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ABSTRACT
The direct detection of gravitational waves from the coalescence of black hole binaries is arguably one the greatest scientific breakthroughs of recent times. These are the first
direct signals from regions of strong gravity. Gravitational waves are generated not only
by black hole mergers, but also by generic perturbations of black hole spacetimes. Some
of these perturbations are special because they induce superradiance, a process where an
incident wave is amplified upon scattering by a rotating black hole at the expense of the rotational energy of the hole. Massive fields form bound states around black holes, and this
allows for the growth of superradiant instabilities in a process that Press and Teukolsky
called a “black hole bomb”. This instability can be studied within black hole perturbation
theory.
We use the Teukolsky formalism to calculate the gravitational radiation from a nonaxisymmetric cloud formed due to superradiant amplification of a spin-0 bosonic field.
We focus on the prospects of the future space-based gravitational wave detector, Laser
Interferometer Space Antenna (LISA), and the current version of ground-based detector,
Advanced Laser Interferometer Gravitational-Wave Observatory (AdLIGO), to detect or
constrain scalars with mass in the range ms ∈ [10−19 , 10−15 ] eV and ms ∈ [10−14 , 10−11 ]
eV, respectively. Using astrophysical models of black hole populations calibrated to observations we find that, in optimistic scenarios, AdLIGO could detect up to 104 resolvable
events in a four-year search if ms ∼ 3 × 10−13 eV, and LISA could detect up to 103
ii

resolvable events in a four-year search if ms ∼ 10−17 eV.
LISA could measure spins for black hole binaries with component masses in the
range [103 , 107 ] M , which is not probed by traditional spin-measurement techniques. A
statistical analysis of the spin distribution of these binaries could either rule out scalar
fields in the mass range ∼ [4 × 10−18 , 10−14 ] eV, or measure ms with ten percent accuracy
if light scalars in the mass range ∼ [10−17 , 10−13 ] eV exist. We also calculate the stochastic
signal from unresolvable events and report that the signal may be detectable by adLIGO if
ms ∈ [2 × 10−13 , 10−12 ] eV, and by LISA if ms ∈ [5 × 10−19 , 5 × 10−16 ] eV.
Furthermore, we ask whether superradiant instabilities can develop around the
remnants of black hole mergers similar to the ones already detected by AdLIGO. We explore the detectability of gravitational waves emitted by the black hole/boson condensate
of these post-merger systems by present and future ground-based detectors, in particular
A+, Voyager and Cosmic Explorer. We also study the impact that the confusion noise
from a putative stochastic gravitational-wave background from unresolved sources would
have on such searches and we estimate, under different astrophysical priors, the number of
binary black-hole merger events that could lead to an observable post-merger signal. Under our most optimistic assumptions, Cosmic Explorer could detect dozens of post-merger
signals.
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CHAPTER 1
INTRODUCTION
Kepler’s laws of planetary motion, formulated on the basis of data collected by Tycho
Brahe, seemed entirely empirical in the early 17th century. The underlying theoretical framework
was not understood until Newton postulated the law of universal gravitation in the late 17th century, in his Philosophiæ Naturalis Principia Mathematica. This theory is still one of the biggest
landmarks in physics, not only because of its ingenuity, but also because it led to remarkable predictions, like the existence of planet Neptune, that were later confirmed by observations. However,
in the mid 19th century, small anomalies started to emerge. Newtonian gravity was unable to
explain some of the anomalies in the perihelion precession of Mercury.
In 1915, Einstein put forth a theory of gravity based on the connection between gravitation
and the curvature of spacetime: general relativity (GR). The beauty of GR lies in the groundbreaking idea that defines gravity as the manifestation of curvature of spacetime rather than a force.
GR was successful in accounting for the perihelion precession of Mercury. It also predicted interesting phenomena, such as the bending of light and gravitational redshift, that were observed in
subsequent years. One of the predictions of GR are black holes (BHs), regions of extremely strong
gravitational fields. In 1916 Schwarzschild found the first BH solution under the assumption of
spherical symmetry. The defining property of a BH is the event horizon, a surface beyond which
particles cannot escape to infinity. In 1963, Kerr found a more general solution of the Einstein
equations describing rotating BHs. Rotating BHs have another crucial feature: they possess an
ergoregion, a region outside the event horizon from where energy can be extracted. This leads to
fascinating consequences, one of them being the superradiant instabilities studied in this work.
The dynamics of objects moving slowly enough in a weak gravitational field, like the motion within the solar system, are still well approximated by Newton’s law of gravitation. However
1

to study exotic objects like BHs, one must resort to GR. Since BHs are extremely compact objects,
they can distort the spacetime around them to produce significant deviations from a flat spacetime.
Perturbing such spacetimes can generate signals similar to ripples on water, that are known as
gravitational waves (GWs). GWs are a prediction of GR, but even the most violent events in the
Universe would produce ripples in the spacetime so small, that in the early 20th century, nobody
expected to ever detect one. In fact, the technologies that made it possible eventually were not
to be invented for another 50 years. However, the decay of the orbital time period of the binary
pulsar system PSR B1913+16, observed by Hulse and Taylor in 1974, provided indirect evidence
of GWs. GR predicts that when a pair of massive objects orbit each other, they lose energy and
the orbit shrinks. Hulse and Taylor were awarded the Nobel Prize in 1993 for observing the first
binary pulsar and showing that the decay in the orbital period of the pulsar is consistent with GR.
1.1

Probes of strong field
Astronomy, using electromagnetic signatures, has been broadening the horizon of our un-

derstanding of the Universe for centuries. It was well understood by the mid 20th century that
GW astronomy can add a new dimension to observational astronomy by complementing electromagnetic observations. In fact, GWs can further let us probe into regions of strong gravitational
fields that are electromagnetically invisible. However, as mentioned before, the task was extremely
difficult. After the first attempts to build a GW detector in the 1960s, it took ∼ 50 years of research
and technological advancements for AdLIGO to finally detect GWs from a binary BH (BBH) coalescence in 2015 – GW150914 [1]. This was a very important milestone in the area of GW physics
and led to the Nobel Prize won by Thorne, Weiss and Barish in 2017. In the last four years, there
have been several BBH detections [2] and one binary neutron star (BNS) detection [3]. We have
entered the era of GW astronomy, and these are interesting times to study the sources that carry
information from the strong field regime of gravity.
An interesting frontier that can be explored by this new tool of astronomy is the ability to
detect exotic particles. A variety of ultralight particles have been proposed, with motivations that
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range from resolving the strong CP problem in quantum chromodynamics (QCD) to string theory.
Some of these hypothetical particles may constitute a significant component of dark matter. Due
to their weak interaction with Standard Model particles, they would be very hard to detect. Fortunately, astrophysical BHs can turn into detectors for such particles by a wave scattering process
called superradiance. My graduate research work has been focussed on quantifying and exploring
the detectability of gravitational signatures of these hypothesized particles at current and planned
GW detectors. The thesis is organized as follows:
Chapter 2 introduces superradiance as a wave scattering process in which the scattered wave gets
amplified, compared to the incident wave. We discuss the general framework of superradiant scattering of massless scalar fields for dissipative systems and identify the conditions necessary for
superradiance to occur. We then specialize to BH superradiance, and discuss, in particular, the peculiarity of the geometry of rotating BHs that allows them to be superradiant. Finally, we discuss
the case of scattering of a massive field, that can have interesting consequences, like the onset of a
superradiant instability .
Chapter 3 is a discussion of BH perturbation theory that sets the stage for the calculations carried out in this work. We begin by outlining the historical development of BH perturbation theory, starting with a discussion of the Regge-Wheeler-Zerilli equations for metric perturbations of
spherically symmetric BH. Then we delve into the Teukolsky formalism, that can be used to study
perturbations of rotating BHs. For completeness, we complement this discussion with a brief introduction to the null tetrad formalism, specifically the Newman-Penrose formalism. Finally we
lay out the full treatment of perturbations of a rotating BH due to a massive scalar field, and we
study superradiant instabilities.
Chapter 4 outlines how ultralight bosons (massive scalar fields) can tap into the rotational energy
of rotating BHs by superradiance and radiate GWs. Possible observational imprints of these boson
clouds include (i) direct detection of the nearly monochromatic GWs emitted by the condensate,
and (ii) statistically significant evidence for the formation of holes at large spins in the spin versus
mass plane (sometimes also referred to as “Regge plane”) of astrophysical BH. In this chapter, we
3

