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ABSTRACT

H. L. Montgomery proved a formula for sums over two sets of nontrivial zeros of the Riemann
zeta-function. Assuming the Riemann Hypothesis, he used this formula and Fourier analysis
to prove an estimate for the proportion of simple zeros of the Riemann zeta-function. We
prove a generalization of his formula for the nontrivial zeros of the Dedekind zeta-function
of a Galois number field, and use this formula and Fourier analysis to prove an estimate for

the proportion of distinct zeros, assuming the Generalized Riemann Hypothesis.
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1 INTRODUCTION

For s € C, we let s = 0 4 it where o,t € R. The Riemann zeta-function is initially

defined as a Dirichlet series over the positive integers and an Euler product over the primes:

()= no= [[ @=p)" (1.1)

p prime

for 0 > 1. The equality, proved by Euler, follows from the Fundamental Theorem of Arith-
metic. Riemann proved that ((s) can be continued analytically to C\ {1} with a simple pole

at s = 1. Riemann also proved that ((s) satisfies the functional equation

7ET(3)((s) = 70T (1 - $)¢(1 - 5), (12)

From the poles of I'(s) at s = 0,—1,—2,—3,..., he observed that ((s) has simple zeros at
s =—2,—4,—6,---. These are called the trivial zeros of the zeta function. He further noted
that ((s) has infinitely many zeros in the critical strip, 0 < o < 1, which are known as
the non-trivial zeros of ((s). We denote the nontrivial zeros of ((s) as p = 5+ ivy. From
the functional equation, if p is a nontrivial zero then so is 1 — p. Since E = ((5), if p is
a nontrivial zero then so is p. From this, Riemann observed that the zeros are symmetric
about the real axis and about the line 0 = % He made the following famous conjecture.

Riemann Hypothesis. All nontrivial zeros of ((s) in the critical strip are on the critical

1

line o0 = 3



Riemann introduced the zeta function as tool to study the prime numbers. Logarith-

mically differentiating the Euler product for {(s) we have

d ¢ = A(n)
iy | 2 (g) = —
7 log((s) = C(S) g{; >
for ¢ > 1, where the von Mangoldt function A(n) = logp if n = p* for a prime p and k € N
and A(n) = 0 otherwise. Using Riemann’s ideas, in 1896, Hadamard and de la Vallée Poussin

independently proved that

> An)

n<x
as x — oo by carefully studying the zeros of ((s). The key is to show that ((s) has no
nontrivial zeros on the line 0 = 1 (so that Cf,(s) has no poles on the line ¢ = 1). This

asymptotic formula is equivalent to:

Theorem 1.1 (Prime Number Theorem). As x — oo, we have

ZlN log

where the sum runs over the primes p.

This theorem was originally conjectured by Gauss and Legendre. The properties of ((s)
described above and the history of the Prime Number Theorem can be found in Davenport’s
book [Dav00].

Much effort has gone into studying the nontrivial zeros p = 5 +iv of {(s). It is known

that

T T
Zl_%m———+mmﬂ (1.3)

2
0<~<T
as T — oo. This was conjectured by Riemann and proved by von Mangoldt [Dav00]. Here
the zeros are counted with multiplicity meaning that a zero with multiplicity m is counted m

times in the sum. In a now famous paper, Montgomery |[Mon73| studied the pair correlation



of the zeros of ((s) assuming the Riemann Hypothesis. We now describe Montgomery’s
theorem and a corollary. The main goal of my thesis will be to generalize Montgomery’s

results to the Dedekind zeta-function of a Galois number field.

1.1  Montgomery’s Theorem.

We assume the Riemann Hypothesis in this section so that the nontrivial zeros can

be written p = % +i7y. From ([1.3)), the average spacing between consecutive v € (0,77 is

N length ((0,T7) T 27

T #4e(0,7] T Tl ogT

log T
2

as T — oo. So the sequence {fy } has average spacing equal to 1 as 7" — oo. With this

in mind, Montgomery was interested in studying sums like

> R ((’Y - 7’)102g7TT)

0<y,y'<T

where v and 4/ run over the imaginary parts of two sets of nontrivial zeros of ((s).

