. Let u; = vgy; for
1 <4 <r where r = min(k,n — k), and define U; = {us,...,u;}, G = P* —~U; for 1 <i <r,
and Gy = P*. Then by Proposition 3.1(x) and Lemma 4.10,
I(P*: 2) =1(G,;x) + xI(Gr_y — N[u,];2) + 21(Gr_y — N[u,_1]; )

(3)
+ ...+ 2Il(Gy — Nug); z) + 21 (P¥ — N[u,]; ),

and this summation has r + 1 summands on the right hand side.

According to the definition of a k-path G[U,| = K., and hence U, C N[y for 1 <i <r.
Now G[{vi, ..., v}] = Ky is a component of G,, and so I(G,; —1) = 0. Also, by the structure
of the k-path, each graph G; — N|u;;1] for 0 < i < r —1 has at most two components J; and
H; such that V(J;) C {vy,...,v} and V(H;) € V(P*) — ({vy,...,v} UU,). Hence each
component J; and H; are congruent to either cliques of smaller size than k, the empty graph,
or a k-path on fewer than n vertices. Hence by Lemma 4.9, Proposition 3.1, and induction,
|I(G; — Nuit1]; —%)] <1 for 0 <i <r—1 with equality holding if and only if G; — N[u;1]
is the empty graph. However, if G; — N[u;41] is the empty graph for all i, 0 < i < r — 1,
then {v1,..., v} € Nlujqq] for 0 <i <r —1. Then r =1, as u; ¢ Nus]. However, r > 2,

so there is a j such that G; — N[u;41] is not the empty graph. Thus

1 1 1 1
k. _ 2\ < . - _ .
1B =Dl UG5 =l + I = Nl =)
1 1 1 1
+o (G = Nugls = )]+ | [HH(G = Nws =)
1

35



Therefore, by the Principle of Mathematical Induction, |I(PF; —2)| < 1. O

Using Song’s characterization of the independence polynomial of the k-star given in The-

orem 4.2, we can easily verify the following theorem.

Theorem 4.12. Let S,,— be the k-star on n vertices and k > 2. Then

1

I L —— 1.
|1 (Skn—k; k:)| <

4.3. Wingard’s Bound for k-degenerate Graphs.

In this section, we seek to generalize Theorem 4.11 and Theorem 4.12 by investigating
Wingard’s Bound to k-degenerate graphs. Though Lemma 4.10 is not sufficient to do so,
we will introduce Lemma 4.13, a generalization of Proposition 3.1(ix) that will be useful to

generalize Wingard’s Bound to k-degenerate graphs.

Lemma 4.13. Let G be a graph with v € V(G) where {us,...,u,} € N(v) for some 1 <

r <d(v). Let e; = vu;, E; = {e1,...,e;}, and G; = G — E; for 1 <i<r. Then
I(G;z) =1(G;2) — 2 1(G._| — Ner_ (er);2) — 2 I(G_, — Ner_,(er-1); )

— ... =2’ I(G| = Ng(e2);2) — 2*1(G — Ng(ey); z).

Proof. We will proceed by induction on r. If » = 1, by Proposition 3.1 we have the identity
I(G;z) = I(G — e1;x) — 22I(G — N(ey); z). Suppose the statement is true for 1 < ' < r.

By induction,
1(G;z) =1(G,_y;x) — *I1(Gh_y — Nev_(er—1); )
— 2’ I(G),_3 — Nev_(er—2); ) — ... — 2’ I(G' — Ng1 (e2); )
— 2%I(G — Ng(ey); z).
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Now by Proposition 3.1, I(G)_;z) = I(G)_, — ey;x) — 2*I(G)._ — Nev_ (ey); ). Thus

1(Gy2) =I(G,_y — ep;x) — 2°I(Gh_y — Ner_ (e,); )
— .. =2 1(G — Ng/l(eg); x) — 2°1(G — Ng(ey); x)
=1(Gr;2) — 2*1(G),_, — Ner_ (e,); ) — 21(G)_y — Ngr_,(er1); @)
— ... = 2°I(G} — Ngy(e2);2) — 2°I(G — Ng(er); ).
Hence, the lemma is true by the Principle of Mathematical Induction. 0

We will now, with the help of Lemma 4.13, generalize Wingard’s Bound to k-degenerate

graphs and thus k-trees.

Theorem 4.14. Let G be a k-degenerate graph on n > 1 wvertices with k > 2. Then

(G =0l < 1.

Proof. We will proceed by induction on n. If n = 1, then I(G;z) = 1 + 2. We see, then,
that I(G; —1) = &2,

Suppose the theorem is true for k-degenerate graphs of order less than n, and consider G,
a k-degenerate graph on n vertices. As G is k-degenerate, 6 < k. Choose v € V(G) such
that d(v) = ¢ and v is incident to edges ey, e, ..., e5. Let E; ={e1,...,¢e;} and G, = G — E;
for 1 <q¢ <.

Then by Lemma 4.13,

I(G;z) =1(Gf; ) — 2*1(Gs_, — Nay_ (es);2) — 2°1(G5_y — Ney_, (€515 )

(4)
— ... =2’ I(G} — Ngy(e2);¥) — 2*I(G — N(e1); ),

and the right hand side has 0 +1 < k + 1 summands.
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Now G4 has a component of order one, and the other components of G are k-degenerate
k=L Also each of the components of G} — Ner(€it1)

araphs. So [1(Gy; —1)] < (1 - 1)(1) =
for 1 <i < §—1and G — N(e;) is either the empty graph or a k-degenerate graph on at

least one vertex and on fewer than n vertices.

Hence, by applying the induction hypothesis and (4),

1 1 1 ,
(G =D <H( 3;—E)|+|(—E)2l|f( 51— Nay_ (es);

UGy~ Ney o5 =]+
I PG, ~ Nora(ea) =1+ (=2 PII(G = Nofer )

kE—1 1 1
—|1+...+|=]|/1
— gl

Rl 1 k-l 1
ok k2~ Kk kK2
Therefore, by the Principle of Mathematical Induction, |I(G; —1)| < 1 for G a k-degenerate
graph. U
Corollary 4.15. Let T be a k-tree on n vertices and k > 2. Then |I(TF; —1)| < 1.
U

Proof. All k-trees are k-degenerate.
We note that Wingard’s bound is achieved when k£ = 1. In particular, there are examples

of trees such that |I(T; —1)| = 1; for example S} ,,_1. However, for k-degenerate graphs with

k > 2, Wingard’s Bound is strict.
4.4. The Fibonacci Number of Maximal Outerplanar Graphs.
As has been mentioned, Song et al. determined that fs(Skn—x) is a strict upper bound
among k-trees for s > 3 that is uniquely obtained by S ,,—r. For n > k + 3, S, is not
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tree-like. Thus for tree-like k-trees, we seek a stricter upper bound of f, for s > 0 than the
one provided by Song et al..

In 1998, Alameddine determined sharp bounds of the Fibonacci number of maximal out-
erplar graphs and characterized the unique maximal outerplar graphs that obtained these

bounds. He found the following:

Theorem 4.16. [1] Let G be a maximal outerplanar graph on n > 3 vertices. Then f(G) >

f(P?), and equality is reached if and only if G = P?.

Theorem 4.17. [1] Let G be a mazimal outerplanar graph on n > 3 vertices. Then f(G) <

f(S?), and equality is reached if and only if G = S2.

We note for n = 6, f(S2) = f(D?) = 14, and thus Theorem 4.17 is not complete.
We will demonstrate a revision of the results of Alameddine including this special case
through investigating lower and upper bounds of the coefficients of I(G; z), fs(G) for s > 0.
Additionally, we will classify the unique graphs that obtain these bounds.

As the k-path is a tree-like k-tree, it is clear by Theorem 4.4 and Theorem 4.6 that the
lower bound of f, for maximal outerplar graphs for s > 3 immediately follows by the results

of Song et al.. with £ = 2. We only need to consider the upper bound.

P72 Gl GQ S?

FI1GURE 5. Maximal outerplanar graphs on n = 7 vertices
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Theorem 4.18. Let G be a mazximal outerplanar graph on n > 6 vertices. Then for all

5> 3,

1.(G) < (”‘)

and equality holds if and only if G € {SZ, D2} for n =6 and G = S? forn > 7.

Proof. Suppose n = 6. Then G € {PZ2,S2,D2}. Let n = 7. Then G € {P? Gy, Go, 5%} as
pictured in Figure 5. Routine calculations show that for n € {6,7}, a(G) < 3, f3(PZ) =0,
f3(D) = f3(58) = 1 = (°7%), f3(P2) =1, fs(G1) = 2, fa(Ga) = 3, and f5(57) = 4 = (7).
Thus the theorem holds for n € {6, 7}.

Suppose that for maximal outerplanar graphs on 7 < n’ < n vertices the theorem holds,
and let G be a maximal outerplanar graph on n > 8 vertices. Let v € V(G) such that

d(v) =2 and N(v) = {uy,us}. By Proposition 3.1(iv)

(5) [o(G) = F(G =) + foa(G = N[v)),

n—l—s)
B .

and as G — v is a maximal outerplanar graph by induction, f,(G —v) < f,(S2_;) = (
Now G has a hamiltonian cycle C' that passes through all of the unbound edges of G. Thus

uvus is a segment of C, and so G — N[v] has a spanning path on n — 3 vertices, namely

C — NJv]. By Proposition 3.1, f;_1(G — N[v]) < fo_1(Pn—3) = ("7‘%17(371)) = ("17).

s—1 s—1

Thus by induction and (5),
f(G) =f(G = v) + foa(G = N[v])
<fs(Sn-1) + o1 (Pams)
_(n—1-=s n—1-—s
(7))
(")
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and for s > 3 equality holds if and only if G—v = S§? | and G—N[v]| 2 P, _3,ie. G2 S2. O

As a corollary, we obtain the following modified result of Alameddine.

Corollary 4.19. Let G be a mazimal outerplanar graph onn > 6 vertices such that I(G;x) =

1(S2%;2). Then, if n =6, G € {D?,52}, and if n > 7, G = S2.

Corollary 4.20. Let G be a maximal outerplanar graph on n > 6 vertices. Then f(G) <
f(S2). Equality is reached if and only if G € {DZ2, S} whenn = 6 and if and only if G = S>

when n > 7.

FIGURE 6. A tree-like 3-tree on 11 vertices GG

4.5. Independent Sets of Cardinality s in Chordal Planar Graphs with Toughness
Exceeding 1.

It should be noted that for the general k > 3, there is a tree-like k-tree TF such that
fs(TF) > ("4“(;*1)) for some s > 0. As an example, fs(G) = 1 for the tree-like 3-tree in
Figure 6 whereas f¢(S3,) = 0.

As mentioned in Chapter 2, a graph is a tree-like 3-trees with toughness exceeding 1 if
and only if it is a chordal planar graph with toughness exceeding 1. Let £ be the set of

chordal planar graphs with toughness exceeding 1. Though there are tree-like k-trees with
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k > 3 with f, greater than ("*kffl)) for some s > 0, for the class £ we state the following

theorem.

Theorem 4.21. Let G € L on n > 7 vertices. Then for all s > 3,

fs(G)S(n_l_s),

S

and equality holds if and only if G € {S2, D3} forn =7 and G = S3 forn > 8.

In order to prove Theorem 4.21, we must first show that for G € £ with v € S;(T),

G — NJv] has a spanning path which will now be presented.

Lemma 4.22. Let T* be a k-tree on n > k vertices such that e = xy € E(T¥). Then there

exists a simplicial elimination ordering vi,...,v, of T® such that x = v, and y = v,_;.

Proof. The vertices x and y are in a k-clique D in G. Let V(D) = {xy,...,2%}, and
let ©+ = 2, and y = x4_1. For n > 5, there exists a simplicial vertex v ¢ V(D). Let
v, € Si(TF) — V(D), and v; € S(TF — {v1,...,v;1}) — V(D) for 1 <i < n—k. Then
V(TF —{vy,...,vp_x}) = V(D). Then without loss of generality z; = v, _;_; for 1 <i < k.

Hence x = v,, and y = v,,_1. O

Theorem 4.23. Let G € L onn > 4 vertices, and let e € E(G). Then G has a hamiltonian

cycle passing through e.

Proof. Let e = xy, and let vy, v, ..., v, be a simplicial elimination ordering such that z = v,
and y = v,1. Let Go 2 TF G; = G —{vy,...,v;} for 1 <i < n — 3. Note then that
e € E(G;) for 0 < i < mn—3. Then v; € 51(G;_1), and so D; = G[Ng,_,(v;)] = K3 for
1 <1 < n—3. We say that the 3-clique D is active in G; if D is unbound in G; but bound in
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G. As G is tree-like, it is clear that if D is bound, there are exactly two vertices u; and us
such that V(D) C N(u;) for 1 <i < 2. Then clearly D; is active in G;_; for 1 <i <mn — 3.
A good cycle pair of G; is an ordered pair (C, f) where C' is a hamiltonian cycle of Gj,
and f is an injection that maps every active 3-clique D of G; onto an edge f(D) such that
f(D) € E(CND)—e. We claim that for every i € {0,...,n — 4}, there is a good cycle pair
(Cy, 1) of G;. We will proceed by induction on n — 1.

Suppose i = 4. Then G,_4 = K, with vertex set {v,,v,_1,Vn_2,0,_3}. Then G,_4 has
four 3-cliques Dy, Dy, Dy, and Dy such that V(D)) = {vn4,Vn-3,Vn—2,Vp1} — {vn;} for
0 < j < 3. At most three of these cliques are active as otherwise G has toughness at most
1. Let C),_4 = v,V _1Un_2V,_3vy,, and define f,,_4 as in Table 4.5. Then f,,_4 is an injection
between all active 3-cliques of G,,_4 and edges of C,,_4. Thus G,_4 has a good cycle pair
(Coa, fra).

Suppose that G,_; has a good cycle pair (Cy,_;, fn—;) for 4 < i < r < n, and consider
G,_. Suppose D,,_, is bound in G,,_,. Then there are two vertices {uy,us} € V(G,_,) such

that V(D,_,) € Ng,_,(u;) for 1 <i < 2. Then V(D,,—,) C (Ng,_,_,(u1)N Ng, . ,(u2) N

Suppose D’ is not active fn—a(Djy1) frn-a(Djys) fn—a(Djy3)
D6 Tp—2Tp-3 Tp—3Tn Tp—1Tp—2
Dll Tp—3Tn Tp—1Tn-2 Tp—2Tn—3
Dé Tp—1Tn—2 Tp—2Tp—3 Tp—3Tn
Dé Tp—1Tpn—2 Tp—2Tp—3 Tp—3Tn

TABLE 3. fh._4

43



Ng, . ,(vp—y)), and so G is not tree-like. Thus D,,_, is unbound in G,_, and bound in
Gy—r—1. Hence D, _, is active in G,,_,.

By the inductive hypothesis there is a hamiltonian cycle pair C,_, passing through e and
a injection f,_, of G,,_, mapping all active 3-cliques of GG,,_, to an edge of C,_, —e. Let
V(D) ={a,b,c} and f,_.(D,_,) = ab. Then, by induction ab # e, and as D,,_, is bound
in G,,_._1 D,_, is not active in GG,,_,_;. There are exactly three new 3-cliques in G,,_,_1: C,,
Cy, and C, such that V(C,) = {v,—r, b, ¢, }, V(Cp) = {vn_p, ¢,a}, and V(C,) = {v,_,,a,b}. If
all three of these 3-cliques are active in G,,_,_1, then G —{v,_,, a, b, ¢} has four components.
Thus, in this case G is at most 1-tough. Thus at most two of C,, (3, and C, are active in
Gpn_r—1. We may assume that C, is not active in G,,_,_1.

Let C,,_,_1 be the hamiltonian cycle of G,,_,_; obtained from C,,_, by replacing the edge
ab by the path av,_,.b, and define f,_,_; as follows. Let D be an active 3-clique of G,,_,_;. If
D is a subgraph of G,,_,., then D is an active 3-clique of G,,_,.. Let f,,_._1(D) = f,_.(D). For
z € {a,b} and 2’ € {a,b} — z, let f,_,_1(C,) = v,_.2" if C, is an active 3-clique of G,,_,_;.
Thus G,,_,_1 has a hamiltonian cycle C),_,._; that passes through e and an injection f,_,_;
that maps every active 3-clique to an edge f,,_,_1(D) such that f, . (D) € E(Cp,_,_1) —e.
That is, G,,_,_1 has a good cycle pair.