focus on the prospects of LISA and AdLIGO for detecting or constraining the mass of scalar fields.
Using astrophysical models of BH populations calibrated to observations and BH perturbation theory calculations of the gravitational emission, we find the rates of these events at the two detectors.
We further discuss how statistical analysis of the spin distribution of massive BH binaries could
either rule out scalar fields in a certain mass range or measure their mass with ten percent accuracy,
if light bosons exist in the mass range to which LISA is sensitive.
Chapter 5 discusses the stochastic background from superradiant instabilities of ultralight scalar
fields around spinning BHs. We use numerical solutions of the perturbed field equations and astrophysical models of massive and stellar-mass BH populations to compute, for the first time, the
stochastic GW background from these sources. We discuss the strength of this background and
the importance of accounting for this background in searches for resolvable sources. We further
discuss the detectability of the background itself at AdLIGO and LISA.
Chapter 6 discusses superradiant instabilities of a bosonic field growing shortly after a BBH
merger. Based on the BBH mergers that AdLIGO has detected, we know of several rotating BHs
(the merger remnants). We can compute the GWs from hypothetical instabilities of these BHs,
since we have knowledge of their masses and spins. In this chapter, we investigate in detail the
range of boson masses that can be probed with the instabilities of the merger remnants, with particular focus on future ground-based detectors (A+, Voyager and Cosmic Explorer). We also study
the impact that the confusion noise from a putative stochastic GW background from unresolved
sources would have on such searches and we estimate, under different astrophysical priors, the
number of BBH merger events that could lead to an observable post-merger signal.

4

CHAPTER 2
SUPERRADIANCE
2.1 A brief history of superradiance
The term superradiance was first coined in 1954 by Dicke [4], in the context of coherent
radiation from a system of incoherently excited two-level atoms. He noted that such a gas (treated
as a single quantum-mechanical system) may be superradiant, if a large number of the atoms
happen to be transitioning between appropriate levels. This may happen in two ways – if the gas
is initially in an excited state, it may pass through the superradint regime during radiative decay,
while in the other process, the gas may be in the ground state, but a strong enough pulse of radiation
may elevate it to energy states that exhibit superradiance.
Interestingly, the prediction of superradiance actually predates its name by about 25 years,
due to a misinterpretation. While studying the behavior of an electron beam incident upon a large
potential barrier, Oskar Klein found a lack of exponential damping in the transmitted part, as one
would expect in a nonrelativistic quantum tunneling process [5]. This anomalous behavior was
shown to be independent of the nature of the potential barrier [6] and was called the Klein paradox.
However, a misreckoning of Klein’s results, perhaps due to errors in translating from German, led
some physicists to conclude an amplification of the fermionic current reflected from the barrier:
fermionic superradiance. Not explicitly mentioned by Klein at the time, this phenomenon was
later actually shown to occur for bosons [7] and was called superradiant scattering. In fact, it was
found in subsequent years that superradiance cannot occur for fermions [8]. The lack of fermionic
superradiance stems from the intrinsic difference between fermions and bosons: fermions obey the
Pauli exclusion principle, while bosons do not.
For over 60 years now, superradiance has been discussed in the context of optics, quantum
5

mechanics, astrophysics and relativity. In the following sections, we discuss superradiance in a
generalized framework, leading up to the special case of rotational superradiance in BHs, and
finally concluding the chapter with a discussion of the outcome of the special boundary conditions
that apply to massive fields in BH spacetimes.
2.2 Superradiant scattering
In a typical wave scattering process, an incident wave scatters off a central potential, with
a part of the incident wave getting transmitted through the potential barrier. The energy lost due
to the interaction with the scattering potential causes the reflected part to have a lower energy.
However, there exists a special wave scattering process that occurs in dissipative systems, where
the wave reflects off the potential with an energy higher than the incident energy.
Examples of this process, that have been well explored in literature, include the amplification of bosonic fundamental fields by rotating BHs. However, it is very difficult to set up an
experiment for the direct observation of this phenomenon. Our understanding of these processes,
that are otherwise hard to explore, may greatly benefit from analogue models of gravity. In the
first analogue BH model proposed by Unruh [9], he argued that, if the speed of a fluid exceeds
the speed of sound at some surface, then the surface mimics a BH horizon for sound waves. He
further showed that in a barotropic, inviscid fluid, with an irrotational flow, acoustic fluctuations
evolve much like a minimally coupled massless scalar field on a curved spacetime. Therefore,
these systems can serve as excellent “laboratory BHs” in regards to certain processes.
This result motivated Richartz et al. [10] to investigate the feasibility of observing superradiant amplification in plane water waves scattering off a bathtub vortex. Their results were
promising, so an experiment was set up, and indeed superradiant amplification was reported [11].
This was the first direct observation of rotational superradiance. We have used the terms “particle"
and “field” interchangeably here, and in the rest of the text, because, from a field theoretic point of
view, a particle is a quantum of the underlying field. Spin is an intrinsic property of the particles
(or fields) that we discuss here.
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2.2.1

Generalized superradiant scattering
Superradiance is a generic scattering process that can occur for any dissipative system,

with appropriate boundary conditions. Let us, therefore, look at a generic dissipative system to
understand the source of the amplification [12]. As mentioned before, a scattering process for
acoustic waves can be treated by analogy with a scalar field on a curved spacetime. Therefore, to
study a scattering process in a (2+1)-dimensional coordinate system, we can study the evolution of
a separable field
Ψ(t, η, χ) = h(η) g(χ) e−iωt ,

(2.1)

in the effective scattering potential encountered by the field; here (t, η,χ) is the coordinate system,
where t is a temporal coordinate and (η, ξ) are the spatial ones. The evolution of this field follows
a homogeneous linear second-order differential equation. After a suitable change of variables, it
can be rearranged as,
d2 f (ξ)
+ [V (ξ) + iΓ(ξ)]f (ξ) = 0,
dξ 2

(2.2)

where ξ = ξ(η) is the new independent variable and f (ξ) is the new dependent variable. The
solution for scattering of a wave incident from infinity, along a direction ξ, can be written as

f (ξ) = e−iωξ + R eiωξ ,

ξ→∞

(2.3)

where R is the reflection coefficient. The Wronskian of the two linearly independent solutions of
the second order differential equation, f (ξ) and f ∗ (ξ),

W (f, f ∗ ) = f

df ∗
df
− f∗
dξ
dξ

(2.4)

gives rise to a conserved current for the scattering process, which basically means that the Wronskian evaluated near the scattering potential (ξ → ξ0 ) is the same as the Wronskian evaluated far
away (ξ → ∞). Using the conservation relation and imposing appropriate boundary conditions (at
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ξ0 and ∞) we obtain,
i
1
|R|2 = 1 +
W (f, f ∗ )|ξ0 −
2ω
ω

Z∞

Γ(ξ)|f (ξ)|2 dξ .

(2.5)

ξ0

It is apparent from this equation that for superradiant amplification to occur, the inequality,
R∞
iW (f, f ∗ ) − 2 ξ0 Γ(ξ)|f (ξ)|2 dξ > 0, must be satisfied. For this to hold true, it is sufficient to
have a system in which iW (f, f ∗ ) ≥ 0 and Γ ≤ 0 ∀ ξ ∈ (ξ0 , ∞). These conditions translate to
constraints on physical parameters of the system at hand e.g., electromagnetic waves scattering
off a rotating cylindrical conductor, fundamental fields scattering off rotating BHs or water waves
scattering off a bathtub vortex.
From the above discussion, it is clear that superradiance is indeed not a phenomenon associated
only with BHs. It depends on the physical features of the system, in particular, the effective potential of the interaction in a scattering process and the boundary conditions. The present work focuses
on superradiance of rotating BHs, and therefore from here on we shall discuss superradiance only
in that context.
2.2.2

Black hole superradiance
In 1969 Roger Penrose conceived an interesting thought experiment involving particles

[13]. In this experiment, if a body breaks into two parts in the vicinity of a rotating BH, then one
of the parts may end up with a higher energy than the original particle [13]. The enhancement
comes at the expense of the BH losing some of its energy, and thereby spinning down. Motivated
by this, Zel’dovich proposed a similar phenomenon for waves incident upon rotating BHs [14].
While superradiance can occur in rotating BHs, static charged BHs and charged rotating BHs, we
shall limit our discussion to only rotating, neutral BHs. The spacetime around a rotating, neutral
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and axially symmetric BH is described by a solution of the Einstein equations of GR:
!