Montgomery defined the function

27
- TlogT

B 4
442

F(a) = F(a,T) Z T0="w(y — '),  where w(u)

0<y,Y'<T

where o and T > 2 are real. Here 7 and +' run over the imaginary parts of two sets of
nontrivial zeros of ((s). He was interested in this function because, for R, Re L'(R), one

can show that

> (0= ut -0 =T [F@fea. 0

2T
0<y,y'<T



Here R is the Fourier transform of R defined as

R(a) :/RR(u) e~ 2Ty,

Using the definition of the Fourier transform, we will prove the analogue of ((1.4)) for the
zeros of the Dedekind zeta-function in Chapter 2 and the same proof can be used to prove

).

Montgomery [Mon73| proved the following theorem about the function F'(«).

Theorem 1.2. Assume the Riemann Hypothesis. For real o and T > 0, we have that F(«)
is real, F(a) >0, and F(—a) = —F(«a). For o € [0, 1] we have

F(a) = <1 + 0(1))T‘20‘ logT + o+ o(1)

asT — oo.

We will prove an analogue of this theorem for the zeros of the Dedekind zeta-function.
Originally Montgomery proved this theorem for o € (0,1) but it was later extended to
a € [0,1] by Goldston and Montgomery [GMS87]. Julia Mueller [Mue83] was the first to
observe that F(«) > 0 for all @« € R. We will give a modification of her proof for the zeros
of the Dedekind zeta-function in Chapter 2.

The importance of Montgomery’s theorem is that we can now estimate the right-hand
side of for a function R € L'(R) with supp(R) C [—1,1]. With these conditions, for

most nice functions R, Montgomery’s theorem implies that

N

S R (w _ v’)logT) wy — ) = 11oeT (R<o> [ JalR(@)da + o<1>) 1)

2m 2 1
0<y,y'<T

We will prove a similar formula for the zeros the Dedekind zeta-function.



We state one of the several important corollaries that Montgomery derived from his

theorem and (|1.5). Let
N*(T)=#{0 <~y <T:p=3+iyisasimple zero of ((s)}.

Choosing the Fourier pair

sin T

R(w) = ( )2, R(a) = max(1 — |al,0)

U

in ((1.5)), he proved the following estimate for N*(7T") which shows that asymptotically at least

two thirds of the nontrivial zeros of ((s) are simple.

Corollary 1.3. Assume the Riemann Hypothesis. Then

N*(T) > (% + 0(1)) N(T)

asT — oco.

It was later observed by Montgomery and Taylor [Mon75] and Cheer and Goldston
[CG93] that the constant 2/3 can be very slightly improved using a more complicated choice
of Fourier pair R and R. We prove a generalization of Corollary E for the Dedekind zeta-
function of a Galois number field K over Q that applies to distinct zeros instead of simple

zeros. The answer will depend on the degree [K : Q] of the number field.

1.2 Properties of the Dedekind zeta-function

Let K be a number field (a finite extension of Q) where m = [K : Q)] the degree of
K. We let Ok be the ring of integers of K. The Dedekind zeta-function is initially defined

as a Dirichlet series over nonzero ideals I in O and an Euler product over the prime ideals



P in OKZ

1 1\
— — 1 —
0= 3 = I (1= 5797

ICOK PCOK

1#0
for ¢ > 1. The equality follows from the fact that Ok is a PID, so each I € Ok can be
written uniquely as [ = P{*Ps* ... Plf’“ for prime ideals P, ..., P; and ¢; € N. Hecke proved
that (x(s) can be continued analytically to C \ {1} with a simple pole at s = 1, and he

calculated the residue (which depends on the algebraic properties of K and is known as the

class number formula for K). We can also write (x(s) as Dirichlet series over the integers:

CK(S) = Z rkg?)

where ri(n) = #{I C Ok | N(I) = n}, is the number of ideals in Ok with norm n. It is
known that 0 < rx(n) < d,,(n) with d,,(n) is the number of ways to write n as the product
of m = [K : Q] positive integers.