Thus by the Principle of Mathematical Induction, G has a hamiltonian cycle that passes

through e. 0

With use of Theorem 4.23, we are now able to prove Theorem 4.21.

Proof. It n =7, then G € {P3,S2, D3}. If n = 8, then G € {P?, Gy, G, G3,Gy, S5} where
G, Go, G3, and G4 are the graphs in Figure 7. It is routine to deduce that if n = 8, then
a(G) <3 and f3(FY) =0, f3(G1) =2, f3(G2) =3, f3(G3) =2, f3(G4) = 1, and f3(S§) = 4.
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Gy G S8

FIGURE 7. Tree-like 3-trees on 8 vertices with 7 > 1

Proceed by induction on n. Suppose that the theorem holds for chordal planar graphs
with toughness exceeding 1 on 8 < n’ < n vertices, and consider G € L on n vertices.
As G is a tree-like 3-tree, there exists v € S1(G). Then by Proposition 3.1, f(G) =

fs(G—v)+ fs_1(G — N[v]) for s > 1.

n—1+§—3—s) — (n—SQ—s)

Now G —v € L on n — 1 vertices, and so by induction f,(G —v) < (
for s > 0 with equality holding if and only if G —v = S? |, As G[N(v)] is a bound k-clique,
G — N(v) has two components; one being v. Hence G— N|v] is connected. By Proposition 3.3,
fs(G — N[v]) for s > 0 is maximized when E(G — N|v]) is minimal i.e. G — N[v] is a tree.

Suppose that G — N[v] is a tree with at least 3 leaves. Then there is a vertex u €
V(G — N[v]) such that dg_np)(u) > 3. However, in this case, G — (N(v) U {u}) has at
least four components. Thus 7(G) < 1, a contradiction. Hence if G — N|[v] is a tree, then
G — N[v] & P,_4. Thus (G — N[v]) < fo(Poy) = (") = ("727°) for s > 0.

S S

Thus

fs(G) :fs(G - U) + fs—l(G - N[U])

S(n_i_S)Jr(n_SS__(f_l))

45



()
(")

for s > 0 with equality holding if and only if G —v = S? |, and G — N[v]| = P,_4. Hence

equality holds if and only if G = S3. O

FIGURE 8. A tree-like 4-tree on 10 vertices with toughness exceeding 1

Now Theorem 4.21 can not be directly generalized to tree-like k-trees for £ > 4. For
example, the 4-tree in Figure 8 is tree-like with toughness exceeding 1 on 10 vertices, and f;

of this 4-tree is 2 while f;(S},) = 1.

4.6. Independent Sets of Cardinality s of Path-like k-trees.
Though is is not clear how to generalize Theorem 4.4 to tree-like k-trees for the general
k, we may demonstrate a stricter upper bound of f, for s > 3 for path-like k-trees. We will

now demonstrate this strict upper bound in a similar manner to Theorem 4.21.

Lemma 4.24. Let TF be a path-like k-tree on n vertices and v € Sy(TF¥). Then TF — N|[v]

has a spanning path.

Proof. Let {vy, vy, ...,v,} be asimplicial elmination ordering such that v = v,, and {v,_1, ...,

Vp_r_1} = N(v). As G[N[v]] & K1, such an ordering exists. Let Gy = TF and G; =

n
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TF —{vy,...,v;} for 1 < i < n. Clearly v, is simplicial in G; for 1 <i < n —k —2. If
viy1 € N(v;), then S1(G;) = {v,v;41,v;}. Hence v v, € E(TF) for 1 <i<n—k—2. Tt

immediately follows that 7% — N[v] has a spanning path. O

Theorem 4.25. Let TF be a path-like k-tree on n vertices. Then for s > 3,

(”"“(S‘”) < (T < (”*2"“3),

s S
with the left inequality holding if and only if TX = P*  and the right inequality holding if and

only TF =~ Sk,

Proof. The lower bound was shown to be true by Song et. al [41]. Thus, we only need to
show the upper bound. Proceed by induction on n. If k < n < k+3, then T* is unique, and
the theorem is true. Suppose that for path-like k-trees on k& < n’ < n vertices, the theorem
holds, and consider T, a path-like k-tree on n vertices.

Let vy, v9,...,v, be a presentation of TT’f. Then v,, € Sl(T,f). By Proposition 3.1, for s > 1

fs(T:) = fs(T’rIzC - Un) + fsfl(T;lzf - N[”“])

n+1—k—s)

Now T*—uv, is a path-like k-tree on n—1 vertices. Hence, by induction f,(T*—wv,) < ( 5

for s > 0 with equality holding if and only if T% = Sk,

Now by Lemma 4.24, T* — N{uv,] has a spanning path. As G[N[v,]] is a bound (k + 1)-
clique and v, € S;(TF), it is clear that T% — Nfuv,] is connected. Thus by Proposition 3.3
fs(TEF=N[v,]) < ("_kjl_s) for s > 0 with equality holding if and only if TF— Nv,] & P, ;_;.

Thus,

Fo(T3) =f(TF = vn) + foo1 (T — Nlvg))

S(n+1;k—s)+(n—k4;1_—1(s—l))
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B n—k+2—s
- ) ’

with equality holding if and only if TF —v,, =2 S* | and T* — N[v,] & P,_;_;. Thus equality

holds if and only if TF = S*

n’

and by the Principle of Mathematical Induction the theorem

holds. O
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5. THE ZAGREB INDICES OF k-TREES

In 1975, Randié¢ introduced the branching index which later became known as the Randié¢
connectivity index [36]. The Randié connectivity index is mostly used as a molecular dis-
criptor in computational chemistry describing nonempirical quantitative structure-property
relationships and quantitative structure-activity relationships [17]. However, mathematicians
have also expressed interest in the Randié connectivity index [6].

The Randié¢ connectivity index has been generalized as the general Randié¢ connectivity
index and the general zeroth-order Randié¢ connectivity index, where the Zagreb indices
appeared as a special case [8]. The first Zagreb index M;(G) and the second Zagreb index

M (G) of the graph G are given by:

MG = ¥ dw? MG = S dwd(v).

ueV(G) weFE(G)

The Zagreb indices M; and M, have been an active area of research going back to 1972 in
the report of Gutman and Trinajsti¢ in computational chemistry [23].
In regards to the Zagreb indices, there are two classical problems which have attracted

the attention of researchers for some time:

(i) How M;(G) (respectively Ms(G)) depends on the structure of G.
(ii) Given a set of graphs G, find upper and lower bounds for M;(G) and Ms(G) of graphs
in G and characterize the graphs in which the maximal (respectively minimal) M

and M, values are attained.
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There have been numerous studies in the literature of the properties of Zagreb indices of
given graph classes [11, 13, 29, 31]. In particular, Das and Gutman in 2004 characterized
the Zagreb indices for trees and determined the unique tree that obtains minimum M; and

M, values respectively, as well as maximum M; and M, values respectively.

Theorem 5.1. [12, 20] Let T be any tree of order n. Then
(i) 4n — 6 < My(T) < n® —n, the left equality holds if and only if T = P,, and the right
equality holds if and only of T = S,,.
(i) 4n — 8 < My(T) < n? — 2n + 1, the left equality holds if and only if T = P, and the

right equality holds if and only if T = S,,.

Py St

FI1GURE 9. The path and star on 7 vertices

In 2011, Hou et al. characterized the Zagreb indices for maximal outerplanar graphs and
determined the unique maximal outerplanar graph that obtains minimum M; and M values
respectively, as well as maximum M; and M, values respectively. Hou et al. found the

following;:

Theorem 5.2. [29] Let G be a mazimal outerplaner graph on n > 4 vertices. Then

(i) My(G) > 16n — 38, with equality holding if and only if G = P2.

(ii) My(G) > 32n — 100, with equality holding if and only if G = P2.
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Theorem 5.3. [29] Let G be a mazimal outerplanar graph on n > 4 vertices. Then

(i) When n =6, M;(G) < 60 with equality if and only if G = S? or D2.

(i) When n # 6, Mi(G) < n? + Tn — 18 with equality if and only if G = S2.

Theorem 5.4. [29] Let G be a maximal outerplanar graph on n > 4 vertices.

(i) When n =6, My(G) < 96 with equality if and only if G = DZ.

(i) When n # 6, My(G) < 3n? +n — 19 with equality if and only if G = S2.

As k-trees are a generalization of trees and maximal outerplanar graphs, it is a natural
connection to generalize the results of Das and Gutman, as well as the results of Hou et al.,

to the broader class of k-trees.

5.1. Some Lemmas.

In this section, we give some lemmas that are critical in subsequent sections. For the
remainder of this chapter, let T be a k-tree on n vertices, and let v € S;(T*) such that
N() =U = {uy,...,u;}. Then TF — v is a k-tree. Let V(T¥) = {v} UU U X UY where
X =N(U)—-Np]and Y = V(TF) — X — N[v]. Let |X| =1and X = {x1,...,7;}. Then
[ > min(n — k — 1,k). Arrange the vertices of X such that z; € U for 1 < ¢ < j and
IN(z;)) NU| > |N(ziz)NU| for j+1<i<[—1.

If n >k +2, then |S;(T¥)| > 2. Thus if n > k + 2, there exists v’ € S;(T¥) — v. Choose
v" such that |[N(v') N U| = ¢ is as small as possible, and let N(v') = U’ = {u],...,u}}.
Arrange the vertices of U’ such that u; € U for 1 < i <t and |N(u;) NU| > |N(uj,,) N U]

0 ifu, e U

fort+1 <i <k Let f:U — N where f(u}) = . Let d*(v;)
IN(u,)NU| ifu, ¢U

51



(respectively d.(v;)) be the degree obtained by vertex v; of a presentation of P¥ (respectively
Pyy).

Then we may state the following lemmas.

Lemma 5.5. Let TF be a k-tree on n > k + 3 wvertices, and let v € S; where N(v) =

{uy,...,ux}. Then:

(i) o8, d(u;) > 2kn — 1(k(k+5))—2((n—1)(n—2)) for k+3 <n <2k;

(i) S8 d(w) > k? + L(k(k + 1)) for n > 2k + 1.

Equality is reached if and only if G|UF_N[uw;]] = P*, r = min(n, 2k + 1).

roJ

Proof. We will proceed by induction on n. There are two k-trees on k + 3 vertices: Py 3 and
Ska. I TF = P, then 30 d(u;) = k% + 2k — 1. If TF = Sy 5, then S°F | d(u;) = k? + 2k,
and so the lemma holds. Suppose the lemma is true for T% with k+3 < n’ < n, and consider
T*. Clearly for the simplicial vertex v # v,
k k
(6) > d(w) =Y dpy_y(u;) + U N
i=1 i=1
Suppose k + 4 < n < 2k which implies £ > 4. Then [ =n — k — 1 and |Y| = 0. Hence
v € X, and without loss of generality let v' = z;. Thus |N(z;) NU| # 0. As k+4 < n < 2k,
3<i<k—landsok—(I—1)<|N(z)NU| <k. Thus 2k —n+2 <|N(z;)NU| < k. By
induction and (6),

k k

Zd(ui) - de_,ﬂl (us) + |N(z) N U
>2%(n — 1) — %(k(k+5)) - %(n—2)(n—3) b2k 42

2 — %(k(k +5) — %(n 1) —2)
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with equality holding if and only if T — x; = G[Ul_; Nk, [u;]] = PF_; and [N () NU| =
2k—n+2=k—(l—1). In this case X —x; C N(z;), ;-1 € So(T¥), and so N(z;) C Nlx;_4].
Thus (N(z;) NU) C (N(z;-1) NU). Hence T* = G[UF_ N[u;]] & P*.

Suppose n =2k + 1 > k + 3, then I = k and |Y| = 0. Thus without loss of generality let

v = . Hence 1 < |N(z) NU| < k. Then by induction and (6)

Z d(u;) = Z drg g, (u) + [N(z) N U

=1 =1

>2k(n —1) — %(k(k +5)) — %(n —2)(n—3)+1

1 1
=4k — §(k(k +5)) — 5(4k2 —6k+2)+1

=k? + %(k:2 + k)
with equality holding if and only if T — x), = G[US_; Ny _,, [u;] = Py and [N (z) NU| = 1,
ie. Ty = GUL N[uw]] = Py
Suppose n > 2k +2 > k+3. Then ! > k and |Y| > 0. If |Y| =0, then |[N(v')NU| > 1.

If |Y] > 1, then |[N(v") N U| = 0, and so by induction and (6)

k k
> d(w) =Y dpr_y(u) + [N(W) N U

i=1 i=1

2 1o
>k* + §(k +k)

with equality holding if and only if G[US_ Npr_,[u;]] = Py, and [N (v/) NU| = 0. Hence
GUL Nuw]] = Py

Hence by the Principle of Mathematical Induction, the lemma holds. O

Lemma 5.6. Let G be a k-degenerate graph on n > k + 1 vertices, and let v € V(G) such
that d(v) = 0(G) and N(v) = {u1,...,us)}. Then fol) d(u;) < k(n —1), and equality

holds if and only if G = Sk p—r.
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Proof. Clearly §(G) < k and d(u;) <n—1for 1 <i < (G). Thus fol) d(u;) < k(n—1)
with equality reached if and only if 6(G) = k and d(u;) =n —1 for 1 <i < k. Furthermore,
equality is reached if and only if V(G) — N[v] is independent as otherwise G has a Ko
subgraph and thus not k-degenerate. That is, for x € V(G) — N[v], x is a k-simplicial vertex.

Thus equality is reached if and only if G = S, . O

Let No(u;) = N(u;) — Nv], and let

Yood@)+ > da)+...+ Y d)

wGNO(ul) CEEN()(U,Q) xGNQ(uk)

Then for n > k + 2 and v’ € S1(TF) —

k
(T, 0) =U(Ty — ' 0) 4 d(v)t + Z flu
(7) -
—U(TF —v';0) +d(W')t + Z IN(u)) N U

1=t+1

With this in mind, we may state the following lemmas:

Lemma 5.7. Let T¥ be a k-tree on n > k + 5 vertices and v € S1(T¥). Then U(TF;v) >
22:1 (k41 —14)d(z;) where d(x;) = d*(viyri1) with respect to a presentation of P¥. Fur-
thermore equality holds if and only if G[N(Ny(uy))U N(No(uz)) U ... UN(No(uy))] = P*

where r = min(n, 3k + 1).

Proof. We will proceed by induction on n. Note that

l l+k+1
S (k+1—i)d (vigrer) = > (2k+2—i)d"(vy).
=1 i=k+2

Now d(v’)t—l—Zf:tH |N(u}) N U| is a summand with & summands with at least t summands
of value k£ and at most k& — ¢t summands of value at most £k — 1. It is clear then that

d(v')t+ S8 141 | N (uj) N U] is minimized when ¢ is minimized.
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Suppose n = k + 5. Then ¢ > max(0,k — 3), and by (7) U(T} ;;v) = U(TF, 5 — v;v) +
kt + Zle f(u}). Suppose k € {1,2}. Then ! > k and ¢ > 0, and ¥ (T}, ;;v) is minimized

when ¢ = 0, and so clearly Z  f(u;) > k — 1. Hence by Table 1,
k
U(TE 5 0) =V (T 5 —v'5v) + kt + Zf(u’
=1

>3k —140+k—1

2k+1

=) (2k+2—i)d (vy).

i=k+2

Suppose n = k+5 and k > 3. Then t > k— 3. If t = k — 3, then Tf,; = Pf .. That
is, U(T*;v) is minimized when T} 5 = PF, ;. Hence W(T},5;0) > W(PL 5;0) = St (2k +
2 — 1)d*(v;) with equality holding if and only if T}, ; = PF, ..