2

ds =

2M r
4M arsin2 θ
Σ
2
1−
dt +
dtdφ − dr2 − Σdθ2
Σ
Σ
∆
!
2M r 2 2
a sin θ dφ2 .
−sin2 θ r2 + a2 +
Σ

(2.6)

This is the Kerr metric in Boyer-Lindquist coordinates, where ∆ = r2 − 2M r + a2 , Σ = r2 +
a2 cos2 θ, M is the mass of the BH, and a = J/M is the Kerr angular momentum parameter (we
use units where G = c = 1). In the rest of the text, we often use the dimensionless spin parameter
χ = a/M . The event horizon of a Kerr BH is at

r+ = M +

√

M 2 + a2 .

(2.7)

Let us now look at the unique features of a Kerr spacetime that allows for superradiance to
occur. The equations for geodesic motion of a pointlike particle in the equatorial plane of a Kerr
spacetime are (cf. [15])



1
2a2 M
2aM
2
2
L ,
ṫ =
r +a +
E−
∆
r
r


 
1 2aM
2M
φ̇ =
E+ 1−
L ,
∆
r
r
2M
r2 ṙ2 = r2 E 2 +
(aE − L)2 + (a2 E 2 − L2 ) − δ1 ∆,
r

(2.8)
(2.9)
(2.10)

where E and L are the energy and angular momentum of the incident particle. If a particle approaches the BH from infinity with no angular momentum (L = 0) then the angular velocity of
that particle for an observer at infinity can be obtained from Eqs. (2.8) and (2.9)

Ω=

φ̇
2aM r
= 4
.
r + r2 a2 + 2aM r
ṫ

(2.11)

When this particle is far away from the BH (r → ∞) the angular velocity should be zero;
9

Figure 2.1. The ergoregion is the region between the event horizon, shown in yellow, and the static
limit, shown in blue; the static limit coincides with the event horizon at the poles, while at the
equator they are the farthest from each other. (Image courtesy of [15])

clearly, Eq. (2.11) is consistent with this. Note that, at any finite distance away from the BH, the
particle will always have a non-zero angular velocity. This effect is known as frame-dragging, and
it is a ubiquitous feature of rotating spacetimes.
From Eq. (2.11) we can see that the angular velocity at the horizon is

ΩH =

a
.
2M r+

(2.12)

As one goes outward from the horizon, there comes a surface at which a particle would have to
travel at the speed of light to appear static to an observer at infinity. This surface is known as the
static limit; there can be no static particles internal to this surface. The region between the event
horizon and the static limit is known as the ergosphere or ergoregion, and it is shown in Fig. 2.1.
There exist two Killing vectors in a Kerr spacetime, which corresponds to two conserved quantities:
a timelike Killing vector, corresponding to conservation of energy, and a spacelike Killing vector,
corresponding to conservation of angular momentum. In the ergoregion, the spacelike Killing
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vector becomes timelike, and vice versa. This leads to the existence of negative energy states,
within the ergoregion, which allows for the phenomenon of superradiance in Kerr spacetimes.
The existence of an ergoregion is necessary for superradiance; however, it is not sufficient.
The ingoing boundary condition at the event horizon makes the system dissipative, and as shown
below, this gives rise to the superradiance condition.
Let us now study the dynamics of a scalar field evolving on a Kerr background. The evolution of this field is described by the Klein-Gordon equation


√
∂
∂Ψ
1
µν
√
g
= 0,
−g
−g ∂xµ
∂xν

(2.13)

where g µν is the metric tensor of the background spacetime and g is the determinant of the metric.
Following the treatment in Sec. 2.2.1 and using the separable form of Eq. (2.1) for a scalar field in
(3+1)-dimensional spacetime, after effecting a change in coordinates
dξ
r 2 + a2
=
dr
∆

(2.14)

we get an equation similar to Eq. (2.2) with an effective potential

2


∆ d
am
d 1
2∆
V = ω− 2
−λ 4 + 3
∆
,
r
r
r dr
dr r

(2.15)

where λ is the angular separation constant and m the azimuthal index. The behavior of the effective
potential at the horizon and at infinity are

V →




ω 2

r → ∞ (ξ → ∞)



(ω − mΩH )2

r → r+ (ξ → −∞) .

Imposing ingoing boundary condition at the event horizon leads to solutions like

f (ξ) = T e−i(ω−mΩH )ξ , r → r+ (ξ → −∞)
11

(2.16)

where T is the transmission coefficient. As mentioned before, f (ξ) and f ∗ (ξ) are two linearly
independent solutions of the second-order differential equation. Using Eq. (4.9) the Wronskian,
W (f, f ∗ ), is easily found to be

W (f, f ∗ ) = 2i(ω − mΩH )|T |2 .

(2.17)

Therefore, noting that Γ(ξ) = 0 and plugging in W (f, f ∗ ), Eq. (2.5) becomes

|R|2 = 1 −

ω − mΩH
|T |2 .
ω

(2.18)

It is easy to deduce from the above equation that superradiant amplification occurs when
|R2 | > 1, which translates into the superradiant condition for the physical parameters of the system,
ω ≤ mΩH ;

(2.19)

the equality marks the saturation condition, i.e. the point where superradiance stops.
2.3 The “black hole bomb"
So far, we have discussed superradiance for a massless scalar field. In this case an amplification can occur only once, since the scattered wave would go off to infinity. However, if there is
some kind of a mirror that can reflect the outgoing wave back towards the BH, a secondary superradiant amplification may occur. For massive bosonic fields, such a mirror is created by the mass
of the field itself, i.e. the mass of the field gives rise to reflecting boundary conditions. Therefore,
the combined effect of superradiance and the reflecting boundary conditions drive the amplification of the field to an instability. This is known as the “black hole bomb” [16]. The onset of this
superradiant instability can be studied by using BH perturbation theory, and we shall defer the
mathematical treatment of this to the next chapter.
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2.3.1

The superradiant instability
Due to the instability, a cloud-like structure forms around the BH (cf. Fig. 2.2). Together

with the BH, the cloud forms a “gravitational atom". Different levels of this “atom" can be populated due to the instability, marked by quantum numbers similar to that of a hydrogen atom – n, `
and m. The repeated amplification of the field corresponds to an increase in the occupation number
of the levels. Though we are leaning on a quantum-mechanical analogy, the fact that these levels
are occupied by really large number of particles, lets us treat the system classically.

Figure 2.2. The structure of the cloud around the central BH; the cloud is non-axisymmetric and
spread out over a large volume. (Image courtesy of [17])

For a massive scalar field of mass ms , Eq. (2.13) now becomes


√
1
∂
∂Ψ
µν
√
−g
g
− µ2 Ψ = 0
−g ∂xµ
∂xν

(2.20)

where µ, has dimensions of an inverse length, and in geometrized units, ms = µ~ with ms being the mass of the field. A key quantity in determining whether the cloud can be treated nonrelativistically or not is µM , where M is the mass of the BH. In fact, the dynamics and the evolution of the cloud also depend greatly on the product µM .
For µM  1, the cloud can be treated non-relativistically, and the radial part of the KleinGordon equation reduces to a Schrödinger-like equation. Therefore, analytical solutions of the
system can be found [18]. For µM ∼ 1, the cloud is no longer non-relativistic and one must resort
to numerical calculations, that we will discuss in detail in the subsequent chapters. We would,
however, like to highlight some key features of the system that apply universally for both regimes,
13

in a qualitative sense.
Although the cloud is comprised of a large number of particles, it contains only a fraction
of the BH’s energy. Furthermore, the cloud is spread out over a large volume, with the peak of the
scalar field energy typically located at, rcloud ∼

1
M
(µM )2

[17]. It is quite evident from this relation

that for µM  1, the cloud is farther from the BH and, therefore, non-relativistic. The timescale
over which the cloud grows (the instability timescale) depends on the superradiant condition as
well as µM through [19]
τins ∼ [(ω − mΩH )(µM )4`+5 ]−1 .