Hecke also proved that (x(s) satisfies the functional equation: there exist 1,79 € N

with r; 4+ 2r9 = m such that

. ritr 1\" - L—s\""" _ (1—s+1\"
75 Ce(5)0 (g) r (Sg ) — ™5 (1 — $)T ( 5 S) r (%) .
(1.6)

Here ry is the number of real embeddings of K and r, the number of pairs of complex
embeddings so that m = r; + 2ry. From the poles of I'(s) at s = 0,—1,—2,—3,..., it can
be seen that (x(s) has a zero at s = 0 of order r; + 1o — 1, zeros at s = —2, —4, —6,--- of
order r| 4+ ry, and zeros at s = —1,—3, =5, ... of order ry. These are called the trivial zeros
of (k(s). The Dedekind zeta-function also has infinitely many zeros in the critical strip,
0 < o <1, which are known as the non-trivial zeros of (x(s). We will denote the nontrivial
zeros of (x(s) as p = B+ iy. From the functional equation, if p is a nontrivial zero then so

is 1 — p. Since (x(s) = (x(8), if p is a nontrivial zero then so is p. Therefore the nontrivial



zeros are symmetric about the real axis and about the line o = The analogue of the

N[

Riemann Hypothesis is believed to hold for (k(s).

Generalized Riemann Hypothesis. All nontrivial zeros of (x(s) in the critical strip are

1

on the critical line o = 5

Logarithmically differentiating the Euler product, we write

d G A (n)
5 086l = 9 = - 320

where Ax(n) is a generalization of the von Mangoldt function. It follows from the Euler

product that Ax(n) = 0 unless n is a prime power and also that
0 < Ag(n) <mA(n)

for all n € N. At s = 1, (x(s) has a complicated residue but gﬁ—gg has a simple pole at s =1
with residue —1. Landau used this and the fact that (x(s) has no nontrivial zeros on the

line 0 = 1 to prove that

ZAK(n) ~ T,

n<x

as x — oo. This asymptotic formula is equivalent to:

Theorem 1.4 (Landau’s Prime Ideal Theorem). As z — oo, we have

x
Z 1Nlogm

PCOk
N(P)<z

where the sum runs over the prime ideals P in Ok with norm N less than or equal to x.

The above properties of the Dedekind zeta-function can be found in Narkiewicz’s

book [Nar04]. In this thesis, we are interested in studying the nontrivial zeros p =  + iy of



Ck(s). It is known that [IKO04]

m—TlogZ + Ok(T) (1.7)

Nie(T) := Z 1= 2m 2m

0<~y<T

as T — oo where m = [K : Q]. Assuming the Generalized Riemann Hypothesis so that
the nontrivial zeros can be written p = % + i, from (|1.7) we see that the average spacing

between consecutive v € (0,7 is

_length((0,T]) T 2«
T #ye(0.T] T mIlsT  plog T

as T' — oo. So the sequence {’y%ﬁrﬂ} has average spacing equal to 1 as T — co. Following

Montgomery, we study sums like

> r(0-ntEd)

0<y,y'<T

where R is a function and v and 4’ run over the imaginary parts of the nontrivial zeros of

(k(s). For this reason, we make the following definition.

Definition 1.5. Let K be a number field with m = [K : Q]. For any o € R and T > 2 we

define
Fr(a) = _ Z Tme="") gy (y — ~)
mT logT
0<y,y'<T
4 , , »
where w(u) = it and 7,7 run over the ordinates of the nontrivial zeros of (x(s).
u

We now state some basic properties of Fi(«).
Proposition 1.6. Let K be a number field. Then we have
1. Fg(«) is even which means that Fy(—a) = Fi(a).

2. Fx(a) >0 for all o € R.



3. If f, f € L*(R) then

> (=) iy -y = "L ]o f(0) () da

0<~,v'<T

where w(u) is the weight function in Deﬁmtwn and f f f Ye~FmiEudy de-

notes the Fourier transform of f.

If K is a Galois number field over @@, then our analogue of Montgomery’s Theorem

(Theorem for the nontrivial zeros of (x(s) is

Theorem 1.7. Let K be a Galois number field over Q with degree m = [K : Q], and assume
the Generalized Riemann Hypothesis for (x(s). For real o and T > 0, we have that Fi ()

is real, Fx(a) >0, and Fg(—a) = —Fk(a). For o € (—=, =) we have
Fr(a) =mT~ 2l og T 4+ m|a| + o(1)

as T — 0.