Suppose that the lemma is true for T% where k + 5 < m < n and consider T%. Let
| X —'| =1'. Now kt+ 321, |N(u}) U] is minimized when |N(v/)NY| is as large as possible
and ¢ is as small as possible.

Suppose k+6 <n <2k+1. Thenl=n—k—1,|Y|=0,and ' =1—1. Asn <2k + 1,
di(Vigpt1) = A" (Vigpp1) —Lfor 1 <i <l Nowt >k—(n—1—(k+1)) =2k+2—n. If
t = 2k + 2 —n, then [N(u;) N UJ is minimized when v} € N(uj) for t +1 < j < i. Hence

INw)NU|>k+t+1—ifort+1<i<k Thus

k k
Z|N )NUI > Y (k+t—1-i)= >  (Bk+3-n—1i
i=t+1 i=t+1 i=2k+3—n
n—1
=) (2k+2-1)
i=k+2

with equality holding if and only if T = P*. Hence by induction and (7),

U(TF v) =U(TF — v';v) + d(W')t + Z IN(u)) N U]

i=t+1
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>W(PF v V)t + Z IN(u}) N U|
1=t+1

-1

= (b +1—0)du(visp41) + d(v t+Z|N )NU|

=1 i=t+1

— ni: (2k +2 —0)(d*(vi) — 1) + d*(v,)(2k + 2 — n)

i=k+2

+ i(2k+2—@')

i=k+2

n

=) (2k+2—i)d"(v;)

i=k+2

with equality holding if and only if TF = P,

Suppose k46 <2k+2<n<3k+1. Thenk <I'<I<U+1. AsYN{v}uUuUuxX) =0,
INW)NY| <n—1—(2k+1) =n—(2k+2) and t > 0 with equality if and only if TF = PF,
Hence W(T%;v) is minimized when |N(v)NY|=n — (2k+2) and t = 0. That is, u} € Y for
k—(n—(2k+2)) =3k+3-—n<i<kand |N(u)NU| >3k+3—n—iforl <i<3k+2—n.
In this case, d*(v;) = di(v;) for k+2 <i <n —k, and

3k+2-n 2k+2
Z INW)NUl= > Bk+3-n—i)= Y (2k+2-1i).
i=t+1 i=1 i=n—k+1
Hence by induction and (7),

U(TF v) =U(TF — v';v) + d(v t+Z|N )N U

i=t+1

>U(PF ;v t+Z\N )N U|

i=t+1

—Zk:—i—l—z (Visni1) + d(v t+Z|N )N U]

i=t+1
n—k 2k+2
> > (@k+2-id(w)+ Y (2k+2—d)(d(v;) — 1)
i=k+2 i=n—k+1
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2k+2
+d (v)2k+2-n)+ Y (2k+2—1i)
i=n—k—1

_ Z (2k +2 — §)d* ()

with equality holding if and only if TF = P,

Suppose k + 6 < 3k +2 <n. Let G’ = TF —v'. Then by induction and (7),

k
(T3 v) =U(G50) + kt+ Y [N(uj) NU|

i=t+1
2k+1 k
>N (2k+2—i)d(v) +kt+ Y [N(u)NU
i=k+2 i=t+1

with equality holding if and only if G[N(N,(uy)) U N(Ny(ug)) U ...
UN (N, (ur))] = G[Negr (No(u1)) U Nev (Ny(u2)) U .. U Ner (No(ug )] = Ph . Note that ¢ > 0
and |N(v') NY] < k with both equalities holding if and only if G[N (N, (u1))U N(Ny(uz)) U
.. UN(N,(ux))] = P .1, and note that if [N(v') NY| =k then
S L IN(u)) NU| = 0. Hence

2k+1

U(TH ) > Y (2k+2—i)d (v;)

i=k+2

with equality holding if and only if G[N(N,y(u1)) U N(N,y(usz)) U...UN(N,(ui))] = Pl 1.
Hence, by the Principle of Mathematical Induction, W(T%;v) > 370 (k+1—i)d*(visxs1),

and equality is reached if and only if G[N(Ny(u;)) U N(No(uz)) U ... U N(No(ug))] = P*

where r = min(n, 3k + 1). O

Lemma 5.8. Let TF be a k-tree on n > k + 4 vertices and v € Sy (TF) with N(v) = U =

{uy,...,ur}. Then:
(i) O(Tk;v) > ¢(n — k —1)(2nk + 5n — n® + 5k* — 5k — 6) for k+4 < n < 2k
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(i) W(TFv) > ¢(n® — 9n® — 6n* + 2Tnk? 4 36nk + 6n — 21k — 24k? — 33k — 6) for
2k+1<n<3k
(iii) W (Tk;v) > k3 + k% for n > max(5, 3k + 1).
And for n > k + 5, equality is reached if and only if GIN(No(u1)) U N(No(ug))U ... U

N(No(ug))] = P* where r = min(n, 3k + 1).

T

Proof. First consider the two k-trees on k + 3 vertices: P, and Sis. It is routine to
determine that W(Pf, 5;v) = U(Sg3;0) = 2k2
Suppose n = k + 4, and suppose k € {1,2}. Then T} , —v' € {Pf,5,Sk3}, L >k, t >0,

and Y% | f(u}) < k* — 1. Hence by (7)
k
U(Th g5 0) = (T, —v'50) + kt + Z flus)
i—1

>Sok? + k2 —1 =2k + k> —k+ 1.

Note that when k = 1 and n = k +4, 3k> =1 = k* + k2, and when k = 2 and n = k + 4,
3k? —1 = ¢(n® —9n® — 6n® + 27Tnk? + 36nk + 6n — 21k* — 24k* — 33k — 6), and so the lemma
holds.

Suppose that n = k + 4 and k& > 3. Then [ = 3 and |Y| = 0. Hence there exists
vV e SI(THNX,and k—2 <t <k Ift=Fk-—2 (respectively t = k), then T}%,, = P},
(TF,, = Ska) and U(T, 4;v) = 3k* — 1 (¥(T},,;v) = 3k?). Suppose that ¢ = k — 1. Then
T§+4 € {G1,Gs,G3} where Gy, Go, and G5 are defined as follows. Let G; and G5 be k-trees
such that G; — v = P,f+3 for 1 < i <2 andlet x € S1(G; — ') for 1 < i < 2 such that
x € S1(Gy) and x ¢ Si(G2). Let G3 be a k-tree such that G5 — v' = Sy 5, but G5 % Sk.4.
Then ¥(Gy;v) = 3k* + k — 1, ¥(Go;v) = 3k* — 1, and V(G3;v) = 3k* + k — 1. By these
calculations, we see that U(T}, ,;v) > 3k* — 1. Note if k = 3, then n = 7 = 2k + 1 and
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3k* —1=k(n—2k—1)(4k +2—n) + :(n — 3k — 1)(n® — bn — 9k? + 3k +6). If k > 4, then
3k* —1=¢(n—k —1)(2nk 4 5n — n?® + 5k* — 5k — 6).
Suppose that n > k + 5. Then by Lemma 5.7, W(TF;0) > S0 (2k + 2 — i)d* (vy).
According to Table 1,
(i) U(TFv) > 2(n — k —1)(2nk + 5n — n* +5k* — 5k — 6) for k+4 < n < 2k
(i) W(TH;v) > £(n® — 9n? — 6n® + 27Tnk? + 36nk + 6n — 21k — 24k* — 33k — 6) for
2k+1<n <3k
(iii) W(T%v) > k3 + k2 for n > 3k + 1.
Furthermore, by Lemma 5.7, for n > k + 5 equality is reached if and only if G[N(No(uy)) U

N(No(ug)) U...UN(No(ug))] = P¥ where r = min(n, 3k + 1). O

Let J% be the set of k-trees T with a vertex v € S;(T¥) and vertex set P = {p|p €
V(TF),|N(p) N N(v)| = k} such that V(T¥) — N[v] — P is an independent set. Then we may

state the following lemma.

Lemma 5.9. Let T* be a k-tree on n > k + 1 vertices. Then U (TF;v) <

(n — k — 1)k* with equality holding if and only if T € J*.

Proof. Let P = {pr,....pr} = {p € VITOING) N U] = k} and @ = {gr,. ., .} =
V(TF) — P — Nv]. Order the vertices of @ such that |[N(g;) N P| > |N(giw1) N P| for
1<i<t—1 Then |P|+|Q|=r+s=n—k—1

Proceed by induction on |Q| = s. If s = 0, then ¥(T¥;v) = rk? = (n — k — 1)k? as for any
p € P, pée N(u) for 1 <i < k. Suppose that for k-trees with |Q| = s’ such that 0 < s’ < s,
U(TFv) < (n— k — 1)k? with equality holding if and only if 7% € J%; consider T* with
Q==

59



As |Q| # 0, there exists v € S} (TF) N Q. Let N(v') = U = {u},...,u}}. Arrange
the vertices of U’ such that u; € U for 1 < i < t and |[N(u}) NU| > |N(uj,,) N U| for
t+1<i<k. Then T% - is a k-tree with |V (T* —v') — P — N[v]| = s — 1. By induction,
U(TF —v';v) < (n — k — 2)k? with equality holding if and only if TF — ' € J*.

Now |[N(u,)) NU| < k—1fort+2 < i < k. Hence k|U' NU| +Zf:t+1\N(u;) NU| is
maximized when |U’ N U] is maximized. By (7),

k
U(TF;v) = U(TF —v's0) + KU NU[+ Y IN@u)NUJ.
i=t+1

Suppose TF ¢ J*, then |U'NU| < k—1. If [UNU| =k —1, then [N(u}) NU| < k—1
otherwise T € J*, and so if [U'NU|, then k|U’ﬂU|+Zf:t+1 IN(u,)NU| < k(k—1)+k—1 =
k* — 1. Hence

k
U(T;0) = U(TF —v's0) + kU NU[+ D IN@u) N U
i=t+1

<n—k=2k+k(k—1)+k—-1=Mn—-k-1k -1

Suppose then that TF € J* then TF —v' € J* |U'NU| = k, and Zf:tﬂ |N(uw)) NU| =0

as t = k. Hence
U(TF:v) =U(TF —v';0) + kU N U

<(h—k—=2)k +k =(n—k—1)k.

Hence by induction, the lemma holds. 0

5.2. The Zagreb Indices of the k-path and the k-star.

The following lemmas may be deduced through fairly routine calculations by induction on
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Lemma 5.10. Let Pff be the k-path on n > k + 3 vertices. Then
i 1 1
M, (P7) =2nk(n — 2) — g(n(n —1)(n—2)) — g(k(k +1)(2k — 5))
fork+3<n <2k andk > 3,
1

M, (PY) =4nk? — g(/«(1% —1)(k + 1)) for n > max(4, 2k + 1).
Lemma 5.11. Let Sy, be the k-star on n > k + 1 vertices. Then My(Skn_k) = nk +
(k? — 2k)n — k3 + 1.

For the second Zagreb indices, we have the following:

Lemma 5.12. Let Pff be the k-path on n > k + 3 vertices. Then

1

M (Py) :§<k4 + 9k + 12k* — 8k +2), forn =k +3,
1

My(PJ) =22 ((10 = 4k)n® — n* + (54K — 18k — 23)n” -

(44K® + 66k — 54k — 14)n + Tk* + 38k” + 5k* — 26k)
fork+4 <n <2k,

My (PF) :2—14(714 — (12k + 6)n® + (54k* + 54k + 11)n*—
(12Kk* + 162k + 66k + 6)n — (25k* — 70k — 109k* — 14k))
for2k+1<n<3k—1,

1
M,y (PF) 25(48711@3 — 53k* — 46k® + 5k* — 2k) for n > max(5, 3k).

Proof. We will proceed by induction on n. By simple calculations, Ms(Pf, ;) = $(k* 4+ 9k* +
12k? — 8k + 2), and the lemma holds true. Suppose that for k-paths of an order smaller

than n > k + 4 the lemma holds, and consider P*. Let T* be a k-tree on n vertices, and
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let v € Si(TF) with N(v) = {us,...,ux}. Let G’ = T* — v, which is a k-tree. Note that
dG/(ui) = d(uz) —1for1l S 7 S k and Zuiuj,iij[(dG,(ui) + 1)(dG/(uJ) + 1) - de/(ui)dG/(Uj)] =
S iy (e () + () +1) = S () + () —1) = Xy slllng) + ) — (5.

Thus

My(TF) =My (G (Zd ul> <i (u;) — der(u;) )( Z d(x )
= =1 2€No(us)

+ > [(der(us) + 1) (der () + 1) = der (us)de (u;)]

UUG AT

ML) kS ) £ (T )+ Y () + () — (‘“)

: /. 2
i=1 WU ,iF]

=M,(G +k2du,+\I/Tk) (k—1)2d<u,-)—(k)

: 2
=1
k

s) ~Ma(C) + 2k = 1) 3 dw) + 0T - ((5),

i=1
and so for PF,
k
(9) My(PY) = My(Pyy) + (2k — 1) Y d(u;) + U(P¥;v) — <’;)
i=1
As a special case, consider when k = 1 and n = 5. In this case, clearly My(PF) = 12 =
4 (48nk? — 53k* — 46k* + 5k* — 2k).
Let fi = 4n® + 12n2k — 36n? — 108nk? + 24nk + 80n + 44k + 120k* — 68k — 48 and
fo = —4n? + 36n%k + 24n? — 108nk? — 144nk — 44n — 12k® — 216k — 132k — 24.
Suppose that k +4 < n < 2k which implies ¥ > 4. Then, by (9), Lemma 5.5, and

Lemma 5.8,

k

My(P®y =My(P* ) + (2k — 1) Z d(u;) + W(PF;v) — (’;)

=1
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=My(PE_,) + (2 — 1)(2kn — S(k(k+5) + (n— 1)(n —2))

1
(n—k—1)(2nk+5n—n2+5k2—5k—6)+§(k(k—1))

=

_|_

1
=M, (P¥_,) — ﬂfl

1

:ﬂ(—(n —1)* — (4k — 10)(n — 1)® + (54k* — 18k — 23)(n — 1)?

— (44K 4 66k> — 54k — 14)(n — 1) + 7k* + 38K® 4 5k* — 26k)

1
— 5N

1
:ﬂ(—(n4 —4n® +6n* —4n + 1) — (4k — 10)(n® — 3n* + 3n — 1)

+ (54k? — 18k — 23)(n* — 2n + 1) — (44k® 4 66k* — 54k
1
—14)(n — 1) + 7Tk* + 38k® + 5k* — 26k) — 51h
1
:ﬂ(—n4 — (4k — 10)n® + (54k* — 18k — 23)n? — (44k> + 66k>
4 3 2 1 1
— B4k — 14)n + Tk* + 38k® + 5k* — 26k) + — f1 — — fi
24 24
1

:ﬁ((m — 4k)n® — n* 4 (54k? — 18k — 23)n?*—

(44K® + 66k — 54k — 14)n + Tk* + 38k” + 5k* — 26k).

Suppose that n = 2k + 1 > k + 4 which implies & > 3. Then, by (9), Lemma 5.5, and

Lemma 5.8,

Mu(Ph) =Ma(P) + (26 = 1) Y dlus) + 0Pl ()

i=1

=My (Py) 4 (2k — 1) (k* + %(k(k +1))
- %(5k +6k* + k* — (3k + 3K%)(2k + 1)) — %(k:(k: —1))
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:i(_(%y’t — (4k — 10)(2k)® + (54k* — 18k — 23)(2k)? — (44k> + 66K

1

— 54k — 14)2k + 7k* + 38k + 5k* — 26k) + ﬁ(72/5’ — 24k%)
1 1

— ﬂ(20k + 24K% + 4K%) + ﬂ(24/&” + 36k + 12k)

1
:§(29k4 + 2k% + 3k* — 2k)

1

=ﬂ(n4 — (12k + 6)n® + (54k? + 54k + 11)n>—

(12K* 4+ 162k + 66k + 6)n — (25k* — 70k — 109k* — 14k)).