(2.21)

This lends support to the discussion of the saturation condition (ω = mΩH ), when superradiance
ceases and cuts off the growth of the instability. Since ` and m determine the level that gets
populated, higher values of ` mean the cloud takes longer to grow. In fact, as we will show in our
numerical calculations, the level ` = m = 1 is most relevant for astrophysical applications.
Finally, we would like to close this section with a few comments about likely candidates
that can produce such instabilities. Throughout the discussion so far, we have only talked about
scalar fields, or the field counterpart of a spin-0 boson. Since the chief attribute of the field that
leads to the formation of a bosonic cloud is its mass and not its spin, a massive vector (spin-1) or a
massive tensor (spin-2) field can also lead to such instabilities. The scalar case is simpler to treat in
the non-relativistic as well as the relativistic regime as the radial and angular sectors of the KleinGordon equation can be decoupled. The equations are much harder to solve for fields of nonzero
spin in the relativistic regime for BHs with significant spin — incidentally, the astrophysically
interesting regime. The instability is expected to grow significantly faster for a vector field than for
a scalar field; full nonlinear numerical simulations have confirmed this [20–22]. So, qualitatively,
a cloud due to a particle with non-zero spin would exhibit the same features as that of the scalar
boson. Since our work is focussed on superradiant instabilities due to a scalar field, we have limited
our discussion to the Klein-Gordon equation only.
Our observational target are light bosons emerging from extensions of the Standard model,
since they are expected to interact very little with Standard Model particles. One such candidate
14

is the axion, an elementary particle that was first proposed about 40 years ago to solve the strong
CP problem of QCD [23]. In the “string axiverse" scenario, pseudoscalar fields with axion-like
properties generically arise in string theory compactifications as Kaluza-Klein zero modes of antisymmetric tensor fields, with potentially observable astrophysical consequences [24]. Ultralight
bosons – such as dark photons, the QCD axion or the axion-like particles predicted by the string
axiverse scenario – may constitute a significant component of dark matter [25–28]. All of these
particles, if they exist in nature, are likely to produce superradiant instabilities of rotating BHs.
This motivates a study of the astrophysical imprints left by these instabilities.
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CHAPTER 3
BLACK HOLE PERTURBATION THEORY
Perturbation theory is one of the most powerful tools in physics that is used widely across
the field. As long as the problem at hand deviates only slightly from a problem with an exact
solution, one can obtain corrections to the desired order of accuracy and find an approximate
solution. In the present context, perturbation theory can be used, so long as the system comprises
of a BH of mass M and a perturbing source with a very small energy density. The idea is to identify
fundamental quantities that are modified by a perturbation, and then to expand them about the
unperturbed system in a power series of a suitably defined perturbation parameter. In the following
sections, we discuss the evolution of BH perturbation theory, the treatment of perturbations in static
and rotating spacetime and finally, employ these frameworks to study the superradiant instability
discussed in Sec. 2.3.1.
3.1 Historical development
Originally, the theory developed as a metric perturbation theory, where one assumes a background metric due to a BH and solves for the fluctuations in the metric, due to a small perturbation
to the BH. Writing the metric as
g µν = ḡ µν + hµν

(3.1)

where ḡ µν is an exact solution of Einstein equations for a vacuum spacetime, we can then expand the Einstein equations in powers of hµν to obtain an approximate solution for the perturbed
spacetime. For a Schwarzschild metric, the time and the angular dependence decouple. A master
equation for odd-parity (axial) metric perturbations of a Schwarzschild BH was derived by Regge
and Wheeler [29] and a similar one for even parity (polar) perturbations was derived by Zerilli
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[30]. A similar approach was never carried out for Kerr spacetimes [31], because the equations
are extremely complicated, chiefly due to the loss of spherical symmetry, which leads to coupled
radial and angular equations (as we will see later). Bardeen and Press were the first to use the
Newman-Penrose null tetrad formalism to devise a master equation for curvature perturbations
[32] of a source-free Schwarzschild BH — an alternative way of treating BH perturbations. Later,
Teukolsky found a master equation for perturbations of a Kerr BH with source, and this master
equation came to be known as the Teukolsky equation [31]. It is possible to reconstruct the metric
perturbations from the curvature perturbations for a source free case [33, 34], and obtain the ReggeWheeler or Zerilli equation for a source-free Schwarzschild equation starting from the Teukolsky
equation [35].
We discuss both frameworks for treating BH perturbations below. The perturbative approach essentially assumes that the contribution of the perturbative field to the energy density of
the system is negligible and therefore we can solve for the field on a fixed BH background metric.
3.1.1

Metric perturbations
We consider a scalar field (s = 0) propagating on a Schwarzschild metric. So, we need to

solve the Klein-Gordon equation for a massive field Eq. (2.20) on a Schwarzschild spacetime:


−1

2M
2M
2
dr2 + r2 dθ2 + r2 sin2 θdφ2 .
dt + 1 −
ds = − 1 −
r
r
2

(3.2)

We assume a separable form for the general solution of Eq. (2.20)

Ψ=

∞ X
`
X

R`m (r)P`m (θ)e−iωt eimφ ,

(3.3)

`=0 m=−`

where P`m (θ) are the associated Legendre functions and together with eimφ , they form the scalar
spherical harmonics. Substituting Eq. (3.3) into Eq. (2.20) and using the definition of tortoise
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coordinate r∗ , which maps the event horizon of the BH to negative infinity,
dr∗
=
dr

!
2M
1−
,
r

(3.4)

we finally get the radial equation:

d2 R`m (r)  2
+ ω − Veff (µ) Rlm (r) = 0,
2
dr∗

(3.5)

where the effective potential depends on the mass of the scalar field:

Veff (µ) =

2M
1−
r

!

!
`(`
+
1)
2M
µ2 +
+ 3 .
r2
r

(3.6)

Figure (3.1) shows the variation of the potential with the radial coordinate for different values of
µ. We would like to note here, that the origin of the superradiant instability discussed in Sec. 2.3.1,
can also be understood from this effective potential. The black line in the plot corresponds to a
massless scalar field, which clearly does not support any bound states (or quasi-bound states, as
we discuss in Sec. 3.2). For a massive field, however, such states may exist. These bounds states
are the result of the reflecting boundary conditions and this is how the BH bomb comes about [cf.
Sec. 2.3]. Although the potential depicted in this plot corresponds to that of a Schwarzschild BH,
qualitatively it behaves in a similar way for a Kerr BH.
For a field of generic spin, the angular separation of Eq. (3.3) involves vector (for a spin-1
field) or tensor (for a spin-2 field) spherical harmonics, and the effective potential of Eq. (3.6)
becomes
s
Veff
(µ) =

2M
1−
r

!

!
2
`(`
+
1)
2M
(1
−
s
)
µ2 +
.
+
r2
r3

(3.7)

The odd parity perturbations of a Schwarzschild BH, due to a field of generic spin and mass, obey
the Regge-Wheeler equation:
s
 s
d2 R`m
(r)  2
s
+
ω
−
V
(µ)
Rlm (r) = 0,
eff
dr∗2
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(3.8)
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Figure 3.1. The effective potential experienced by a scalar field in a Schwarzschild spacetime.
The colors black, brown, blue and orange correspond to scalar field masses µ = 0, 0.2, 0.4, 0.6,
respectively.

where we use the superscript s on R`m to indicate that this is the radial function for a field of spin
s. The even parity perturbations, on the other hand, obey the Zerilli equation.
3.1.2

Curvature perturbations
As stated earlier, an alternative approach for studying the perturbations of a Kerr BH is

based on the Newman-Penrose (NP) null-tetrad formalism. As GR is a coordinate-independent
theory, typically, to solve problems in GR we write the Einstein equations in a coordinate system
best suited for the specific problem. However, certain problems can be solved with significant ease,
by using a tetrad of four linearly-independent vector fields instead (based on the symmetries of the
spacetime). This is known as the tetrad formalism, and any vector or tensor field in the spacetime
can be projected onto this tetrad to obtain its tetrad components [36]. The NP formalism uses a
special tetrad of four null vectors at each point in spacetime: l, n, m, m∗ . Out of these, l and n are
real while m and m∗ are complex and conjugate of each other. The only constraints in choosing
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the tetrad are [37]

l · l = n · n = m · m = m∗ · m∗ = 0,
l · m = l · m∗ = n · m = n · m∗ = 0,
l · n = −1, m · m∗ = 1.