We now state a corollary about the proportion of distinct nontrivial zeros of (x(s).
We count zeros in our sums with multiplicity, meaning that if a zero has multiplicity ¢ then
it appears ¢ times in our sequence. We will let ., be the multiplicity of a % + iy of (k(s).
Recall that

mT logT
Ne(m) = Y 1~ "L
0<y<T

and the number of distinct zeros of (x(s) with 0 < < T is given by

= > 1=> — —#{0<vsT:CK(%+w>=O}-

0<~y<T 0<~y<T Hy
v distinct



We want to use Theorem to count the proportion of distinct zeros of (x(s) by comparing
the ratio of N&(T) to Ng(T). To do this, we define another sum

Ni(T) = Z Hry

0<~<T

and we notice that Cauchy’s inequality implies that

Ng(T)? = ( > 1>2

0<y<T

(Zx)

0<y<T N'y

-

0<y<T Hy 0<y<T

— NA(T) - Ni(T).

Therefore

Nk(T)?

N(T) >

M= N

and so an upper bound for N (T gives a lower bound for N&(T).

Corollary 1.8. Let K be a Galois number field over Q with degree m = [K : Q], and assume

the Generalized Riemann Hypothesis for (x(s). Then, as T — oo,

N(T) < (m + % + 0(1)) Ny (T)

and therefore

N?AT) = (3m+1

+ o<1)> Ni(T).

This shows that, assuming the Generalized Riemann Hypothesis for (x(s), at least a

of the nontrivial zeros are distinct.

. 3
proportion of - =}

10



2 PROOF OF PROPOSITION

In this chapter, we use Fourier analysis to prove Proposition [1.6]

Proof of Proposition part 1. We want to show that Fi(—a) = Fi(«) for all real numbers

«. We know that

Fi(a) = Z T (y — ).
mT log 0<7 ~
Therefore
27T . ’
Fp(—a) = ———— TGy — )
mT log(T) OS;ST
27T . ’
— T Ny(y — )
mT log(T) OS%’:gT
= Fy(a)
since w(u) is even. O

To prove Proposition part 2, we first need some lemmas.

Lemma 2.1. If g(u) = e 2" for u € R, then §(z) =
function in Definition 1.5,

4+4A71r2x2 = U}(27TI) where w(u) 15 the

11



Proof. If g(u) = e~2"l then for z € R we have

Q(SL’) — /e2u627riuzdu

— /62u€2ﬂ'iuxdu 4 / 62u672ﬂ'iuzdu
0 —00

_ /eu(2+27riux)du + / eu(2727riua:)du
0 —00

1 1

24 2mix 2 —2mix

B 4

44 4m2a2?

= w(2nx),

as claimed. O

Before stating the next lemma, we define a function related to Fy(a):

FK(X7 T) = Z Xi(w_’y,)w(’y - ’7/), (21)

0<y,y'<T
where X > 0, T > 2, and ~, 7 run over the ordinates of two sets of nontrivial zeros of (x(s).

Lemma 2.2. We have

oo 2
Fr(X,T) = / Z X0 el gy,
Zoo 10T

so therefore F(X,T) > 0.

Proof. Expanding the square

§ X ptru

0<y<T

2
= ( > X”e”“) ( > X”'e”’”> = Y Xl

0<y<T 0<~'<T 0<y,y'<T

12



Therefore, by Lemma [2.1}, we have

o 2 o0
/ S x| e iy = Y X0 / i =2l g,
oo 10T 0<y,y'<T oo
- Y xi) / o2z )u—2ful g,
0<y,Y'<T s
= Y X0 u(y —9)
0<y,y'<T
= > X0 w(y—7)
0<y,y'<T
:FK(Xu T>7

since w(u) is even.

Proof of Proposition part 2. Notice that Lemma [2.2] implies

m1 logT

Fr (T, T) > 0.

FK(Oé) =

Hence Fx(a) > 0 for all @ € R, as claimed.