Suppose that 2k + 2 < n < 3k — 1 which implies £ > 3. Then, by (9), Lemma 5.5, and
Lemma 5.8,

k

My(Py) =My(Pyy) + (2k — 1) > d(u;) + (P v) — (’;)

1 1
=My(PF )+ (2k — 1)(k* + Sk +1)) + 6(n3 — 9n?
— 60 4+ 27Tnk® + 36nk + 6n — 21k* — 24k* — 33k — 6)
1
— —(k(k—1
5 (K )
“My(PEy) —
2 —1 24 2
1
=5 — 1)* — (12k 4+ 6)(n — 1)® + (54K + 54k + 11)(n — 1)
— (12k® + 162k* + 66k + 6)(n — 1) — 25k* + 70k* + 109k + 14k)
1
— o512

1

=7 (0" = 4n® +60” —dn + 1) — (12k + 6)(n” — 30 + 3n — 1)

+ (54K2 + 54k + 11)(n? — 2n + 1) — (12k® + 162k> + 66k
1
+6)(n — 1) = 25k" + TOK” + 109%” + 14k) — o f>
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1
:ﬂ(rﬁ‘ — (12k + 6)n® + (54k* + 54k + 11)n* — (12k°

1 1
+ 162k* + 66k + 6)n — 25k* + 70k + 109k? + 14k) + YLV
1
:ﬂ(n4 — (12k + 6)n® + (54k* + 54k + 11)n*—
(12k% + 162k + 66k + 6)n — (25k* — 70k — 109k* — 14k)).

Suppose that n = 3k > k + 4 which implies & > 2. Then, by (9), Lemma 5.5, and

Lemma 5.8,

My(Ph) =P + (26 = 1) 3 d(w) + (Pheaiv) ~ (3

=1

1
=My (P 1) + (2k — 1)(k* + SRk + 1))+ =k(1 = k)(2+ k)
1 ) o1

- (6(—6 = 3k + 9k + 15k — 9k%) — S (k(k — 1))
=Ms(Pyj_y) +4k° =1

1
:ﬂ((iﬁk — 1)* — (12k + 6)(3k — 1)® + (54k* + 54k + 11)(3k — 1)°

— (12k* + 162k* + 66k + 6)(3k — 1) — (25k* — 7T0k* — 109K?

— 14k)) + 4k* — 1

1
:E(91k4 — 46k> + 5k* — 2k)

1
:E(48nk3 — 53k* — 46k> + 5k* — 2k).

Suppose n > max(6,3k + 1). Then, by (9), Lemma 5.5, and Lemma 5.8,

i k
My(P¥Y =My(PE_)) + (2k — 1) Z d(u;) + U (PFv) — (2)
1

“My(PE )+ (2k — 1)(R + %k(k: FU) R 4R = bk~ 1))
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=My(P" ) + 4k3

1
25(48(71 — 1)k — 53k* — 46k> + 5k? — 2k) + 4k*

1
:E(4Snk3 — 53k* — 46k> + 5k* — 2k).

Thus by the principle of mathmatical induction, the lemma is verified. 0]
The following lemma follows from direct calculation and can be easily verified through

induction.

Lemma 5.13. Let Sy ,,—i be the k-star on n > k + 1 vertices. Then
1
My(Sppni) = 5((3/<;2 — k)n? — (2K® 4+ 4k? — 2k)n + k(2k — 1)(k + 1)).

5.3. Sharp Upper and Lower Bounds for M; of k-trees.
In this section, we determine the upper and lower bounds of M; of k-trees, and the

corresponding extremal graphs are characterized.

Theorem 5.14. Let T* be a k-tree onn > k vertices. Then My(P¥) < M,(TF), and equality

is reached if and only if TF = Pk

Proof. For k < n < k+ 1, TF & K,, and M,(K,) = n(n — 1)?. Note that in this case,
K, = PF. Ifn = k+2, then T} = Pf ,, which is a k-clique bound by two simplicial vertices.
Hence Mi(Pf.,) = Mi(Tf,,). Suppose n = k + 3. Then T} , € {PF,;,Sk3}. By routine
calculations, M;(PF, ;) = k* + 7k* + 4k — 2 and M;(Sy3) = k* + Tk? + 4k, and so the lemma
holds.

~Y

We now use induction on n > k + 4. If T = P* we are done. Suppose, then, that
TF % Pk and let v € S (TF) be such that N(v) = {uy, ..., ux} and d(uy) + ...+ d(uy,) is as
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small as possible. Consider G’ = T — v. By the choice of v, if TF % P* then G' ¥ PF ,.

Now,
My(Ty) =My(G") + (d(v))* + ((d(w)” = (der(u1))*) + ...
+ ((d(ur)® = (der (ur))?)
=My (G") + K + ((d(w)? = (d(w) = 1)%) + ...
+ ((d(ur)” = (d(we) — 1)%).
Thus,
(10) M (TF) = My (G") + k* +2 Xk: d(u;) — k.

i=1
Suppose k + 4 < n < 2k which implies & > 4. Then from (10), Lemma 5.5, and
Lemma 5.10,
k
M(TF) =My(G') + k> +2) d(u;) — k
i=1
SM(PY ) + K2+ dkn — k(k +5) — (n— 1)(n— 2) — k

=2k(n —1)(n —3) — %((n —1)(n—=2)(n—=3)+3(n—1)(n—2))

— %(k:(k; +1)(2k —5)) + k* + 4kn — k(k +5) — k

=2nk(n — 2) — %(n(n —1)(n—-2)) - %(k(k +1)(2k — 5)) = M, (P").

Suppose n = 2k + 1 > k + 3, which implies £ > 3. Then from (10), Lemma 5.5, and

Lemma 5.10,

k
M(TF) =My(G') + k> + 2 d(u;) — k

=1

>SMy(PF )+ k2 + 2k + k(k+1) — k
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—2k(n — 1)(n — 3) — é(n —1)(n—2)(n—3)— %k:(k: +1)(2k — 5)

+ 4k?

1

L (2K(2k — 1)(2k — 2)) - 1

=2k(2k)(2k — 2) 3 (2k — 3k* — 5k) + 4k*

1
=8k* + 4k* — g(10k3 +9k* + k)

1
=4dnk?® — gk(lOk — 1) (k+1) = M (P").

Suppose n > 2k + 2. Then from (10), Lemma 5.5, and Lemma 5.10,

My(TF) =My (G') + k> +2) " d(u;) — k

i=1

SM(PE )+ 2+ 2k +k(k+1) —k
1
=4(n — 1)k* — g(k(l()k — 1) (k+1)) + 4k?

1
=4nk?® — gk(IOk: —1)(k+1) = M (P").

Thus, the theorem is true for all n > k by the Principle of Mathematical Induction.

Theorem 5.15. Let G be k-degenerate on n > k vertices. Then My(G) < M;(Skn—k) with

equality holding if and only if G = Sy k.

Proof. We will proceed by induction on n. If n € {k, k + 1}, then M;(G) < M,(K,) with

equality holding if and only if G = K,. Note K, = Si,_ in this case. Suppose that

the theorem holds for k-degenerate graphs of order smaller than n and consider G, a k-

degenerate graph on n vertices. Let v € V(G) such that d(v) = § with N(v) = {uy, ...

and G’ = G —v. Then G’ is k-degenerate. Hence by induction, (10), Lemma 5.6, and
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Lemma 5.11,

M(G) =My(G') + k> +2) d(u;) — k

i=1

0
<M (Skm1-k) + K +2) d(u;) — k

i=1

<m—12k+ (k> =2k)n—1) =k + 1+ +2k(n—1) -k
=n’k + (k> = 2k)n — k* + 1 = My (Sk.ns).

Here equality holds if and only if §(G) = k, ng) d(u;) = k(n—1) and G' = Sy ,—1- i.c.

G = Sk,n—k- O

Since all k-trees are k-degenerate, the following corollary is immediate.

Corollary 5.16. Let T be a k-tree on n vertices. Then My(TF) < My (Skn_r) with equality

holding if and only if TF = Sy .

5.4. Sharp Upper and Lower Bounds for M, for k-trees.
In this section, we determine upper and lower bounds of M, for k-trees. Also, the corre-

sponding extremal graphs will be characterized.

Theorem 5.17. Let TF be a k-tree on n > k + 3 vertices. Then My(PF) < My(TF), and

equality is reached if and only if TF = P*,

Proof. We will proceed by induction on n. There are just two k-trees on k + 3 vertices,
which are P, and Sy, By simple calculations, My (Pl ;) = 5(k* + 9k + 12k* — 8k + 2)
and My (Sk k) = 3(k* + 9k* + 12k? — 4k). Thus, the theorem holds true. Suppose that for

k-trees of an order smaller than n the theorem holds, and consider 7T¥. We may assume that
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TF 2 P*. Choose v € Sy(T¥) with N(v) = {uy,...,u;} such that 33  d(u;) is minimal.

Then G' 2 T* — v, a k-tree, is not isomorphic to P* | by choice of v. Hence by (8),
é k
My(TF) = My(G') + (2k — 1) Z d(u) + U (TFv) — (2)
i=1

Suppose as a special case that n = 5 and k = 1. Then, by (9), Lemma 5.5, Lemma 5.8,

and Lemma 5.12
My(T5) =Ms(G') + d(wr) + ¥(T5;v)
>My(P)) +2+2=12= My(PJ),

as can be verified in the proof of Lemma 5.12.
Suppose then that £ + 4 < n < 2k which implies & > 4. Then, by (9), Lemma 5.5,

Lemma 5.8, and Lemma 5.12,

- k
My(TF) =My (G') + (2k — 1) Zd(uz) + U (TF;v) — (2)

S My(PE ) + (2 — 1)(2kn — %(kz(k‘ +5)+ (n—1)(n—2))
4 é(n—k— 1)(2nk + 5n — n? + 5K —5k—6)+%(k¢(k¢— 1)
=Ma(Py),

as can be verified in the proof of Lemma 5.12.
Suppose that n = 2k + 1 > k + 4 which implies & > 3. Then, by (9), Lemma 5.5,

Lemma 5.8, and Lemma 5.12,

i 2
My(TF) =My(G') + (2k — 1) Z d(ug) + U (TF ) — (2)

SMy(PE) + (2K — 1)(k + %k(k; +1))
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1 1
— g(5k: + 6k + k* — (3k + 3k*)(2k + 1)) — 5 (k= 1))
1
:§(29k4 +2k% + 3k — 2k) = My(Py,..,),
as can be verified in the proof of Lemma 5.12.

Suppose that 2k + 2 < n < 3k — 1 which implies & > 3. Then, by (9), Lemma 5.5,

Lemma 5.8, and Lemma 5.12,

My(TH) =Mo(G') + (2k — 1) Z d(ug) + U (TF v) — (g)

1 1
>My(PF ) + (2k — 1)(K* + §k(k +1)) + 6(n3 — 9n?
— 60 4+ 27nk® + 36nk + 6n — 21k* — 24k* — 33k — 6)
(k(k—1))
2
:MZ(lef)a
as can be verified in the proof of Lemma 5.12.

Suppose that n = 3k > k + 4 which implies £ > 2. Then, by (9), Lemma 5.5, Lemma 5.8,

and Lemma 5.12,

My(TF) =My (G') + (2k — 1) Z d(ug) + U (TF ) — (g)

=1

>Ms(Ph ) + (2k — 1) (k* + %(k(k + 1))+ —k(1 —k)(2+ k)
+ (é(—G — 3k + 9k* + 15k — 9k?) — %(k(k —1))

:MZ(P?iCk)a

as can be verified in the proof of Lemma 5.12.
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Suppose n > max(6,3k 4+ 1). Then, by (9), Lemma 5.5, Lemma 5.8, and Lemma 5.12,

My(THF) =Mo(G') + (2k — 1) Z d(ug) + U (TFv) — (g)

>My(PF )+ (2k — 1) (K* + %k(k + 1))+ K+ Kk — %(k(k —1))

:MQ(P:)J

as can be verified in the proof of Lemma 5.12.
Thus by the Principle of Mathematical Induction, My(PF) < My(TF¥) with equality holding

if and only if TF = Pk, 0

Theorem 5.18. Let TF be a k-tree on n > k wvertices. Then Mo(TF) < My (Syr) with

equality holding if and only if T = Sy _&.

Proof. We will proceed by induction on n. If n € {k,k + 1}, then My(T") < My(K,,) with
equality holding if and only if G = K,. Note K, = Si,_j in this case. Suppose that
the theorem holds for k-trees of smaller order and consider T%. a k-tree on n vertices. Let

n’?

v € S1(TF) with N(v) = {uy,...,ux} and G’ = T¥ — v, which is a k-tree. By (8),

My(TF) = My(G') + (2k — 1) Z d(u;) + W (TF v) — (g)

Thus by induction, Lemma 5.6, Lemma 5.9, and Lemma 5.13, we have

b k
MQ(Tf) =My(G') + (2k — 1) Zd(ul) + \I/(T,]f; v) — <2>
, 1

<My (Syar-k) + (2K = 1)(nk — k) + (n =k — DE = 2 (k = Dk
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1

:5((%2 —k)(n —1)* = (2k* + 4K* — 2k)(n — 1) + k(2k — 1)(k + 1))
2k — 1) (nk — k) + (n— k — D)I? — %(k— 1)k

=Ms(Sppnr) + 2nk* — 2k* — nk + k + %(—6%2 + 3k* + 2nk — k)

(23 + 4k? — 2k) + nk* — k3 — k% + = (k — k?)

. 1
2

N | —

:M2 (Sk,nfk) .

Here equality is obtained if and only if G’ & Sy.,,_1_; and T € J*. Hence equality holds

when Tr’f = Sin—k. Thus the theorem holds by the Principle of Mathematical Induction. [

The upper bound for M; values given in Theorem 5.15 applies to k-degenerate graphs, a
generalization of k-trees. However the proof techniques presented here are not sufficient to
demonstrate similar results for a lower bound of M; values of maximally k-degenerate graphs
and an upper bound of My values of k-degenerate graphs. It may be interesting to show
that for a maximally k-degenerate graph G and a k-degenerate graph G, M;(PF) < M;(G)

for 1 <i <2 and My(G") < My(Skn—rk)-
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6. THE ZAGREB INDICES OF TREE-LIKE k-TREES

In 2010 Hou et al. characterized the Zagreb indices for maximal outerplanar graphs and
determined the unique maximal outerplanar graph that obtains minimum M;, M, values
respectively, as well as maximum M;, Ms values respectively. As mentioned in Chapter 5,

they determined the following:

Theorem 6.1. [29] Let G be a mazimal outerplaner graph on n > 4 vertices. Then
(i) My (G) > 16n — 38, with equality holding if and only if G = P2.

(i) My(G) > 32n — 100, with equality holding if and only if G = P2.

Theorem 6.2. [29] Let G be a mazimal outerplanar graph on n > 4 vertices. Then
(i) When n =6, M1(G) < 60 with equality if and only if G = S? or D2.

(i) When n # 6, Mi(G) < n? + Tn — 18 with equality if and only if G = S2.

Theorem 6.3. [29] Let G be a maximal outerplanar graph on n > 4 vertices.
(i) When n =6, My(G) < 96 with equality if and only if G = DZ.

(i) When n # 6, My(G) < 3n? +n — 19 with equality if and only if G = S2.

It has been shown that a graph G is a maximal outerplanar graph if and only if G is a
tree-like 2-tree. By making this connection, it is a natural question to generalize the works
of Hou et al. to tree-like k-trees. In Chapter 5, we deduced sharp upper and lower bounds of
M, and M, for k-trees and showed that the k-path (respectively the k-star) uniquely obtains

the sharp lower bound (respectively the sharp upper bound) of M; and M.
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6 6 6

F1GURE 10. The 2-path, 2-diamond, and 2-star on 6 vertices

As the k-path is tree-like, it is clear that the sharp lower bounds of M; and M, for tree-like
k-trees are obtained uniquely by the k-path. Hence, to generalize the results of Hou et al.,

we need to only consider upper bounds of M; of M, for tree-like k-trees.

6.1. Some Lemmas.
In this section, we give some lemmas that will be relied upon in subsequent sections.
Define G* to be the class of tree-like k-trees as follows: Let T € G*. Then there exists a

vertex v € S1(T¥) such that for any vertex = € V(T¥) — v, [IN(z) N N(v)| > k — 1.