(3.9)
(3.10)
(3.11)

For metric perturbations, we had written the metric as Eq. (3.1); in the formalism of curvature
perturbations, we perturb the null tetrad instead, and write l = l̃ + l0 and so on, where l̃ is the
unperturbed vector field, while l0 is the perturbation. The metric can be reconstructed from the
tetrad by
g µν = −lµ nν − nµ lν + mµ m(∗)ν + m(∗)µ mν .

(3.12)

The tetrad components of the covariant derivative of the tetrads are known as the Ricci rotation
coefficients, in general, and as spin coefficients in the NP formalism. When solving for gravitational perturbations, we are mainly interested in studying how small distortions of the metric
evolve. To this end, it makes sense to look at the behavior of the Weyl tensor. The Weyl tensor
is the traceless part of Riemann tensor or the curvature tensor, which contains information only
about the distortions in the shape of a body due to the tidal force, and not the overall change in
volume. Incidentally, this is exactly the effect that GWs have on a test mass. Contractions of the
Weyl tensor with the null tetrad give the Weyl scalars

Ψ0 = Cµνρσ lµ mν lρ mσ ,

(3.13)

Ψ1 = Cµνρσ lµ nν lρ mσ ,

(3.14)

Ψ2 =

1
Cµνρσ lµ nν (lρ nσ + mρ m(∗)σ ),
2

(3.15)

Ψ3 = Cµνρσ nµ lν nρ m(∗)σ ,

(3.16)

Ψ4 = Cµνρσ nµ m(∗)ν nρ m(∗)σ .

(3.17)
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These are the key NP quantities that feature in the NP equations [38]. Out of these, the scalar
Ψ0 and Ψ4 represent radiative degrees of freedom. In particular, Ψ0 encodes ingoing gravitational
radiation, while Ψ4 , perhaps the most interesting one, encodes GWs going out to infinity.
For the unperturbed null tetrad, one can use the Kinnersley tetrad
1 2
(r + a2 , ∆, 0, a),
∆
1 2
=
(r + a2 , −∆, 0, a),
2ρ2


1
i
1
ia sin θ, 0, 1,
,
= √
sin θ
2 r + ia cos θ


1
1
−i
= √
− ia sin θ, 0, 1,
.
sin θ
2 r − ia cos θ

lµ =

(3.18)

nµ

(3.19)

mµ
m(∗)µ

(3.20)
(3.21)

With this special choice of tetrad, Ψ0 = Ψ1 = Ψ3 = Ψ4 = 0. Just like the tetrad, all the Weyl
scalars can be written as, Ψp = Ψ̄p + Ψ0p , where p = 0, 1, 2, 3, 4. With Ψ̄p as the unperturbed
Weyl scalars and Ψ0p as their perturbations, the NP equations basically lead to equations for these
perturbations. Bardeen and Press [32] first found a master equation for perturbations of a sourcefree Schwarzschild BH. Later Teukolsky [31] found a similar equation for a Kerr BH with source,
which is known as the Teukolsky equation. This equation basically gives wave equations for the
perturbations in Ψ0 and Ψ4 . In fact, for the Kerr metric Eq. (2.6), sourced by an energy momentum
tensor T µν , Teukolsky deduced a single master equation
#
"
#
2
2
2
∂
ψ
4M
ar
∂
ψ
a
1
∂ 2ψ
(r2 + a2 )2
− a2 sin2 θ
+
+
−
∆
∂t2
∆ ∂t∂φ
∆ sin2 θ ∂φ2
!
!
"
#
∂
∂ψ
1
∂ψ
a(r
−
M
)
∂ψ
∂
i
cosθ
−∆−s
∆s+1
−
sinθ
− 2s
+
2
∂r
∂r
sin(θ) ∂θ
∂θ
∆
sin θ ∂φ
"
#
M (r2 − a2 )
∂ψ
− r − ia cosθ
+ (s2 cot2 θ − s)ψ = 4πΣT.
−2s
∆
∂t
"

(3.22)

This equation holds true for a perturbing field of any spin, s, for an appropriately defined field, ψ.
For a scalar field, it is Ψ, the scalar field itself; for a spin-2 field it is Ψ0 and Ψ4 . As mentioned
before, Ψ4 is of particular importance, as it encodes the outgoing GWs due to perturbations and it
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is directly related to the second time derivatives of the + and × polarizations of the GWs (as we
shall see in the next chapter). For s = 0, Eq. (3.22) decouples and is somewhat easier to solve
(as discussed in Sec. 3.2); however, when we want to calculate the gravitational radiation emitted
from a source, we have to solve Eq. (3.22) for s = 2, following the method discussed in Chapter 4.
3.2 Superradiant instabilities
For a Kerr BH, the effective potential is complex in general, but qualitatively it has the same
behavior as that of a Schwarzschild BH, i.e., massive fields form bound states while massless ones
do not. Recall that a massive field together with the BH, forms a gravitational atom with orbitals
labeled by three quantum numbers (n, `, m). The lowest energy level satisfying the superradiance
condition is populated extensively by the amplification process, and this leads to the formation of a
cloud (cf. Sec. 2.2). The cloud is non-axisymmetric, and therefore, has a time-varying quadrupole
moment, leading to long-lasting, monochromatic GWs with a frequency determined by the mass
of the scalar field [39].
So far we have discussed the mathematical formulation of the various aspects of our work.
We would now like to segue into the implementation of the tools, described in Sec. 3.1.2, to the
process described in the previous chapter.
3.2.1

Solution of the scalar field equations on a Kerr background
The development of instabilities must be followed through nonlinear evolutions, but nu-

merical studies of the development of superradiant instabilities are still quite limited, mainly because the instability growth time for scalar perturbations is quite long, which makes simulations
computationally prohibitive. However, the backreaction of the scalar field on the geometry of the
background spacetime can be considered negligible, as the scalar field energy is a small fraction
of the BH mass. For the process at hand, it turns out that the cloud can store at most 10% of
the BH mass [21], and therefore the spacetime is described to a good approximation by the Kerr
metric, and perturbative calculations are expected to give good estimates of the emitted radiation
[17]. These expectations were recently validated by nonlinear numerical evolutions in the spin-1
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case [20, 21], where the instability grows much faster.
Self-interaction between the bosons can affect the final fate of the cloud, if the interaction energy is of the order of the energy of the cloud. The cloud can in fact collapse due to the
self-interaction, leading to a so-called bosenova. This can lead to interesting GW signals [40].
However, in the present context, we ignore the self-interactions and focus only on the GW signals
from the cloud, rather than the bosenova.
The action for a scalar field minimally couple to gravity reads
Z
S=

!
2
1
µ
R
− g µν Ψ,µ Ψ,ν − Ψ2 .
d4 x −g
16π 2
2
√

(3.23)

Here, gµν is the Kerr metric as defined in Eq.(2.6) and Ψ is the scalar field. This action upon
variation leads to the Klein-Gordon equation for a massive scalar field and Einstein equations,

∇µ ∇µ Ψ = µ2 Ψ

and

Gµν = 8πT µν ,

(3.24)

where the energy momentum tensor is

1
T µν = Ψ,µ Ψ,ν − g µν Ψ,µ Ψ,ν + µ2 Ψ2 .
2

(3.25)

The Klein-Gordon equation is separable on the Kerr metric, so we can write the scalar field as
Z
Ψ=

dωe−iωt+imφ 0 S`mω (θ)ψ`mω (r),

(3.26)

where s Y`mω = s S`mω eimφ are the spin-weighted spheroidal harmonics, which in this case (s = 0)
reduce to scalar spheroidal harmonics [41]. A summation over the indices (`,m) is implied.
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The radial and the angular functions are coupled and they satisfy the following equations:
#
2
m
D[0 S] + a2 (ω 2 − µ2 )cos2 θ − 2 + λ 0 S = 0,
sin θ
 2 2