13



Proof of Proposition part 3. Since f € L'(R), by the Fourier inversion theorem we have

[e.o]

mlOgT A - _/mlo Ta
> (o= E R ut - = X [ e | w - )
0<y,y'<T 0<7,v'<T \&
N / F@)ets ™0 go | w(y — )
0<7,v'<T \&
= | [ deyrmeeaa | w )

= / f(a)< > Tima(””ﬂf@—ﬁ’)) da

0<y,y'<T

mT log(T) i
:T/f(a)FK(a)da

as claimed. O

This completes the proof of Proposition [1.6]

14



3 PROOF OF COROLLARY

In this chapter, we use Theorem [I.7] and Fourier analysis to prove Corollary We
postpone the proof of Theorem until a later chapter. We begin by stating and proving
some lemmas.

Assuming the Generalized Riemann Hypothesis for (x(s), Theorem states that
Fie(a) = (1 + 0(1)> m T2 log T + ma| + o(1)

as T — oo if K be a Galois number field over Q with degree m = [K : Q] and o € (=1, 1),
Recall that the Dirac delta function, do(u), satisfies [ f(u)do(u) du = f(0) for all nice
functions f. The function mT 2™ log T in Theorem acts like the Dirac delta function
as we see in the following lemma. This implies that Fi (o) ~ m|a|+d(a) for o € (=1, L),

m’m

Lemma 3.1. Let g be a even function with g™ bounded for n = 0,1,2. Then

/Z g(a) (mT‘2m|a‘ log T> da = g(0) + O(@),

as T — 0.

15



Proof. We prove the lemma using integration by parts. Since g is even

/ g(a) (mT—2m|a‘ log T> da = 2m logT/g(a)T—Qmada
oo J
0
= |:_ g(a)e—QmalogT] ‘ZO + /g/<a>e—2malogTda
0
_ g/(a)e—?rnalogT o0 70g//(a)e—2malogT
= (0 _ p
g0+ 2mlogT . * 2mlog T a
) 0
g/(O) 79/’(a)62mo¢ logT
o0+ 2mlog T - 2mlogT “
1
=¢g(0 0] .
9(0) + O (bgT) |
as claimed. .

Lemma 3.2. Let K be a Galois number field over Q with degree m = [K : Q|, and assume
the Generalized Riemann Hypothesis for (x(s). Then for even functions f € L'(R) with

supp(f) © (=, 1), we have

1/m
mlogT mT'logT [ » A
> A= E July - ) = "L fo) 2w [ fa)da o)
0<y,y'<T s
as T — oo.

Proof. We first use Proposition , Part 3 and that supp(f) C (—%, L) to see that

m’m

> (=" July - ) = 2L [ fla)Fica) da

0<v,y/<T
m/T logT A
— "L [ fe)Fia) da
s
—1/m

16



Now we use Theorem and Lemma to deduce that

1/m 1/m
/ f@)Fr() doa = / f(a) (mT’2m|a| log T + m|al + o(1)) do
—1/m —1/m
1/m
—j(O)+ [ mlalf(@) da+ o)
—1/m
1/m

f(0)+2m/af(a) da + o(1)

since f (and f) is even. Combining equations (3.1) and (3.2), we deduce the theorem.

sin(mu)

Lemma 3.3. If we let f(u) = ( ) then f(v) = max(1 — |v],0)

U

. L—1v|, |v| <1,
Proof. If we let f(v) = max(1 — |v[,0) =

0, otherwise,

then by the Fourier inversion theorem f(u) = [ f(v)e*™™*dv. So,

1 0 1
flu) = /(1 — o)X dy = /(1 + )2 4 /(1 _ y)eRmin
—1 21 0

2 eQm’u + e—27riu
4722 4722

_ (sin(wu)>2’

as claimed. To see this, note that

(ru)?
<€2ﬂiu _ 267riu—7riu + e—27riu)

Ar2q2
2 €2m'u + 6—27Tiu
4722 4722 ’

17

(3.2)

]



]

In order to apply Theorem we want a function whose Fourier transform is sup-

ported on (%, %). Let f(u) = (Sin(WU)>

U

let hi(v) = Bf(Bv), then supp(h) C [, ]

What is h? By the Fourier inversion theorem

2
, be the function from the previous lemma. If we

h(u) = /ﬁ(v)ezmuvdv

R

%
_5 [ fpmemran

|

1
= g/lf(x)e%i“(g)dx

1)

Here we used the substitution = v in the second integral. So we have proved the following

lemma.