Lemma 6.4. Let TF be a tree-like k-tree on m > k + 2 vertices and v € Si(TF) with
N(v) =A{uy,...,ur}. Then Zle du;)) < (k—=1)(n—1)+ (k+1), with equality holding when

Tk € GF.

Proof. As v € S1(TF), G[N(v)] & Kj. By Fact 2.21 | N%_, N(u;)| = 2, so we may assume
that {v,z} = N N(u;) where z # v. There are n — (k + 2) vertices in V' = V(TF) —
{v,z,us,us,...,u}. It is clear to see that Zle d(u;) attains maximality if and only if for
every y € V' [N(y) N {vy,...,u}| =k — 1.

Now Y77y d(us) = 3 evzyy IN(v) N N (w)]. Thus 3777, d(u;) = [N(0)] + [N (v) NN (2)| +
S IN () NN ()] + ey IN(0) NN ()] < 2k + k(k = 1) + (n— k= 2)(k — 1) = (k -
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1)(n—1) + (k+ 1), and equality holds if and only if |N(v) N N(y)| = k — 1 for each y € V.

In other words, equality holds if and only if T* € G*. O
The following lemmas demonstrate the Zagreb indices for the specific tree-like k-trees, the

k-star and k-diamond and may be deduced through routine calculations.
Lemma 6.5. Let S¥ the k-spiral on n vertices. Then

M, (SE) = (k — 1)n* + (k* 4+ 3)n — (k* + k* + 2k + 2).
Lemma 6.6. For k+1<n <2k+ 2, M;(D¥) = M,(SF).

Proof. The k-diamond DF is only defined for k+1 < n < 2k+2. Let V(DF) = {v1,..., vp41}
U{uy,...,u;} for some j € {1,...,k+1} where n = k+1+7, and G[{v1,...,vp41}] = Kji1.
For any u € S;(DF), there exists a unique vertex v € V({vy,...,v;}) such that v ¢ N(u).
Without loss of generality, v; ¢ N(u;) for 1 <i < j. Thus, d(v;) =n—2for 1 <i < j. That
is, there are j = n — (k + 1) simplicial vertices, n — (k 4 1) vertices of {vy, ..., v} of degree

n—2,and k+1—(n—(k+1)) =2k +2—n vertices of {vy,...,vx} of degree n — 1. Hence
M (DF)y =(n — (k+1))k* + (n — (k+1))(n — 2)* + (2k + 2 — n)(n — 1)*
=kn? —n?+nk® +3n —k* —k* — 2k — 2

=k —1)n?+ (K* +3)n — (K* +2)(k + 1) = My (SF).

Lemma 6.7. Let S* be the k-spiral on n vertices. Then
k 2 2 3_ 12 2 k=1 2
My(S;) = (k" —1)n*— (k> — k" —k —3)n — (3k* + 2k + 3) + 5 (n—1)°.
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Lemma 6.8. Let D¥ be the k-diamond on n vertices. Then
1
My(DF) = 5((3142 — 3k + 1)n* — (2k* — 6k + 3)n — 4k* — 2k + 2).

For the remainder of the chapter, let T* be a tree-like k-tree such that v € S;(T*) and
N(@)=U = {uy,...,ur}. Let No(u;) = N(u;) — N[v], and let

Yood@)+ > d@) ...+ Y d)

xENo(ul) zENo(uz) :EGNo(uk)

Let v € Si(TF) — v and N(v') = {u},...,u}}. Arrange the vertices of N(v') such that
u, € N(v) for 1 <i <t and |[N(v)NN(u,_,| > |N(v) N N(u})| for t +1 < i < k. Then for

n>k+2and v €S (TF) —

(11) U(TF v) = W(TF — o' 0) + d(v t+Z|N yNUl.

i=t+1

As mentioned in Chapter 5, d(v')t + Zl i1 |V (u;) NU| is a summand with k& summands
with at least ¢ summands of value k£ and at most k — ¢ summands of value at most k — 1. It

is clear then that d(v')t + SF, o1 IN(uj) NUJ is maximized when ¢ is maximized.

Lemma 6.9. Let TF be a tree-like k-tree on k +1 < n < 2k + 2 vertices. Then V(TF;v) <

k*(n — k — 1) with equality holding if and only if TF = DE.

Proof. Proceed by induction on the number of vertices. Suppose n = k+1, then TF = K ;.
Then for v € S;(TF), U(T¥;v) = 0, and thus the theorem holds. Suppose that the theorem
is true for tree-like k-trees on k + 1 < n’ < n vertices, and consider T, a tree-like k-tree on

n vertices.

Let v' € Si(TF¥) — v. Then by (11),

U(TFv) = U(TF —v';0) + d(v t+Z|N )yNU|.
1=t+1
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As TF is tree-like t <k — 1. If t = k — 1, then S5, [N(u}) N U| = |N(u}) N U| < k. Also

by induction, ¥(T* — v';v) < ¥(DF

n—1:0

v) = k*(n — k — 2). Hence

U(TF v) =U(TF — v';0) + d(v' t+Z]N )N U

i=t+1

<U(DF_;;0) +k(k—1)+k
=k*(n —k —2) +k*

=k*(n—k —1),

with equality holding if and only if T% — o' = DF

ko, t=k—1,and |[N(u}) N N(v)| = k.
Hence equality holds if and only if TF = D*. By the Principle of Mathematical Induction,

the theorem holds. O

6.2. Sharp Upper Bounds of M; of Tree-like k-trees.
In this section, we determine the upper bounds of M; of tree-like k-trees, and the corre-

sponding extremal graphs are characterized.

Theorem 6.10. Let TF be a tree-like k-tree on n > k + 1 vertices. Then M,(TF) < (k —
Dn? + (k* +3)n — (k* + 2)(k + 1). Equality is reached if and only if T® € {DF SF}. In

n? n

particular, if n > 2k + 3, then equality is reached if and only if TF = S*.

Proof. Proceed by induction on n. If n = k+1, then T% = Ky, and M, (K1) = (k+1)k* =
2k2 4+ k3 —k* = 2k* + (k—1)k* = 2k*+ (k—1)(n—1)*4+(n—(k+1))(k+1)% Suppose n = k+2.
Then T is a k-clique bound by two simplicial vertices. Hence M;(T*) = 2k*+k(k+1)?, and it
may be verified that (k—1)n?+(k*+3)n— (K*+k*+2k+2) = k3+2k*+2k*+k = 2k*+k(k+1)2.

Suppose the theorem is true for tree-like k-trees on k + 1 < n’ < n vertices, and consider
TF vertices. Let v € Si(TF) where N(v) = {uy,...,u}. Let G' = TF¥ —v. By Lemma 6.5
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and the inductive hypothesis,

Mi(G') <Mi(S,_y)
=(k—1)(n—12+ (K +2)(k+1)
=(k —1)n* + (5= 2k + k*)n — (K* + 2k> + k + 6).
Now der(u;) = d(u;) — 1 for 1 < i < k and dg(2) = d(z) for all z € V — {uy, ..., ux}.
Then by Lemma 6.4,
Mi(T;) =Mi(G') + (d(©))* + ((d(wr))* = (der (ur))?) + ... + ((d(ur))* = (der(ux))?)
=My(G") + ((d(u1))* = (d(w) = 1)) + ...+ ((d(wr))” = (d(wx) = 1)%)
=M (G") + k* + 2[d(uy) + ... +d(up)] — k
<M(SE )+ —k+2((k—D(n—1)+ (k+1))
=(k—1)n*+ (5 -2k +k)n— (K +2k* +k+6)+k* —k+2kn—2n+4
=(k — D)n® + (k* + 3)n — (K* + k* + 2k + 2).

Here, equality is reached only when G’ = S* | or G’ = DF | and TF € GF. If G' =2 SF |
and T* € G*, then clearly T = S*.
Suppose G’ = Df_ | If G’ = Db, ., and T € G¥, then T is not tree-like. Hence n < 2k+2,

and clearly TF = DF. 0

6.3. Sharp Upper Bounds of M, for Tree-like k-trees.
In this section, we determine upper bounds of M, for tree-like k-trees on less than 2k +
2 vertices and characterize the corresponding extremal graphs. Additionally, we state a

conjecture for sharp upper bounds of M, for tree-like k-trees on at least 2k + 3 vertices.
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Theorem 6.11. Let T* be a tree-like k-tree on k+1 < n < 2k +2 vertices. Then My(TF) <

My (DF) with equality holding if and only if T® = D¥.

Proof. Proceed by induction on n. If n =k + 1,k + 2. Suppose that for tree-like k-trees on
kE+1<n <n<2k+ 2 vertices, and let TT’f be a tree-like k-tree on n < 2k + 2 vertices. Let

v € S1(TF) and N(v) = {uy,...,u}. From Chapter 5, we know that
k
k k k k
(12) My(T%) = Mp(TF —v) + (2k — 1) Y _ d(u) + U(T};v) — (2>
i=1

Thus by Lemma 6.8, Lemma 6.4, and Lemma 6.9

My(THY < My(DE_ )+ 2k —D((k—1)(n—1)+k+1)+E*(n—k—1)— (’;)

=

1
o(DE_ )+ 5(6711{:2 — 6nk 4 2n — 2k — 3k* + 9k — 4)

%(3k2—3k+1)(n —2n+1) — (2k* — 6k +3)(n — 1) — 4k* — 2k + 2)
%(6nk2 6nk + 2n — 2k — 3k* + 9k — 4)

%(SkQ—Sk—i—l)n — (2K* — 6k + 3)n — 4k* — 2k + 2)

%((3&2 —3k+1)(—2n+ 1) + (2k* — 6k + 3))+

+ =(6nk* — 6nk + 2n — 2k* — 3k* + 9k — 4)

l\.’)lr—t

I
=

1
H(DF) — 5((fsnk;? — 6nk + 2n — 2k* — 3k* + 9k — 4)

+ ~(6nk* — 6nk + 2n — 2k* — 3k* + 9k — 4)

l\DI»—t

= M(Dy).

Hence, by the Principle of Mathematical Induction, the theorem holds. [l

The k-diamond is only defined for £ < n < 2k + 2 vertices. We strongly believe that for

n > 2k + 3, the k-spiral uniquely obtains the strong upper bound for M; among tree-like
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k-trees. However, the techniques presented here are not sufficient to prove that such is the

case. Instead we state the following conjecture.

Conjecture 6.12. Let T* be a tree-like k-tree on n wvertices such that TN % DE. Then

My (TF) < My(S*) with equality holding if and only if TF = S*.

We believe that the ideas presented in Chapter 7, once generalized to k-trees, will provide

a framework to prove Conjecture 6.12.
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7. TREE GENEALOGIES

Continuing his investigation of the independence polynomials of trees in 1995, Wingard
determined sharp lower and upper bounds of f, for trees for s > 0 on n vertices and charac-

terized the unique trees that obtain these bounds.

Theorem 7.1. [44] Let T,, be a tree with n vertices. Then for any s > 2, ("~**1) < f(T,,) <

(")

Theorem 7.2. [44] Let T,, be a tree with n > 2s wvertices for s > 3. If fs(T,) = ("*SH),

S

then T,, = P,.

Theorem 7.3. [44] Let T,, be a tree with n vertices. If fs(T,) = (";1) for3<s<n-—1,

then T,, = S,,.

P; S7

F1GURE 11. The path and star on 7 vertices

As stated in Chapter 5, Das and Gutman characterized the Zagreb indices for trees and
determined the unique tree that obtains minimum M; and M, values respectively, as well as

maximum M; and M, values respectively in 2004.
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Theorem 7.4. [12, 20] Let T be any tree of order n. Then

(i) 4n —6 < My(T) < n? —n, the left equality holds if and only if T = P,, and the right
equality holds if and only of T' = S,,.
(ii) 4n — 8 < My(T) < n? — 2n + 1, the left equality holds if and only if T = P, and the

right equality holds if and only of T = S,,.

From Wingard and Das and Gutman we deduce that P, and .S,, can be thought of as the
extremal trees in regards to f,, My, and M.

Let T be a tree. Define a starring triple r to be r = {v, u, z} where v € S1(T), u € N(v),
and x € V(T) — {v,u}. Let Ry (T) be the set of starring triples of T. For r € Ry(T), T(r)
is the tree with V(T'(r)) = V(T) and E(T(r)) = (E(T) U{vz}) — {vu}. Let g1 : Ry — Z be
such that for r = {v,u, 2} € R(T), g1(r) = dr(x) — dr(u). If g1(r) > 0, then T'(r) is said to

be a 1-descendant of T'. If g;(r) < —2, then T'(r) is said to be a l-ancestor of T'.

O
I~ e
O—0O
)
<N O—O
O
O
O
I
O
o<§
S
o <
O

FIGURE 12. A tree T and T'(r)

Theorem 7.5. Let T and T" be trees. Then T is an 1-ancestor of T" if and only if T' is a

1-descendant of T.

Proof. Let r = {v,u,x} be a starring triple of T, and suppose g;(r) > 0. Then T'(r) is a
1-descendant of T, and r’ = {v,x,u} is a starring triple of T'(r). Note that T'(r)(r') = T.
Now dry(u) = dr(u) — 1 and dppy(x) = dp(x) + 1. Thus g1(r') = drey(u) — drpy(z) =
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dr(u) — dp(x) —2 < —2. Thus T is a 1-ancestor of T'(r). The argument is reversible to show

that if T'(r) is a l-ancestor of T, then T is a 1-descendant of T'(r). O

It is easy to see that any tree T' 2 S,, has a 1-descendant. Hence there is a sequence of
trees {Ti}’fzo such that Ty = T, Ty = S,,, and T}, is a 1-descendant of T} for i <0 < 5 — 1.
Then we say that 7T} is a 1°-descendant of T for 1 < i < 3.

Now there are trees that have no 1-ancestor as in Figure 13. Hence there is a sequence of
trees {T};}72, such that Ty = T, Tj, = T" where T" is a tree that has no 1-ancestor, and T4

is a 1-ancestor of T} for 0 < i < [(,.

O () ) ) O

FI1GURE 13. A tree with no 1-ancestor

For the tree T', we may generalize the starring triple as follows: Let r = {v, u, z} be such

that

(i) v e Si(T)

(ii) the vu-path P is of length p,

(ili) for any y € V(P) — {v,u}, d(y) =2,

(iv) x € V(T) = V(P).
Let R,(T) be the set of such triples. For r € R,(T), T(r) is the tree with V(T'(r)) = V(T)
and E(T(r)) = (E(T) U{y'z}) — {y'u} where ¢ € N(u) NV (P). Define g, : R, — Z such
that g,(r) = dr(x) — dr(u). If g,(r) > 0, then T'(r) is said to be a p-descendant of T'. If
gp(r) < —2, then T'(r) is said to be a p-ancestor of 7.
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Theorem 7.6. Let T and T' be trees. Then T is a p-ancestor of T" if and only if T' is a

p-descendant of T'.

Proof. Let r = {v,u,z} € R,(T), and suppose g,(r) > 0. Then T'(r) is a p-descendant of
T, and r' = {v,z,u} € Ry(T(r)). Note that T'(r)(r") = T. Now druy(u) = dp(u) — 1 and
drey(z) = dr(z) + 1. Thus g,(r') = drey(uw) — drey(2) = dr(u) —dp(z) —2 < =2, Thus T
is a p-ancestor of T'(r). The argument is reversable to show that if T'(r) is a p-ancestor of

T, then T is a p-descendant of T'(r). O

Let T and T” be trees, and suppose that 7" is the p;-descendant of a ps-descendant of T'.
Then we say that T” is a py, po-descendant of T', and T is a po, p1-ancestor of T”. Suppose

that p; = py. Then T” is a p}-descendant of 7', and T is a p?-ancestor of T".

Theorem 7.7. Let T % P, be a tree on n vertices. Then P, is a p'*,p, ... ,p;j—ancestor of

T for some j > 1.