2 2
2 2
2 2
Dr [ψ] + ω (r + a ) − 4aM rmω + a m − ∆(µ r + a2 ω 2 + λ) ψ = 0,
"

(3.27)
(3.28)

√
M 2 − a2 denotes the inner and the outer horizon.

where ∆ = (r − r+ )(r − r− ), and r± = M ±

Dr = ∆∂r (∆∂r ) and Dθ = (sin θ)−1 ∂θ (sin θ∂θ ) are differential operators, and λ is the angular
separation constant. For M µ  1 the solutions of these equations become Schrödinger-like and
solutions are similar to those of a hydrogen atom. The product M µ is equivalent to the ratio
of the event horizon size to the perturbing field’s Compton wavelength. In the limit M µ  1,
these solutions are well approximated by a hydrogenic spectrum [18, 42] with angular separation
constant λ ' `(` + 1) and frequency
µ
ω ∼µ−
2



Mµ
`+n+1

2
+


i  am
− 2µr+ (M µ)4`+5 ,
γ` M

(3.29)

where n = 0, 1, 2..., and γ1 = 48 for the dominant unstable ` = 1 mode.
To solve these coupled differential equations for all M µ we need to resort to numerical
methods, like Leaver’s continued-fraction method [43, 44]. These equations can give two kinds
of solutions — quasi-bound states and quasi-normal modes. The quasi-bound state solutions are
ingoing at the horizon and drop to zero at infinity, while the quasi-normal modes are ingoing at
the horizon and purely outgoing at infinity. The quasi-bound states are different from the bound
states of (say) the hydrogen atom because there is a dissipative boundary at the horizon, where
the solutions are ingoing. Imposing the correct boundary conditions, both quasi-bound state and
quasi-normal mode solutions can be found using Leaver’s method [45]. The frequencies of the
quasi-bound state are complex and of the form

ω = ωR + iωI .
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(3.30)

For the modes satisfying the superradiant condition, ωR < mΩH , ωI becomes positive, therefore
(3.26) implies that these solutions are unstable. Once the frequency is obtained, the radial solution
can be found by using

ψ(r) = (r − r+ )−iσ (r − r− )iσ+κ−1 eqr

∞
X
n=0

r − r+
r − r−

and

κ=

an

!n
,

(3.31)

where

σ=

2r+ (ω − ωc )
,
r+ − r−

p
q = ± µ2 − ω 2 ,

µ2 − 2ω 2
.
q

(3.32)

and an are the coefficients of the expansion (refer [45] for details). It is clear that the behavior of
the radial solution at infinity is determined by the signature of q. Quasi-normal modes are given
by q > 0, while q < 0 gives quasi-bound states. The spheroidal harmonics can also be found using
Leaver’s method [41].
Now that we have solved the Klein-Gordon equation for the scalar field, we can solve the
Einstein equations sourced by the energy-momentum tensor of this scalar field and calculate the
GWs emitted by this scalar cloud.
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CHAPTER 4
GRAVITATIONAL RADIATION FROM SUPERRADIANT INSTABILITIES
As Wheeler famously noted, “Spacetime tells matter how to move; matter tells spacetime
how to curve.". This statement is reflected by the Einstein equations

Gµν = 8πGT µν ,

(4.1)

where Gµν is the Einstein tensor composed of the metric components of the spacetime, g µν , and
T µν is the energy-momentum tensor of the matter. The Schwarzschild (static, spherically symmetric) and the Kerr (stationary, rotating) spacetimes arise as solutions of Einstein equations in
vacuum. Now, if there exists some matter outside the BH, such that its energy content is only a
small fraction of the BH mass, then (as discussed earlier) we can resort to BH perturbation theory
and solve for the corrections to the metric components.
Through superradiance, energy and angular momentum are extracted from a rotating BH,
and the number of bosons grows exponentially producing a bosonic “cloud”. We solve the KleinGordon equation in Sec. 3.2.1 to compute the energy density of the bosonic cloud. As mentioned
before, this cloud is non-axisymmetric, thereby producing a time-varying quadrupole moment.
Hence, the cloud becomes a source of long-lasting, monochromatic GWs with frequency determined by the boson mass.; to calculate the gravitational radiation, we have to solve for the perturbations of the metric that can travel out to infinity, which entails solving the Teukolsky equation
for a spin-2 field.
This chapter is organized as follows: in Sec. 4.1 we outline our calculation of gravitational
radiation from bosonic condensates around rotating BHs. In Sec. 4.2 and Sec. 4.3 we present our
astrophysical models of massive and stellar-mass BH formation, respectively. Our predictions for
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rates of boson-condensate GW events detectable by LISA and LIGO as resolvable events are given
in Sec. 4.4. In Sec. 4.5 we use a Bayesian model selection framework to quantify how LISA spin
measurements in BBH mergers can either exclude certain boson mass ranges by looking at the
presence of holes in the Regge plane (BH mass-spin), or (if bosons exist in the Universe) be used
to estimate boson masses.
4.1 Gravitational waves from bosonic condensates around black holes
In general, the development of instabilities must be followed through nonlinear evolutions.
Numerical studies of the development of superradiant instabilities are still in their infancy (see
e.g. [20, 22, 46–49]), mainly because of the long instability growth time for scalar perturbations,
which makes simulations computationally prohibitive. If we restrict attention to near-vacuum environments, the scalar cloud around the spinning BH can only grow by tapping the BH’s rotational
energy. Standard arguments [50] imply that the BH can lose at most 29% of its mass. For the
process at hand, it turns out that the cloud can store at most ∼ 10% of the BH’s mass [20, 51],
therefore the spacetime is described to a good approximation by the Kerr metric, and perturbative
calculations are expected to give good estimates of the emitted radiation [17, 40]. These expectations were recently validated by nonlinear numerical evolutions in the spin-1 case [20, 49], where
the instability growth time scale is faster. Reassuringly, these numerical simulations are consistent
with qualitative and quantitative predictions from BH perturbation theory [19, 52, 53].
To estimate the detectability of these signals we need careful estimates of the signal strength
and astrophysical models for stellar-mass and massive BH populations. Here we compute the
GW signal produced by superradiant instabilities using GW emission models in BH perturbation
theory [40], which are expected to provide an excellent approximation for all situations of physical
interest [17, 20, 49].
4.1.1

Gravitational wave emission
Superradiant instabilities are the strongest when the Compton wavelength of the massive

boson 1/µ is comparable to the Schwarzschild radius R = 2M . Only a real scalar field produces
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a cloud that sources GWs [40]. For a monochromatic source with frequency ωR , one can easily
see by plugging the real part of the solution (3.26) into the stress-energy tensor, Eq. (3.25), that
the scalar field sources GWs with frequency 2ωR . In the fully relativistic regime (µM ∼ 1),
gravitational radiation can be computed using the Teukolsky formalism [54]. This calculation is
described in detail here (see also [17, 40]).
In the Teukolsky formalism, gravitational radiation is encoded in the Newman-Penrose
scalar ψ4 , which can be decomposed as

ψ4 (t, r, Ω) =

X

ρ4

`m

Z∞
dω

X

R`mω (r) −2 S`mω (Ω)e−iωt ,

(4.2)

`m

−∞

where ρ = (r − ia cos ϑ)−1 . The radial function R(r) satisfies the inhomogeneous equation
d
∆
dr
2



−1 dR

∆



dr


+


K 2 + 4i(r − M )K
− 8iωr − λ R = T`mω ,
∆

(4.3)

where again we omit angular indices for simplicity, K ≡ (r2 + a2 )ω − am, λ ≡ As`m + a2 ω 2 −
2amω, and As`m are the angular eigenvalues. The source term T`mω is given by

T`mω

1
≡
2π

Z

dΩ dt −2 S̄`m T eiωt ,

(4.4)

where T is related to the scalar field stress-energy tensor (3.25) and can be found in [54, 55].
To solve the radial equation (4.3) we use a Green-function approach. The Green function
can be found by considering two linearly independent solutions of the homogeneous Teukolsky
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equation (4.3), with the following asymptotic behavior (see e.g. [55]):

RH →

R∞ →




∆2 e−ikr∗

for r → r+ ,
(4.5)



r3 Bout eiωr∗ + r−1 Bin e−iωr∗ for r → +∞,



A eikr∗ + ∆2 A e−ikr∗ for r → r ,
out

in

+



r3 eiωr∗

(4.6)

for r → +∞,

where k = ω − mΩH , {A, B}in,out are constants, and the tortoise coordinate is defined as
r∗ = r +

2M r+
r − r+
2M r−
r − r−
ln
−
ln
.
r+ − r−
2M
r+ − r−
2M

(4.7)

Imposing ingoing boundary conditions at the horizon and outgoing boundary conditions at infinity,
one finds that the solution of Eq. (4.3) is given by [55]


Zr
Z∞


∞
H
1
R T`mω
H
0 R T`mω
R∞ dr0
+
R
,
R=
dr
W 
∆2
∆2 
r+

(4.8)

r

where the Wronskian W = (R∞ ∂r RH − RH ∂r R∞ )/∆ is a constant by virtue of the homogeneous
Teukolsky equation (4.3). Using Eqs. (4.6) and (4.5) one finds

W = 2iωBin .