Lemma 3.4. If h(z) = (S—ﬁ> then h(v) = Bmax(1 — |Bv],0).
B

We can now prove Corollary [I.8]

Proof of Corollary[1.8 Observation: for any h € L'(R) with h(0) = 1 and h(z) > 0 for all

x, we have

To see this inequality, note that 2(0)w(0) = 1, there are z, terms with v = 7/, and the other
terms are positive. We estimate the sum on the right-hand side using Theorem and the
Fourier pair in Lemma with 8 > m. Note that, for this choice of h, we have h(0) = 1,

18



h(z) > 0 for all z, and supp(h) C [= %] C (=, ). Since h(e) = Smax(1 — |Bal,0)

B mo
1/
Z h((’y - VI)mgOfT)w(’y -9 = 52# h(0) + 28 / ah(a)do + o(1)
0<y'<T 0
1/8
_ 5T21;gT B+ 28 / a (1 = Ba)da + o(1)
0
BT logT 9 ¥ )
= 6+206 (o — Ba®)da + o(1)
0
TlogT 1 1
= d 2:% (5 262(2_ﬁ2 - 3_53> + (l)>
1
= BTQZgT (ﬁ %+o(1))

Therefore, letting 8 — m™, we have
. 1
Ni(T) < (m + 3 + 0(1)) Ng(T).

This proves the first assertion in Corollary To prove the second assertion, we note that

the inequality (1.8)) gives

Ng(T) > ];[VE((TT)) > (m+ ; 0(1))NK<T) = (

This completes the proof of Corollary [I.8| O

19



4 PAIR CORRELATION FOR THE SELBERG CLASS

In a now well known paper, Selberg [Sel92| introduced an axiomatic class of L-
functions that he conjectured satisfied the Riemann Hypothesis. This is now called the
Selberg class, we will denote it by §. The Dedekind zeta-function of a number field is an
element of S.

In a subsequent paper, Murty and Perelli [MP99] proved a version of Montgomery’s
theorem for pairs of zeros of L-functions in S in terms of the coefficients of the Dirichlet
series of the logarithmic derivative of elements of S. We use their work to prove our Theorem
L7

The Selberg class S is defined by the following axioms.

1. (Dirichlet Series). Every L € S has a Dirichlet series

L=y @)

absolutely convergent for Re(s) = o > 1.

2. (Analytic continuation). There exists a (minimal) integer myz > 0 such that

(s —1)™= L(s) is an entire function of finite order.

3. (Functional equation). L € § satisfies a functional equation of type

P(s) = wd(1 — s),
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where

d(s) = N°* H T'(\j s+ p) L(s)

with N > 0,; > 0, Re(y;) > 0, and |w| = 1. Here L(s) = L(3).
4. (Ramanujan hypothesis). For every ¢ > 0, ar(n) < n®.

5. (Euler product). L € S satisfies

log L(s)

> bL(TL)

where bz (n) = 0 unless n = p™ with m > 1, and by, (n) < n’ for some 6 < 1.

In addition, we say the degree dj, of L € § is

dy, = 226 A,
j=1

we write

and we define

Yr(r) = Z ’AL(”)‘z-

n<x

With this notation, Murty and Perelli [MP99] proved the following formula.

Proposition 4.1. Let L € S and assume that L satisfies the analogue of the Riemann

Hypothesis. Let
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Then

Qﬂ_z sz(’}”? /7 7):2d2T10gT Z|AL n

NIST |y'IST
T logT log5 x
x

T 1
+ 0 (w log? x + + (—)2 log T log  + log® T)
x

(4.1)
uniformly for T'> x > 1 where v, run over the ordinates of two sets of nontrivial zeros of
L(s).

Proof. This is equation (30) in Murty and Perelli [MP99]. The proof follows Montgomery’s

original argument for the zeros of ((s) in [Mon73]. O
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5 PROOF OF THEOREM .