Proof. All we must show is that for any tree with more than two leaves, there exists a p-
ancestor of T' for some p > 1 such that this p-ancestor has fewer leaves than T'. Let v € S;(T).
As T % P,, there is a vertex u such that d(u) > 3, and let S = {u|d(u) > 3}. Choose u € S
such that d(v,u) < d(v,u’) for all v’ € S — u, and let P be the vu-path in T'. Additionally,
let ¥ € N(u)NV(P) and x € S;(T) —v. Clearly z ¢ V(P). Thus r = {v,u,z} € R,(T)
where p is the length of P, and g¢,(r) = d(x) —d(u) <1—3 = —2. Thus T'(r) is a p-ancestor
of T

If |S1(T'(r))| > 3, then T'(r) 2 P,, and so T'(r) has a p;-ancestor 7"(r) with fewer leaves
than T'(r). Hence T'(r) is a ppi-ancestor of T. A reiteration of this process yields a tree

with two leaves, i.e. P,, that is a pi!, p2, ... ,péj—ancestor of T' for some j > 1. 0
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By Theorem 7.7, we see that for a given tree T', there is a sequences of trees {Tz}f 2, such
that Ty = T, Ts, = P,, and T;1; is a p;ri-ancestor of T; for 0 < 7 < 3. We may now

construct a sequence of trees that we define as a genealogy.

Definition 7.8. Let T be a tree on n vertices. Then the sequence of trees on n vertices
{T;}7_, satisfying
(i) To = P,
(ii) Tp, = T, for some [, 0 < By < 3,
(iii) T4 is a piyq-descendant of T; for 0 <i < f — 1,

(iv) Ts = S,

is said to be a genealogy of T

The definition of a genealogy of a tree says that for a given tree, T, there is a sequence
of trees starting with P, and ending with S,, such that 7T is a member of this sequence.
Additionally, given a tree T; in this sequence, T, is a p;1-descendant for 0 <i < g —1. In
the subsequent sections, we will show that a genealogy of a tree creates a partial ordering of

trees with respect to f, and M;.

7.1. Independent Sets of a Tree and Its Descendants.

By investigating the relationship between a tree and other trees in a genealogy of that
tree, we may generalize Theorem 7.1.

First define the family F of trees as follows; let T € F. Then V(T) = {u,...,u,, }
U{v1, ..., Up, } Wherev; € S1(T) for 1 < i < ng, G{ur, ..., un, }| = Poy, N(v;) CH{ur, ... up, }

for 1 <17 < ny. Thus we may state the following lemma.
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Lemma 7.9. Let T be a tree in F such that r = {uy,v1,v,, } € Ri(T) and g1(r) > 0. Then

fS(T> < fs(T(?")) fOT’ s > 0.

Proof. For the vertex set S, let f5 ¢(T") denote the number of independent sets of cardinality
s in T containing S, and let f, 5(7T") denote the number of independent sets of cardinality s
in 7" not containing S. Then f(T) = fs (1) + f.5(T).

Let v; = v, u; = u, and u,, = x. Then r = {v,u,x}, and let I be an independent set of
T. If {v,z} € I, then I is an independent set of T'(r). Thus f, (1) < f, (T'(r)) for
s > 0.

Let I be an independent set of 7" such that {v,z} C I. Then [ is not independent in
T(r). Note that as T'(r) is a 1-descendant of T, d(x) > d(u), and thus |N(x)| > |N(u)|.
Also it is clear that for any subset S’ of N(z), " € I. Let S = (N(u) —v) N I. Then
as |S| < |N(u)| — 1 there exists at least one set S’ C N(x) such that |S'| = |S| and
2 e Si(T) for all 2’ € §'. Hence there exists at least one independent set I’ of T'(r)
such that I' = (I — ({2} U S)) U {u} U S’) for some S" C N(x) such that |S| = |S’| and
x' € S1(T) for all 2’ € S’. Note that |I'| = |I|, and I’ is not an independent set of 7. Thus
fsq0a1(T) < [ qoa(T'(r)) for s > 0.

Then £u(T) = fuon(T) + fu gz (D) < oo (T0) + fogoag (1)) = L(T() for s >

0. U

Now Theorem 7.1 and Theorem 7.3 of Wingard may now be extended.

Theorem 7.10. Let T be a tree, and r € Ry(T). If T(r) is a 1-descendant of T, then

fs(T) < fo(T(r)) for s > 0.

87



Proof. Proceed by induction on the number of vertices n. There is nothing to show for
1 < n < 3. Suppose that n = 4, then T € {F,,S;}. Now P, is an ancestor of Sy, and
fs(Py) < fs(Sy) for s > 0. Suppose that for trees T and 7" on 4 < n’ < n vertices, such that
T" is a descendant of T', fs(T) < fs(T"), and consider T a tree on n vertices.

Let r = {v,u,x} € R such that g;(r) > 0. Then T(r) is a descendant of T', and let P
be the uz-path in T. Suppose that there for every v' € Si(T) — v with support vertex u/,
u € V(P). Then T' € F, and by Lemma 7.9 f(T) < fs(T(r)). Thus we may assume that
there exists v/ € S;(T") — v with support vertex u’ such that «' ¢ V(P). By the vertex
reduction identity,

fs(T) = fo(T =) + for (T = N[V])
fi(T(r)) = [(T(r) = v') + fara (T(r) = N[V')).

As v ¢ {v,u,x}, T(r) — v is a descendant of T'— v’. Thus, by induction f(T —v') <
fs(T(r) —v'). Now T — N[v'] and T'(r) — N[v'] are forrests on [ connected components.
Also there are [ — 1 connected components of T'— N[v'], H; for 1 <i <[ —1and -1
connected components of T'(r) — N[v'], H(r); for i <i <1—1 such that U\ H; = U H(r);.
Then ' fo(H) = T f(H(r);). Let H = T — U™ H; and H(r) = T(r) — U H(r);.
Then f,(T — N[]) = (T £,(H:)) fu(H), and f(T(r) — N[/]) = (T £ (H(r)) f.(H ()
for s > 0.

Note that {v,u,z} C V(H), {v,u,xz} C V(H(r)), and H —v = H(r) — v. That is,
H(r) is a 1-descendant of H. Then, by induction f(H) < f(H(r)) for s > 0. Hence
fo(T) = fT =) + for(T = N[')) = fo(T = ') + (I foma (H)) foma (H) < fo(T(r) —
V) + (I for (H()a)) foma (H (r) = f(T(r) =) + for(T(r) = N[v']) = fo(T(r)). Thus by
induction, the theorem holds. 0
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Theorem 7.11. Let T be a tree and T' be a 17-descendant of T for some j > 1. Then

fs(T) < fs(T") for s > 0.

Oo——0

FIGURE 14. T

Theorem 7.12. Let T and T' be trees on n vertices, and let T be a p-descendant of T for

some p > 1. Then f(T) < fo(T") for s > 0.

Proof. We will show that for any p-ancestor T of a given tree T, f(T") < fs(T) for s > 0
by induction on n. There is only one tree on 1 < n < 3 vertices. Consider n = 4, then
T = P, and T = S, and the theorem holds. Suppose n = 5. Then either 7" = Pj5 and
T € {T5,S5}, or T" = T5 and T = S5 where Tj is the tree pictured in Figure 14. In either
case, the theorem clearly holds.

Suppose that if 77 is a tree on 1 < n’ < n vertices and is a p-ancestor of another tree
T for some p > 1, then f(T") < fo(T) for s > 0. Let T be a tree on n vertices, and let
T’ be a p-ancestor of T'. Then there exists r = {v,u,z} € R,(T) such that g,(r) < —2
and T'(r) = T'. Let P be the v,u-path in T of length p, and let y € N(u) N V(P). By

Proposition 3.1,

fs(T) :fs(T - U) + fsfl(T - NT[UD
(13)

fs(T') =f(T" = v) + fs-2(T" = Ny [v]).
Suppose that p = 1, then by Theorem 7.10 f,(T") > fs(T") for s > 0. Suppose that p = 2,
then 7' — v is a 1-descendant of 7" — v, and T'— Np[v] = T" — Np[v]. Hence, by (13), for
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fo(T) = fo(T = v) + ferr(T = Nr[o]) 2 fo(T" = 0) + forr(T" = Npo[v] = fo(T7).

If p > 3, then T"—v is a (p—1)-ancestor of T'—wv, and so by induction f(T—v) > fs(T'—v)
for s > 0. Also, fs(T — Nrlv]) > fs(T" — Np/[v]) for s > 0 by induction as 7" — Ny [v] is a

(p — 2)-ancestor of T'— Nr[v]. Hence, by (13),

Jo(T) = f(T = v) + fira (T = Ne[o]) = fo(T" = v) + fora (T = Npo[v]) = fo(T),

for s > 0, and so the theorem holds by the Principle of Mathematical Induction. O

If T is a py-descendant of 7", and 1" is a py-descendant of 7", then fo(T") < fs(T") < fo(T)

for s > 0. By the transitive property, the following theorem immediately follows.

Theorem 7.13. Let T and T’ be trees on n wvertices such that T' is a p’f,pg",...,pj-j-

descendant of T'. Then f(T) < f(T") for s > 0.

By Theorem 7.10 and Theorem 7.12, we may state the following theorem.

Theorem 7.14. Let T be a tree on n wvertices and {T,»}fzo be a genealogy of T'. Then

fs(Ti) < fs(Tiyq) for0<i <[ —1and s> 0.

Thereom 7.14 is an extension of Theorem 7.1 as for any tree T" we may find a sequence of
trees {T;}7_, such that f,(T}) < fo(Tj41) for 0 <i < f—1and s > 0. Thus, a genealogy of
T along with f for s > 0 yields a partial ordering of a set of trees on n vertices.

90



7.2. Comparing p-descendants of a Tree.

By Theorem 7.10 and Theorem 7.12, we are able to generate a partial ordering of trees
such that f; of a tree in this ordering is at least as large as f, of the previous tree in the
ordering for s > 0. It is not difficult to show that a genealogy of a tree is not unique. Now
we will consider the set of p'-ancestors and p'-descendants of a given tree and investigate f,

values of trees in this set for s > 0.

Theorem 7.15. Let T be a tree with starring triples r; = {v;,u;, x} € Ry(T) fori € {1,2}

such that d(us) < d(uy). Then fo(T(r1)) < fo(T(r2)) for s > 0.

Proof. Consider T'(r1). Then r = {vo,us,u1} € Ry(T(r1)), and g,(r) = dre)(ur) —
dr@r,)(uz2) > 0. By Theorem 7.10 and Theorem 7.12, fo(T'(r1)) < fo((T(r1))(r)) for s > 0.
We claim that (T'(ry)(r)) = T'(r2). Let P, = v;...y;u; be the vyu;-path in T for i € {1,2}.
Note that T'(re) — {y1ui} = (T'(r1))(r) — {you1 }, and Py — u; = Py — uy. Hence V(T'(r3)) =

V((T(r1))(r)) and E(T(r2)) = E((T(r1))(r)). Thus the claim is true, and so T'(ry) is an

p-ancestor of T'(ry). Hence, fs(T(r1)) < fs(T(rq)) for s > 0. O
V1 (%) (] 1 V1 v
u Ul
U] Uz x Uz
T T(ry) T(rz)

FIGURE 15. T, T(ry), T(r3)

Theorem 7.16. Let T' be a tree with starring triples r; = {v,u,x;} € R,(T) for i € {1,2}

such that d(xy) < d(xq). Then fs(T'(r1)) < fs(T(r2)).

91



Proof. Consider r = {v,x1, 22} € R,(T(r1)). Then as drg,)(v2) —drg,)(x1) > 0, T(r1)(r) is a
p-descendant of T'(r1). Hence by Theorem 7.10 and Theorem 7.12, f5(T'(r1)) < fo(T(r1)(r))
for s > 0. Let P = v...yu be the wv-path in 7. Note that V(T'(rq)) = V(T'(ry)) and

E(T(ry)) = (E(T(r1)) — {yx1}) U {yxa}. Hence T'(ry) is a p-descendant of T'(r1), namely

T(ry)(r). O
v v v
Ul T2 Ty u To [T1 u T2] Ty
T T(T’l) T(TQ)

FIGURE 16. T', T'(ry), T'(r3)

It has been shown that for a tree T" with starring triple r € R,(T) such that g,(r) > 0,
fs(T) < f(T'(r)) for s > 0. Additionally, if g,(r) < =2, f(T) > fso(T(r)) for s > 0.
However, if g,(r) = —1, the relationship between f;(7T") and f;(7(r)) for s > 0 is inconclusive.
It would be interesting to investigate what parameters determine that f(7") < fi(7(r)) for

gp(r) = —1and s > 0.

7.3. The First Zagreb Index of a Tree and Its Descendants.
In the same way that Theorem 7.10 and Theorem 7.12 extend the works of Wingard
and Theorem 7.1. A genealogy of a tree also extends the works of Das and Gutman and

Theorem 7.4.

Theorem 7.17. Let T be a tree and r € R,(T). Then My(T'(r)) = Mi(T) + 2g,(r) + 2.
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Proof. Suppose that p = 1, and let r = {v,u,x} € R;(T). Then
M (T) =M(T — v) + dp(v)? + (dp(u)? — dp—_y(u)?)
=M\(T —v) + 1 +dr(u)® = (dr(u) — 1)*

Similarly,
M, (T(T)) :Ml(T(T) — U) + dT(r) (U)2 + (dT(r) (.1')2 — dT(r)—v<5U>2)
=M(T(r) = v) + 1 + drey(2)” = (drey (@) — 1)

=M (T(r) — v) + 2dp@y ().

Note that ' — v = T'(r) — v, and dr(x) = dp@y(xz) — 1. Then
M(T(r)) =Mi(T) + 2dp(z) + 2 — 2dp(u)

Suppose that p > 2, and let r = {v,u,2} € R,(T), and let P be the v,u-path of T" of

lenght p. Let y € N(u) NV(P) and ¢y € N(y) NV (P) —y. If p=2, then
M(T) =M\(T —y) +dr(y)* + (dr(w)* = dr—y(w)?) + (dr(y')* — dr—y(y)?)
SM(T — ) + 4+ dp(u) — (dp(w) — 1)° + 1

=M(T — y) + 2dr(u) + 4.

Similarly,
M(T(r)) =M(T(r) = v) + drey (0)* + (drey () = drgy-o(2)?) + (drey (y)? = drey—y(¥)?)
=Mi(T(r) —v) + 4 + drgy(2)* = (drey(z) — 1) + 1
=M, (T(r) — v) + 2dpgy(x) + 4.
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Note that ' — v = T'(r) — v, and dr(z) = dp@y(2z) — 1. Then

My(T(r)) =My(T) + 2dr(z) + 2 — 2d7(u)
=M (T) + 2g5(r) + 2.
Suppose that [ > 3, then
My(T) =M\(T = y) +dr(y)® + (dr(w)? — dr—y(u)?) + (dr(y')* = dr—y(y')?)
=M (T —y) + 4+ dr(u)® — (dp(u) — 1)* + 3
=M (T — y) + 2dr(u) + 6.
Similarly,
M\(T) =M(T(r) = v) + dr() (0)* + (dry (2)? = dry—o(2)?) + (dre) (Y)? = drey—y (4)°)
=M(T(r) —v) + 4+ drgy () — (drey () = 1)° +3
=M, (T(r) — v) + 2d7pqy(x) + 6.

Note that ' — v =2 T'(r) — v, and dp(x) = dp@y(xz) — 1. Then

My(T(r)) =M (T) + 2dp(z) + 2 — 2dp(u)

=M (T') + 2g,(r) + 2.

Corollary 7.18. Let T be a tree and r € R,(T). Then
(i) My(T) < My(T(r)) if gp(r) = 0,

(ii) My(T) = My(T'(r)) if gp(r) = =1,

(it}) My(T) > My(T(r)) if g,(r) < —2.
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Thus for a given tree T, a genealogy of T gives a sequence of trees such that the M; value
of a tree in the sequence is larger than the M; value of any previous tree in this sequence.
Hence, a genealogy of T' along with M; provides a partial ordering of a set of trees on n
vertices.