(4.9)

At infinity the solutions reads
∗

r3 eiωr
R(r → ∞) →
2iωBin

Z∞

RH
∗
dr T`mω 2 ≡ Z̃ ∞ r3 eiωr .
∆
0

(4.10)

r+

Since the frequency spectrum of the source T`mω is discrete with frequency ω̃ = ±2ω`mn and
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m̃ = ±2m, where ω`mn are the scalar field eigenfrequencies, Z̃ ∞ takes the form
Z̃ ∞ =

X

δ(ω − ω̃)Z`∞m̃ω ,

(4.11)

`m̃n

and at r → ∞, ψ4 is given by

ψ4 =

1X ∞
Z
r `m̃n `m̃ω̃

iω̃(r∗ −t)
−2 Y`m̃ω̃ e

.

(4.12)

At infinity the Newman-Penrose scalar can be written as

ψ4 =


1
ḧ+ − iḧ× ,
2

(4.13)

where h+ and h× are the two independent GW polarizations. The energy flux carried by these
waves at infinity is given by

dE
r2  2
ḣ+ + ḣ2× .
=
dtdΩ
16π

(4.14)

Using equations (4.12) and (4.13) we get
dE X 1
=
|Z`∞m̃ω̃ |2 .
2
dt
4π ω̃
`m̃n

(4.15)

We note that |Z`∞m̃ω̃ | ∝ MS /M 2 , where MS is the total mass of the scalar cloud:
Z
MS =

and

√
Ttt −gdrdϑdϕ ,

(4.16)

√
−g = (r2 + a2 cos2 ϑ) sin ϑ is the Kerr metric determinant. Here we neglected the energy

flux at the horizon, which in general is subdominant [56]. In fact, we will only need to compute
radiation at the superradiant threshold, where the flux at the horizon – being proportional to k =
(ω − mΩH ) – vanishes exactly [57].
Figure 4.1 shows the dominant GW energy flux computed numerically within the perturba-
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tive framework described above. Our results are compared to the analytic results of Refs. [17, 58].
The flat-space approximation adopted in [58] underestimates the flux by some orders of magnitude, especially when µM  0.3, for any spin. Likewise, the Schwarzschild approximation
adopted in [17] overestimates the GW flux. To improve on both approximations, in the rest of this
work we will use the numerical results, which are valid in the entire (χ, µM ) plane and agree with
those of [40].
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Figure 4.1. Flux for ` = m = 1 and taking the first two leading order terms in the flux `˜ = m̃ = 2
and `˜ = 3, m̃ = 2 as a function of the scalar mass and for the spin computed at the superradiant
threshold (4.18). The numerical results computed in this work are compared with the analytic
formula obtained in [17], labeled “Brito+”, and the one obtained in [58], labeled “Arvanitaki+”.

4.1.2

Evolution of the superradiant instability and of the BH-condensate system
Current nonlinear evolutions are unable to probe the development of the instability in the

scalar case [22]. However, since the time scales of both the superradiant instability and the GW
emission are much longer than the dynamical time scale of the BH, the evolution of the BHcondensate system can be studied within a quasi-adiabatic approximation [17]. The scalar field
can be considered almost stationary, and its backreaction on the geometry neglected, as long as the
scalar stress-energy tensor is small compared to the BH energy density [17].
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Recent nonlinear evolutions by East and Pretorius in the spin-1 case [20, 49], where the
instability develops more rapidly, lend support to an adiabatic treatment of the evolution of the
field. The evolution happens in two steps characterized by very different time scales. First a scalar
condensate grows around the BH until the superradiant condition is saturated; then the condensate
is dissipated through GW emission. Neglecting accretion for simplicity, the evolution of the system
is governed by the equations [17]



Ṁ = −ĖS ,





 Ṁ + ṀS = −Ė ,


J˙ = −mĖS /ωR ,





 J˙ + J˙ = −mĖ/ω ,
S
R

(4.17)

where ĖS = 2MS ωI is the scalar energy flux extracted from the horizon through superradiance.
In the above equations, we have used the fact that – for a single (`, m) mode – the GW angular
momentum flux is mĖ/ωR and that the angular momentum flux of the scalar field extracted at the
horizon is mĖS /ωR .
The system (4.17) shows that for a superradiantly unstable state (ωI > 0) the instability
will cause the BH to transfer mass and spin to the scalar field until the system reaches the saturation
point, given by ωI = 0, i.e., ωR = mΩH .1 This process occurs on a time scale τinst ≡ 1/ωI  M ,
and the saturation point corresponds a final BH angular momentum
4mMf3 ωR
< Ji ,
Jf = 2
m + 4Mf2 ωR2

(4.18)

where Ji/f , Mi/f are the initial/final BH angular momentum and mass, respectively. The system (4.17) also shows that the variation of the BH mass δM is related to the variation of the BH
1

Fully nonlinear evolutions of a charged scalar field around a charged BH enclosed by a reflecting mirror [47,
59, 60] or in anti-de Sitter spacetime [48] have shown that the end-state for this system indeed consists of a scalar
condensate around a charged BH saturating the superradiant condition. East and Pretorius reached the same conclusion
for massive spin-1 fields [20, 49]. For complex fields, truly stationary metric solutions of the field equations describing
a boson condensate saturating the superradiant condition around spinning BH have been explicitly shown to exist [61–
63]

32

angular momentum δJ by δM =

ωR
δJ,
m

which implies

Mf = Mi −

ωR
(Ji − Jf ) .
m

(4.19)

When the instability saturates, the total mass of the scalar cloud is roughly given by MSmax ∼
Mi − Mf , namely
MSmax ∼

4Mf3 ωR2
Ji ωR
Ji ωR
− 2
≈
,
2 2
m
m + 4Mf ωR
m

(4.20)

where the last step is valid when Mf ωR  1.
After the superradiant phase, the mass and the angular momentum of the BH remain constant [cf. Eq. (4.17)], whereas the scalar field is dissipated through the emission of GWs2 as given
by Eq. (4.15). We neglect GW absorption at the event horizon – which is always sub-dominant [56]
– and GW emission due to the transition of bosons between different energy levels, which is also a
sub-dominant effect as long as the condensate is mostly populated by a single level [64]. By using
again Eq. (4.17), after the superradiant phase we get

ṀS = −

dẼ MS2
dE
=−
,
dt
dt Mf2

(4.21)

∞ 2
where we used the fact that |Z`mω
| ∝ MS2 to factor out the dependence on MS (t), and we defined
dẼ
dt

≡

2
dE Mf
.
2
dt MS

This quantity is shown in Figure 4.1 and it is constant after the superradiant phase,

since it depends only on the final BH mass and spin. Therefore, setting t = 0 to be the time at
which the superradiant phase saturates, the above equation yields

MS (t) =

MSmax
,
1 + t/τGW

2

(4.22)

In the language of [64] this process corresponds to the “axion+axion → graviton” annihilation process. In our
notation, their “occupation number” is N = MS /ms .
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where MSmax is the mass of the condensate at the end of the superradiant phase [cf. Eq. (4.20)] and