In this section we prove Theorem The fact that Fi(«) is even, real-valued, and
non-negative follows from Proposition . Moreover, it follows from the properties of (x(s)
in the introduction that (x(s) is in the Selberg class. Moreover, the left-hand side of
equals 47 Fy (z,T) where Fi(X,T) is the function defined in (2.1)). Therefore Proposition

implies that

5 T'1 T T
2nFg(x,T)= = m? og ZAK an(

(5.1)
T logT log5 x

T 1
+ Ok <$ log® x + + (—) ’ log T log x + log® T)
x

X

We prove Theorem by estimating the sum on the right-hand side and then relating

Fi(z,T) to Fk(a). We do this using partial summation and the following lemma.

Lemma 5.1. Let K be a Galois extension of Q. Then

S Ak(n)? = [K : Qlzloge + Ok(x)

n<x

as r — OQ.

Proof. This follows from the proof of Lemma 5.2 of Milinovich and Turnage-Butterbaugh
IMTB14]. O
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Lemma 5.2. Let K be a Galois extension of Q and let m = [K : Q|. Then, for x > 1, we

have

Z Ak (n)?a,(x)* = mzlogx + Ok (7).
n=1

Since

the sum

0 2
Z:/\K(n)Qan(x)2 = iZ:nAK(n)2 + 1:32 AK;?> :
n=1 n<lz n>x

Using Lemma [5.1| and partial summation, we show that

Z nAg(n)® = %xQ log z + O (2?) (5.2)
n<x
and that
Ax(n)>  mlogx 1
HZM A T Ox 22) (5:3)

This implies that

N 1
E AK(”)2%($)2 = 1 (%ﬁ log x + OK(xQ)) + 23 <mlogx + Og <;>)
n=1

T 212

=mxlogz + Ok(x),

as stated in Lemma [5.2

It remains to prove ((5.2]) and (5.3)).
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Proof of (5.2). Let S(z) = Y A% (n) = mzlogz + Ok().

n<x

for all j € N we have

x

—j / St dt

S A% (n)nd = ¥S(0)|

n<x

1-

1
— 2 S(z) —j/ (m# logt + Okt )i
1

Then by summation by parts,

=ma’ T logz + O (277) —jm/tj log tdt + O (j /(tj)dt
1 1

tj+1
: log
J+1

=ma’ T logx + Ok (2711 — jm

J

= mait log x + O (27+) — L 2+ log z + O (

741

= ma’t! (1 —

. 1 .
S o) LR

= j%xj“ logz + O (277).

Thus, for 7 = 1, we have

%xQ logz + Ok (x?),

which proves ([5.2)).
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1 J+1 Jj+1
1
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Proof of (5.3)). Again let S(z) = > A%(n) = mzlogz + Ox(z). Then by summation by

n<x

parts, for all j > 2 we have

[e.e]

ZAWL)% - Low

I
n>x

:(é%&%t+Ck<?;>)Fi+ﬁ7<%h%t+0K(%>>ﬁ

dt)

1
~
tJ

_ mlogzx 1 , Oologt ,ool
= g +OK<xj_1> —i—]m/t—]dt—i—OK j/t_J
v

j—1

[e.o]
x

mlog x 1 )
= .g +OK<.—_1>+jm
xJ

xi—1

1 logt
1—jtit

xT

m log x 1
2 Ox (?) '
This completes the proof of (5.3)). n

Combining (5.1) and Lemma , we have

Tlog®T
2nFy(z,T) = = m? O% + mT logx
x
T log T log? T\4
+OK(T+xlog2x+ 08~ 08 x+ (—)QIOngogm).
x x
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Setting x = T™ for a > 0 and then dividing by mT logT', we derive that

Fx(a) = mT " logT + ma

1
+Ox (ﬁ + 0T og T+ /a T~ \/log T + aT 272" log T) :
0g

If we assume that 0 < a < %, then all the error terms go to zero as T' — oo. Since

Frg(—a) = Fg(«), we have shown that
Fr(a) =mT~ 2 og T+ m|a| + o(1)

for a € (—% L). This proves Theorem

’'m
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