It should be noted that for p > 1, g, is not sufficient to build a sequence of trees such that
the M, value of a tree in this sequence is larger that the M, value of any previous tree in
this sequence. However, we believe that a similar function may be defined to generate such a
sequence. It would be interesting to determine such a function and consequently determine

a partial ordering of a set of trees with respect to M.
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8. POTENTIAL RESEARCH IN THE FUTURE

In Chapter 2, it was shown that maximal outerplanar graphs are tree-like 2-trees, and
chordal planar graphs with toughness exceeding 1 are tree-like 3-trees with toughness ex-
ceeding 1. It would be interesting to classify graphs that are tree-like k-trees for k > 4.

The shell of a k-tree was introduced in Chapter 2, and it allowed us to define classes of
k-trees such as path-like and tree-like k-trees. We say a clique is "maximal“ if it is not
contained in a larger clique. Thus for a k-tree, a (k + 1)-clique is maximal. The shell may

be generalized for any graph G as follows.

G Sh(G)

FiGURE 17. A graph G and its shell

Definition 8.1. Let G be graph. Then the shell of the graph G, Sh(G), is a graph such

that

(i) if X is a maximal clique, then X € V(Sh(G)),
(i) if X and Y are maximal cliques of size r; and ry respectfully, and |V(X)NV(Y)| =

min(ry,7) — 1, then XY € E(Sh(G)).

With this modified definition of the shell, it would be interesting to investigate the shells

of graphs other than k-trees.
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In Chapter 3, we defined families of trees A, such that the independence polynomial of any
tree in such a family has ¢ as a rational root. The family A_; was determined to be unique,
and families A_;/p, A_y/3, and A_;/4 were characterized. However it would be interesting
to verify that T € A; if and only if I(T;4) =0 for i € {—1, -3, —1}.

It was shown that if I(P,;c¢) = 0, then ¢ € {—1,—3,—3}. It would be interesting to
determine the set of rational numbers C such that, for the tree T', I(T;c) = 0 if and only if
cel.

Wingard determined that, for the graph G, if I(G; —1) = 0, then G has the same number
of independent sets of even cardinality as independent sets of odd cardinality. However,
we were unsuccessful to find in the literature any significance to other rational roots of the
independence polynomial of a graph. It would be an interesting question to ask what a given
root of a graph’s independence polynomial implies about the graph itself.

It is a natural parallel to generalize results about trees to k-trees. With this in mind,
it would be interesting to investigate rational roots of independence polynomials of k-trees.
Can the results about rational roots of the independence polynomials of paths be extended
to the k-path or to path-like k-trees? Can families of k-trees be defined similarly to the
families of trees defined in Chapter 3?7 There are many intriguing questions of this nature
about the class of k-trees.

In Chapter 4, Wingard’s bound, |I(T;—1)| < 1, was generalized to k-degenerate graphs,

and thus k-trees. We determined that for the k-degenerate graph G, |I(G;—1)| < 1. How-

ever, we may state the following conjecture.

Conjecture 8.2. Let G be a mazimally k-degenerate graph and k > 2. Then |I(G, —%)| > 0.
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In Chapter 4, the works of Alameddine were extended by showing a strict upper bound
of f, of tree-like 2-trees for s > 0 that is uniquely obtained by the 2-spiral. Additionally, it
was shown that for tree-like 3-trees with toughness exceeding 1, the strict upper bound of
fs is uniquely obtained by the 3-spiral for s > 0. It was also conjectured that for path-like
k-trees, the strict upper bound of f, is uniquely obtained by the k-spiral. In addition to

verifying this conjecture, three other questions naturally follow:

(i) What is the strict upper bound of f for tree-like k-trees for s > 07
(ii) What is the strict upper bound of f; for tree-like k-trees with toughness exceeding
1, k>3,and s > 07

(iii) What tree-like k-trees obtain these upper bounds?

Lower and upper bounds of the Zagreb indices for k-trees were demonstrated in Chapter 5
along with the unique k-trees that obtain these bounds for both M; and M,. Furthermore,
a strict upper bound of M;-values for k-degenerate graphs was determined along with the
k-degenerate graph that obtains this bound. The lower bound of the Zagreb indices for
k-degenerate graphs is trivially zero as the empty graph is k-degenerate for £ > 0. However,
it would be interesting to deduce a strict lower bound of the Zagreb indices for maximally
k-degenerate graphs. It is reasonable to think that this lower bound is obtained by the
k-path, though maybe not uniquely. Likewise, it would be interesting to determine a strict
upper bound of Ms-values for k-degenerate graphs and characterize the k-degenerate graphs
that obtain this upper bound. It is again reasonable to believe that this bound is obtained
by the k-star.

In Chapter 6, an upper bound of the first Zagreb index for tree-like k-trees was demon-

strated along with the unique tree-like k-trees that obtain this bound. A strict upper bound
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of the second Zagreb index for tree-like k-trees was partially solved. Conjecture 6.12 was
presented, and it would be interesting to verify this unverified statement that the k-spiral
uniquely obtains a strict upper bound for M, values among tree-like k-trees.

Genealogies of trees were introduced in Chapter 7, and it was shown that a genealogy
of a tree helps provide a sequence of trees {Ti}fzo such that f, and M; are increasing as i
increases. It would be interesting to find a similar construction for M of trees.

There is some difficulty in generalizing starring triples of trees to k-trees. If, however, the
starring triples of a tree can be generalized to starring triples of k-trees, then a genealogy of
a k-tree may be defined. If a genealogy of a k-tree can be successfully defined, then questions
stated about finding a strict upper bound of f, of tree-like k-trees may be found. Given a
tree-like k-tree, can we find a sequence of tree-like k-trees such that f, is increasing according
to this sequence? This seems to be a reasonable question, and the graph in this sequence
with the greatest index might obtain an upper bound of f; for tree-like k-trees. Similarly, a
genealogy of a k-tree may provide the correct structure to verify Conjecture 6.12.

It would also be interesting to determine what other topological indices, such as the
toughness, behave in a way similar to fs and M; in a genealogy of a tree.

A graph is said to be “hamiltonian” if it contains a cycle that passes through all of its
vertices. Hamiltonicity has been a major area of research, and a common approach to
questions of hamiltonicity is to examine a graph through its toughness. In 1973, Chvatal
conjectured that there exists a number ¢ such that all -tough graphs are hamiltonian. From
the definition of toughness, it is clear that a cycle of length at least four is exactly 1-tough.
It is thus clearly necessary for a hamiltonian graph to be 1-tough. For many years, it was

thought that all 2-tough graphs are hamiltonian. However, this has been found to be untrue.
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Theorem 8.3. [2] For every e > 0, there exists a (3 — €)-tough graph containing no hamil-

tonian path.

Chen, Jacobson, Kézdy, and Lehel proved Chvatal’s conjecture for chordal graphs, and
Bohme, Harant, and Tkac solved the conjecture for chordal planar graphs with toughness

exceeding 1.

Theorem 8.4. [7| Every 18-tough chordal graph is hamiltonian.

Theorem 8.5. [5] Every chordal planar graph with toughness exceeding 1 is hamiltonian.
In 2003, Broersma, Xiong, and Yoshimoto addressed hamiltonicity of k-trees.

Theorem 8.6. [4] If T¥ # K> is a (5)-tough k-tree (k > 2), then T is hamiltonian.

Shook and Wei studied the hamiltonicity of k-trees through a parameter called the branch
number, 3(T%). Let the edge e be contractible in T* if the graph resulting in contracting e
is a k-tree. The branch number may be calculated by S(TF) = |Si(T*)| + |A(TH)| + k —n
where A is the set of contractible edges in T%. Their result is a direct generalization of the

result of Broersma.
Theorem 8.7. [38] For k > 1, if T¥ is a k-tree with 3(TF) < k, then T¥ is hamiltonian.
Theorem 8.8. [38] If T # K, is a (5)-tough k-tree (k > 2), then B(TF) < 2.

For the class of tree-like k-trees, Broersma’s bound on the toughness may be tightened.
By making the connection that chordal planar graphs with toughness exceeding 1 are tree-
like 3-trees with toughness exceeding 1, we state the following conjecture which is a direct

generalization of Theorem 8.5.
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Conjecture 8.9. Let TF be a tree-like k-tree with toughness exceeding 1 and k > 3. Then

T* is hamiltonian.

Even for the case of k£ = 4, Conjecture 8.9 is a difficult question.
The connection between trees and k-trees is very interesting, and there are plenty of
questions surrounding trees, k-trees, and tree-like k-trees. There is plenty of opportunity to

propose and ask questions in regards to these graphs.
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10,67 Tio,68 0,69
Tio7 Tho,73 Tio.73
10,75 To.76 11677 10,78
T10,80 Tio81 Ti082 T3
Tio35 Ti0%6 1,87 T'g,88
119,90 19,01 Tig,92 Ti0,93
Ti0,95 T'0,96 Th0,97 Ti0,98 S1o

Tig52 To,53 Tig,54
Tio56 ; 10,57 Ti058
T'0,60 T'o0,61 T'o,62
10,64 Tio,65 T'0,66

110



Appendix B: Independence Polynomials of Trees on 1 < n < 10

vertices
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1<n<6

1 I(Psx)=1+z

2 [(Py;x)=1+2x

3 I(Ps;x) =1+ 3z + 22

4 I(Pya) =1+ 4z + 327

5 1(Sy;x) =1+ 4x + 32° + 23

6 I(Ps;z) =1+ bz + 62% + 23

7 I[(Ts;x) =1+ bz + 6% + 223

8 I(Ss;z) =1+ 5x + 622 + 43 + 2*

9 I(Ps;x) =1+ 6z + 1022 + 423

10 I(T1;2) = 1+ 62 + 102% + 523 + 2*
11 I(Ts2;x) = 1+ 62 + 102% + 52

12 I(Ts3;x) = 1+ 62 + 1022 + 62° + z*
13 I(Ts4;7) = 1+ 62 + 1022 + 72 + 22

14 I(Sg;2) =1+ 62 + 102% + 102® + 5a* + 2°
n="7

1 I(Py;z) =1+ Tz + 152 + 1023 + 24

2 [(Ty1;2) =1+ Tx + 1522 + 1123 + 32

3 I(Tro;x) =1+ To + 152% + 1127 + 224

4 I(Tr3;2) = 1+ Tx + 1522 + 112° 4 2

5 [(Ty4;0) =14 Tx + 152% 4+ 122° + 324

6 [(Tr5;7) =1+ 7w + 152 + 122°% + 5t + 2°
7 [(Trg;2) =1+ Tx + 1522 4+ 1323 + 62* + 2°
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8 I(Ty7;x) =1+ Tw + 152 4+ 132° + 4a*
9 I[(Tyg;x) = 1+ Tw + 152 + 142 + 621 + 25
10 I[(Tr9;2) = 1+ Tz + 152% + 162° + 92* + 22°

11 I(S7;x) =1+ 7o + 1527 + 2023 + 152 + 62° + 2°

n=2~8

1 I(Pg;x) =1+ 8z + 212% + 202® + 5x?
2 [(Ty1;2) = 1+ 8z + 2122 + 2123 + 8z* + 2°
3 [(Tyo;x) =1+ 8z + 2122 + 212 + Tt
4 I(Tyz;x) =1+ 8z + 212 + 2123 + 7ot + 2°
5 [(Tga;2) = 1+ 8z + 2122 + 2223 + 92* + 2°
6 [(Ty5;x) =1+ 8z + 21a? + 222° + 102* + 22°
7 [(Tyg;w) = 14 8z + 2122 4 222 + 112" + 22°
8 I(Ty7;x) = 1+ 8z + 2122 + 222° + 8z
9 I(Tyg;r) = 1+ 8z + 2122 + 232 + 132" + 32°
10 I(Tgo;x) = 1+ 8z + 212% + 2323 + 11z + 22°
11 I(Tg10;2) = 1 + 8z + 2122 + 2123 + 62
12 I(Tg11;7) = 1 + 8z + 2122 + 2323 + 9z
13 I(Tg19;7) = 1 + 8z + 2122 + 2223 + 8z* + 2°
14 I(Tgq3;2) = 1+ 8z + 2122 + 242° + 132* + 32°
15 I(Tg14;7) = 1+ 8z + 2122 + 242 + 162* + 62° + 2°
16 I(Tg15;7) = 1+ 8x + 21a? + 2323 + 11a* + 22°
17 I(Tg16;7) = 1 + 8z + 2122 + 2423 + 122* + 22°
18 I(Tya7;w) = 1+ 8x + 2122 + 2623 + 192* + Ta® + 28
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19 I(Tg1s; ) = 1+ 8x 4 21a? + 2623 + 162* + 42°

20 I(Tg10;7) = 1+ 8z + 212° + 2623 + 172 + 62° + 28
21 I(Tgo0;7) = 1+ 8z + 212 + 2723 + 192 + 725 + 28
22 I(Tgo1; ) = 1+ 8z + 2122 + 302 + 252" + 1125 + 22°

23 1(Sg; ) =1+ 8z + 212? + 3523 + 352* + 212° + 728 + 27

n=9

1 I(Py;x) = 1+ 9x + 2822 + 3523 + 152 + 2°
2 [(Ty1;2) = 14 9z + 2822 + 362> + 192" + 4a°
3 [(Tyo:ix) = 1+ 9z + 2822 + 362° + 182* + 227
4 I(Tyz;2) =1+ 9z + 282% + 362> + 182 + 32°
5 [(Tyg;x) =14 9z + 2822 + 372 + 212" + 4a”
6 [(Tys;7) =1+ 9z + 2822 + 372% + 222* + Ta® + b
7 [(Tyg;w) = 1 4 9z + 2822 + 372 + 222" + 5a®
8 I(Tyz;x) = 1+ 9z + 2822 + 3723 + 2324 + 7a® + 2°
9 I(Tys; ) = 14 9z + 2822 + 372 + 212" + 4a”
10 I(Tyo;x) = 1+ 9z + 282% + 3723 + 20z + 32°
11 I(Ty10;7) = 1 + 9z + 2822 + 3823 + 262* + 925 + 25
12 I(Ty11;7) = 1+ 9z + 2822 + 3823 + 242* + 62°
13 I(Toq19;2) = 1+ 9z + 2822 + 362 + 172* + 22°
14 I(Toq3;2) = 1+ 9z + 2822 + 362 4+ 172* + o°
15 I(To1457) = 1 + 9z + 2822 + 3823 + 242 + 825 + 2°
16 I(Ty15;7) = 1+ 9z + 2822 + 3823 + 232" + 5a°
17 I(Ty16;7) = 1 + 92 + 2822 + 3823 + 252* + 825 + 26
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18 I(Ty17;7) = 1+ 9z + 2822 + 3923 + 272* + 925 + 2°
19 I(Tyq8;7) = 1+ 9z + 2822 + 3923 + 2921 + 122° + 226
20 I(Ty10;7) = 1+ 9z + 2822 + 392 + 302" + 1225 + 22°
21 I(Tyo0; ) = 1+ 92 + 2822 + 392° + 262" + 8x° + 2
22 1(Tyo1;7) = 1+ 9z + 282 + 3923 + 252 + 62°

23 1(Tyo2; ) = 1+ 9z + 2822 + 392 + 28z* + 1125 + 22°
24 1(Tyo3; ) = 1+ 9z + 282° + 3723 + 202 + 42°

25 I(Ty4; ) = 1+ 9z + 2827 + 3823 + 222 + 42°

26 1(Tyo5; ) = 1+ 9z + 282 + 3723 + 192 + 22°

27 1(Tyo6; ) = 1+ 9z + 2822 + 412 + 35" + 1625 + 32°
28 I(Tyor; ) = 1+ 9z + 2822 + 412 + 322" + 1325 + 22°
29 I(Tyos; ) = 1+ 92 + 2822 + 402° + 302* + 122° + 22°
30 I(Tya9; ) = 1+ 92 + 2822 + 402° + 28z* + 9a® + 28
31 I(Ty30; ) = 1+ 92 + 2822 + 382 + 23z* + 7a® + 2
32 I(Ty31;7) = 1+ 9z + 282° + 3923 + 262 + 92° + 28
33 1(Ty30; ) = 1+ 9z + 282% + 3923 + 24z + 52°

34 I(Ty33;x) = 1+ 9z + 282 + 4123 + 292* + 82°

35 I(Toz4; ) = 1+ 9 + 2822 + 422 + 352" + 1625 + 32°
36 I(Tyss;7) = 1+ 9z + 2822 + 422 + 33z + 1325 + 22°
37 1(Tys6;7) = 1+ 9z + 2822 + 4223 + 392 + 2225 + 725 + 27
38 I(Tys7; ) = 1+ 9z + 282 + 412 + 372 + 21a° 4 728 + 27
39 I(Tyzs; ) = 1+ 92 + 2822 + 412 + 31a* + 1225 + 22°

40 I(Ty30; ) = 1+ 9z + 282% + 4523 + 452 + 2625 + 825 + 27

115



41 I(Tyg0;) = 1+ 92 + 282% + 4523 + 412 + 202° + 425

42 I(Ty41;7) = 1+ 92 + 282% + 4423 + 402 + 2225 + 725 + 27
43 I(Ty42;7) = 1+ 92 + 282% + 4623 + 4521 + 2625 + 825 + 27
44 I(Ty3;x) = 1+ 9z + 282% + 502% + 552 + 362° + 132° + 227

45 I1(So;x) = 1 4 9z + 2822 + 562> + 702" + 562° + 282° + 87 + 2®

n =10

1 I(Pyo;z) = 1+ 102 + 3622 4 562° + 352* + 62°

2 [(Tho1;7) =1+ 10z + 3622 + 572% + 402* + 1225 + 25

3 I(Tho2;x) = 1+ 10z + 362% + 5723 4 392* + 92°

4 I(Tyo3;7) =1+ 10z + 362% + 572% + 3921 4 1025 + 2°

5 [(Thoa;x) =1+ 10z + 3622 4+ 572 + 392* + 1027

6 I(Tis;x) =1+ 10z + 362 + 5823 + 43z* + 1325 + 25

7 [(The; ) =1+ 10z + 3622 + 58z° + 44x* + 1725 + 32°

8 I(To7;x) =1+ 10z + 362 + 58«3 + 44x* + 162° + 225

9 I(Twg;x) =1+ 10z + 362% + 5823 + 44z + 152° + 22°
10 I(Thog9; ) = 1 + 10z + 362% + 582° + 452* + 182° + 32
11 I(Tyo0;2) = 1 + 10z + 3622 + 582° + 422* + 112"
12 I(Tho11;7) = 1 4 102 4 3622 + 58x3 + 432" + 142° + 22°
13 I(Ti012;*) = 1+ 10z + 3622 + 58z° + 43z* + 122°
14 I(Tyo13; ) = 1+ 10z + 3622 4 5823 + 422* + 1225 + 25
15 I(Tip14; ) = 1+ 10z + 3622 + 5923 + 49z* + 222° + 428
16 I(Thoa5;7) = 14 102 4 3622 + 5923 + 472* + 1725 + 22°
17 I(Tho16; ) = 1 4 102 + 3622 + 5923 + 472" + 1927 + 32°
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18 I(Tyoa7; %) = 1+ 10z + 3622 + 5723 + 382" + 7a®

19 I(Thoas; ) = 1 4 102 4 3622 + 5723 + 38z* + 82°

20 I(Tyo190;7) = 1+ 10z + 362% + 5923 + 462 + 162° + 225

21 I(Tho20;2) = 1 + 10z + 362% + 5923 + 472* + 1725 + 225

22 I(Thp21;2) = 1+ 102 + 362% + 5923 + 58z + 1927 + 325

23 1(Tho22;2) = 1+ 102 + 362% + 5923 + 472 + 1825 + 325

24 I(Tyo23;7) = 1+ 10z + 362 + 5923 + 49x* + 242° + 725 + 27
25 I(Tho24;2) = 1+ 10z + 362% + 592% + 452 + 132°

26 1(Tho2s;2) = 1+ 10z + 362% + 6023 + 51z + 2225 + 425

27 I(Tyo26;2) = 1+ 10z + 362 4 602 + 53x* + 282° + 825 + 27
28 I(Tyoor;x) = 1+ 10z + 362% + 602> + 53z* + 252° + 56

29 I(Thoas;x) = 1+ 10z + 362% + 602* + 54x? + 28x° + 825 + 27
30 I(Tio20;2) = 1+ 10z + 362% + 6023 + 50x* + 202° + 329

31 I(Tho30;2) = 1 + 10z + 362% + 6023 + 492 + 1825 + 225

32 I(Tyoz1;2) = 1+ 10z + 362% 4+ 602> + 51z + 222° + 425

33 I(Th032; %) = 1+ 10z + 3622 + 602° + 522* + 2325 + 425

34 I(Thoa3;2) = 1+ 10z + 362% + 602® + 522 + 2725 + 825 + 27
35 I(Tho34;2) = 1+ 10z + 362% + 6023 + 492 + 1925 + 325

36 I(Tho3s;2) = 1+ 10x + 362% + 5823 + 422 + 1225 +

37 I(Tyos6;7) = 1+ 10z + 3622 4 5923 + 452* + 132°

38 I(Thoa7;x) = 1+ 10z + 362% + 5823 + 412* + 102° +

39 I(Thoas;x) = 1+ 10z + 362* + 5823 + 422 + 11a°

40 I(Tho39;7) = 1+ 102 + 362% + 583 + 43z + 1325 +
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41 I(Tyoa0;7) = 1+ 102 + 362% + 583 + 43z + 1525 + 225

42 I(Tyo1; %) = 1 + 10z + 3622 + 5823 + 412t + 1025

43 1(Typ42; ) = 1+ 10z + 362% + 5923 + 452 + 152° + 225

44 I(Tyou3;7) = 1+ 102 + 362% + 5723 + 38z + 92° + 2°

45 I(Tioaa; ) = 1+ 10z + 362% + 622° 4 612* + 352° + 102° + 27
46 I(Tyou5;7) = 1+ 102 + 362% + 6223 + 58z + 2925 + 625

47 I(Tyou6; ) = 1 + 10z + 3622 + 6223 + 58z + 3225 + 926 + 27
48 I(Tioa7;2) = 1+ 102 + 362% + 602° + 502* + 202° + 325

49 I(Tyoas;z) = 1+ 102 + 362% + 6123 + Hdx* + 2525 + 52

50 I(Ty0.49; ) = 1+ 10z + 362% + +612° + 562* + 2925 + 826 + 27
51 I(Tio50;2) = 1+ 10z + 362% 4 612 + 57x* + 312° + 925 + 27
52 I(Thos;2) = 1+ 10z + 362% + 612% + 522 + 212° + 3a°

53 I(Tho52; ) = 1+ 10z + 362% + 612 + 552 + 2825 + 825 + 27
54 1(Thos3;2) = 1+ 102 + 362% + 6123 + 53z + 2325 + 425

55 I(Tio54;7) = 1+ 10z + 362 + 6223 + 57x* + 292° + 825 + 27
56 I(Thos5; %) = 14 10z + 362% 4 622% + 612 + 372° 4 132° + 227
57 1(Thos6;2) = 1+ 10z + 362% + 622° + 632 + 3827 + 132° + 227
58 I(Thos7;2) = 1+ 102 + 362% + 6223 + 552 + 2425 + 42°

59 I(Thos8;2) = 1+ 102 + 362% + 6023 + 48z + 1725 + 225

60 I(Ti050;7) = 1+ 10z + 362% + 5923 + 452 + 152° + 225

61 I(Tho0; ) = 1+ 10z + 362% + 5923 + 472* + 192° + 32°

62 I(Toe;2) = 1+ 10z + 362% + 6223 + 552 + 2425 + 425

63 I(Tiog0; ) = 1+ 10z + 3622 4 6023 + 472* + 142°
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64 1(Tioes;2) = 1+ 102 + 362% + 6023 + 502 + 2125 + 425

65 I(Tio64;7) = 1+ 10z + 362 4+ 5923 + 45x* + 142° + 28

66 I(Ti06s5;2) =1+ 10z + 362% + 6023 + 502 + 222° + 425

67 I(Thog6;x) = 1+ 10z + 362% + 602> + 48z* + 1725 + 225

68 I(Thoer;z) = 1+ 10x + 362% + 6023 + 522 + 2525 + 52

69 I1(Tioes; ) =1+ 10x + 362% + 5823 + 40x* + 82°

70 I(Tio60;7) = 1+ 10z + 362% + 63% + 622" + 352° + 102° + 27
71 I(Twqo;7) =1+ 10z + 3622 + 6323 + 652 + 412° + 1425 + 227
72 I(Tiom; ) = 14+ 102 + 3622 4 632 + 662 + 412° + 1420 + 227
73 1(Tho72;2) = 1+ 10z + 362% + 632> + 602 + 3225 + 925 + 27
74 I(Tyo7s;2¢) = 1+ 10z + 3622 + 6323 + 592* + 292° + 62°

75 I(Tho74;2) = 1 + 10z + 362% + 632> + 632 + 382° + 132° + 227
76 I(Tio75;¢) = 1+ 10z + 3622 4 662° + 7Hx* + 5125 + 192° + 327
77 I(Tio76;7) = 1+ 10z + 3622 + 662 + 71w + 4525 + 1520 + 227
78 I(Tior7;x) = 1+ 10z + 362% + 642 + 662 + 412° + 142 + 227
79 I(Tiors;x) = 1+ 10z + 362 + 6423 + 622" + 332° + 925 + 27
80 I(Tio70;2) =1+ 10z + 362% + 652° + 662 + 392° + 132° + 227
81 I(Tios0; ) = 1+ 10z + 362% + 652% + 752 + 5725 + 282° + 82" + 28
82 I(Tiog1;x) = 1+ 10z + 362% + 652> + 672 + 412° + 142 + 227
83 I(Tioge;x) = 1+ 10z + 362% + 672> + T2x* + 452° + 152° + 227
84 I(Thogs;x) = 1+ 10z + 362% + 672% + 80x* + 61a° + 292° + 82" + 28
85 I(Thos4; ) = 14 10z + 362 + 672% + 75z + 51a° + 192° + 32”7

86 I(Tiogs; ) =1+ 10x + 362% + 632> + 602 + 3225 + 925 + 27
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87 I(Tios6; ) = 1+ 10z + 362 + 6323 + 632 + 3825 + 132° + 227

88 I(Tios7;x) =1+ 10z + 362% + 612> + 51z + 202° + 325

89 I(Tioss:x) = 1+ 10z + 3622 + 622 + 552 + 2525 + 525

90 I(Tiogo;x) = 1+ 10z + 362% + 612® + 54z + 2825 + 825 + 27

91 I(Tio00; ) = 1+ 10z + 362% + 6323 + 572 + 2527 + 42F

92 I(Tipo1;2) = 1+ 10z + 362% + 6323 + 612 + 3525 + 102° + 27

93 I(Ti0.92;7) = 1+ 10z + 362% + 662> + 67x* + 362° + 825

94 I(Tho93;2) = 1+ 10z + 362% + 712® + 90z + T1a® 4 342°% + 927 + 28
95 I(Tho94; ) = 14 10z + 3622 + 712® + 852" + 61a° + 242° + 4a”

96 I(Ti095;2) = 1+ 10z + 362% + 7323 + 91z + 7125 + 342° + 927 + 28
97 I(Tioo6;x) = 1+ 10z + 362% + 7223 + 90x* + 712° + 342°® + 927 + 2
98 I(Tho97;x) = 1+ 10x + 362% + 7723 + 1052* + 912° + 4925 + 1527 + 228
99 I(Tio0s; ) = 1+ 10z + 362% + 682> + 78x* + 58x° + 282° + 82" + 28

100 I(Sho;2) =1+ 10z + 3622 4 8423 + 1262* 4+ 1262° + 842° + 3627 4 92° + 2°
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Appendix C: The Zagreb Indices of Trees on 1 < n < 10 vertices
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T M, M, T M, M, T M, M,
P, 0 0 Ty 28 28 Ty 17 38 36
P, 2 1 Tr g 30 30 Ty 18 38 39
Py 6 4 Trg 34 32 Ty .10 38 40
P, 10 8 S 42 36 Ty.20 40 41
S 12 9 Py 26 24 Ty 46 44
Ps 14 12 Ty 28 26 Ss 56 49
Ts 16 14 Ty 28 27 Py 30 28
Ss 20 16 Ty 28 27 Ty 32 30
Py 18 16 Ty 30 30 Ty 32 31
Ty 20 18 Ty 30 29 Ty 32 31
Ty 20 19 Ty g 30 28 Ty 34 34
Ty 22 21 Ty7 30 31 Tys 34 33
Tos 24 22 Ty 32 30 Tyg 34 33
Se 30 25 Ty 32 32 Tyr 34 32
Py 22 20 Ts.10 28 28 Tys 34 34
Tr 24 22 Ty 11 32 34 Ty 34 35
T:s 24 23 Ty .1 30 31 To.10 36 34
Trs 24 24 Ty .15 34 35 To.11 36 36
Tr4 26 26 Ty 14 34 32 Ty12 32 32
Trs 26 24 Ty.1s 32 33 Ty.15 32 32
Trg 28 26 Ty .16 34 36 Ty, 14 36 36
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T M, M, T M, M, T M, M,
To 15 36 38 To.36 44 42 Tio.12 38 38
To16 36 36 Ty 42 40 Tio.13 38 39
To 17 38 39 T .38 42 46 Ti0,14 40 38
Tos 38 37 T30 50 48 Tio15 40 40
To 10 38 36 To .40 50 52 Tio.16 40 40
To 20 38 40 Toa 48 52 Tio17 36 36
Toon 38 41 To a2 52 54 Tio,18 36 36
T2 38 38 Toas 60 58 Tho,19 40 42
To 23 34 35 Sy 72 64 Th0.20 40 41
T4 36 38 Py 34 32 Th021 40 40
To 25 34 36 Tioa 36 34 Tio.22 40 41
To.26 42 40 Tioz 36 35 Tio,23 40 39
To. 42 43 Tios 36 35 Tio24 40 43
To.28 40 42 Iy 36 35 Tio.25 42 43
To 20 40 44 Tios 38 38 Ti0.26 42 41
To 30 36 38 Tios 38 37 Tio.27 42 41
To s 38 40 Tior 38 37 Tio.28 42 40
To 3 38 42 Tiog 38 37 Th0.20 42 44
To.33 42 46 Tio.0 38 36 Tho0,30 42 45
To .34 44 46 Ti0.10 38 39 Tio.31 42 43
To 35 44 48 Tio11 38 38 Tio,32 42 42
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T M, M, T M, M, T M, M,
Tio33 42 42 Tio,54 46 50 Tios 54 52
Ti0.34 42 45 Tio55 46 46 Tio76 54 56
Tio,35 38 39 Tio,56 46 44 Tio77 50 53
Tio,36 40 42 Tios7 46 52 Tios 50 57
Tio37 38 40 Tio58 42 46 Tio79 52 59
Tio,38 38 39 Tio,50 40 43 Tio80 52 50
Tho0,30 38 38 Ti0,60 40 41 Tio81 52 58
T10.40 38 38 Tio61 46 50 Tio82 56 62
Tio.a 38 40 Tio.62 42 47 Tio,83 56 54
10,42 40 42 Tio,63 42 44 Tio84 56 59
Ti0.43 36 36 Tio,64 40 43 Tioss 48 54
Tio44 46 44 Tio65 42 44 Tios6 48 51
Tio.45 46 47 Tio,66 42 46 Thogr 44 50
Tio.46 46 47 Tio67 42 42 Tioss 46 52
Tioa7 42 45 Tio8 38 41 Tio,80 44 47
Tio.48 44 47 Ti0,69 48 50 Ti0.90 48 55
Th0.49 44 45 Tio.70 48 47 Tio01 48 51
Tio50 44 44 Tiom 48 46 T10.92 54 60
Tio51 44 49 Tio.72 48 52 Tio,93 64 62
Tio52 44 46 Tio73 48 53 T10.04 64 67
Tio53 44 48 Tio74 48 49 Tio,95 60 66
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T M, M, M, M, M, M,
T10,96 66 69
T'o,97 76 74
T'0,08 o8 65
S10 90 81
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