τGW

!−1
dẼ MSmax
≈ Mf
dt Mf

  −11  

0.2Mf
Mf
10
5
≈ 8 × 10 yr
106 M
MSmax
dẼ/dt

(4.23)

is the gravitational radiation time scale.
Finally, we note that the self-gravity of the boson cloud will cause the GW frequency to
change slightly as the cloud dissipates via GWs [19, 64]. The estimates of Refs. [64] [see their
Eq. (28)] and [19] [see their Appendix E] suggest that, for scalar fields, this small change should
not affect current continuous-wave searches. Taking these estimates and the duration of the signal
of Figs. 4.2 and 4.3 for resolved events, one can see that for both LIGO and LISA a vast majority
of the sources will have a small positive frequency drift f˙  10−9 Hz/s, which is the current upper
limit on the frequency time derivative of the latest all-sky search from LIGO [65]. However, even
though this frequency drift should be very small and undetectable for most sources, the positive
frequency time derivative of GWs from boson clouds could be used to distinguish them from other
continuous sources, such as rotating neutron stars, which have a negative frequency drift [66].
4.1.3

Instability and gravitational radiation time scales
As discussed above, the basic features of the evolution of the BH superradiant instability

in the presence of light bosons can be understood as a two-step process, governed by two different
time scales. The first time scale is the typical e-folding time of the superradiant instability given by
τinst ≡ 1/ωI , where in the M µ  1 limit, ωI is the imaginary part of Eq. (3.29). The boson condensate grows over the time scale τinst until the superradiant condition is saturated. Subsequently,
the condensate is dissipated through GW emission over a time scale τGW given by Eq. (4.23). In
the M µ  1 limit, dẼ/dt = (484 + 9π 2 )/23040(µM )14 ' 0.025(µM )14 [17, 40]. Thus, using
Eqs. (3.29), (4.20), (4.23) and reinstating physical units, the two most relevant time scales of the
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system are of the order

τinst ∼ 105 yr (M68 µ917 χ)

−1

,
−1

τGW ∼ 5 × 1011 yr (M614 µ15
17 χ)

(4.24)
,

(4.25)

where M6 = M/(106 M ) and µ17 = ms /(10−17 eV) and χ  1. These relations are still a
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Figure 4.2. Gravitational radiation time scale, instability time scale, and the signal duration ∆t
[defined in Eq. (4.26)] for detectable LISA sources and for different boson masses.

reasonably good approximation when M µ ∼ 1 and χ ∼ 1. They show that there is a clear
hierarchy of time scales (τGW  τinst  M ), and this is important for two reasons. First of all it
is crucial that τGW  τinst , otherwise the boson condensate would not have time to grow. Second,
the time scale hierarchy justifies the use of an adiabatic approximation to describe the evolution.
Beyond the instability and gravitational radiation time scales, from the point of view of
detection it is important to estimate the distribution of signal durations ∆t. For LIGO we can
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safely neglect accretion, because accreted matter is not expected to significantly alter the birth spin
of stellar-mass BHs [67]. We can also neglect the effect of mergers, since mergers affect a very
small fraction of the overall population of isolated BHs [68–72], and LIGO data already suggest
that multiple mergers should be unlikely [73, 74]. Therefore, for LIGO we will simply assume
∆t = min (τGW , t0 ), where t0 ≈ 13.8 Gyr is the age of the Universe.
For massive BHs that radiate in the LISA band, both mergers and accretion are expected to
be important [75, 76]. Therefore we conservatively assume that whenever an accretion event or a
merger happens the boson-condensate signal is cut short, and for LISA we define

∆t =


min

τGW
, tS , t0
Nm + 1


,

(4.26)

where the signal duration τGW in the absence of mergers and accretion is given by Eq. (4.23),
h...i denotes an average weighted by the probability distribution function of the Eddington ratios,
tS is the “Salpeter” accretion time scale [Eq. (4.44)], and Nm is the average number of mergers
expected in the interval [t − τGW /2, t + τGW /2], t being the cosmic time corresponding to the
cosmological redshift z of the GW source. Note that this definition also enforces the obvious fact
that the signal cannot last longer than the age of the Universe (∆t ≤ t0 ). We also note that the
estimates of Refs. [19, 64] suggest that the close passage of a stellar-mass compact object around
the massive BH could affect the boson cloud when M µ  0.1. This part of the parameter space
is mostly irrelevant for our results, and so we neglect this contribution. Moreover, estimates of the
rates of extreme mass-ratio inspirals predict at most a few hundred such close passages per Gyr per
galaxy [77]. Therefore, the average timescale between these events is & 107 yr. This is comparable
with the accretion timescale [Eq. (4.44)], which we have already taken into account. Thus, we
expect our results to be robust against inclusion of this effect. In addition, stars and compact
objects could, in principle, affect the boson cloud also at larger orbital distances, comparable to
the peak of the cloud R ∼ 4M/(M µ)2 [17]. This could also become relevant for M µ  0.1, but
even in this case passages of stars at R ∼ 1000M or larger are expected to be quite rare. Indeed,
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Figure 4.3. Gravitational radiation time scale, instability time scale, and the signal duration ∆t
[defined in Eq. (4.26)] for detectable LIGO sources and for different boson masses. Dashed lines
represent extragalactic sources and bold lines represent Galactic sources.

tidal disruption of stars are about 10−5 per yr per galaxy [78], hence stars at distances R ∼ 1000M
from the BH should only appear roughly every 105 yr. We have checked that even if we include
this effect by adding an extra timescale ∼ 105 yr to Eq. (4.26), the background and the resolved
event rates would only decrease by about an order of magnitude (and only for M µ  0.1), thus
leaving our conclusions unchanged.
Figures 4.2 and 4.3 show histograms of τinst , τGW and ∆t for resolvable sources with SNR
ρ ≥ 8 [cf. Eq. (4.27)]. When computing the SNR, we use an observation time Tobs = 2 yr for LIGO
and Tobs = 4 yr for LISA. We adopt the LISA noise power spectral density specified in the ESA
proposal for L3 mission concepts [79] and the design sensitivity of AdLIGO [80]. The events are
binned by gravitational radiation time scale τGW , instability time scale τinst , and signal duration ∆t,
as defined in Eq. (4.26). For concreteness, in the plot we focus on the most optimistic astrophysical
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model, and we neglect the confusion noise due to the stochastic background produced by these
sources [discussed in detail in Chapter 6]. For LIGO we show both Galactic and extragalactic
sources.
The signal duration ∆t is typically equal to the gravitational radiation time scale τGW , and
(as anticipated) much longer than the instability time scale τinst . Since for LIGO we neglect the
effects of mergers and accretion, the only visible difference between ∆t and τGW is due to the fact
that we cut off the signal when its typical time scale is longer than the age of the Universe (i.e., as
mentioned above, we set ∆t = t0 if τGW > t0 ). For LISA there are more subtle effects related to
accretion and mergers [cf. Eq. (4.26)], but Figs. 4.2 and 4.3 demonstrate that the signal duration
∆t is always much longer than the instability time scale τinst , as suggested by the rough estimates
of Eqs. (4.24) and (4.25).
4.1.4

Gravitational waveform
Since the GW signal from boson condensates is monochromatic, we can can compute the

(average) signal-to-noise ratio (SNR) as [81, 82]
+
* p
h Toverlap
p
,
ρ'
Sh (f )

(4.27)

where h is the root-mean-square (rms) strain amplitude; Sh (f ) is the noise power spectral density
at the (detector-frame) frequency f of the signal, which is related to the source-frame frequency
fs ≡ ω/(2π) by f = fs /(1 + z) (z being the redshift); Toverlap is the overlap time between
the observation period Tobs and the signal duration ∆t(1 + z) [in the detector frame, hence the
factor 1 + z multiplying the signal duration ∆t in the source frame]; and h. . . i denotes an average
over the possible overlap times. In practice, when our astrophysical models predict that a signal
should overlap with the observation window, we compute this average by randomizing the signal’s
starting time with uniform probability distribution in the interval [−∆t(1 + z), Tobs ] (where we
assume, without loss of generality, that t = 0 is the starting time of the observation period).
Coherent searches for almost-monochromatic sources are computationally expensive, and
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normally only feasible when the intrinsic parameters of the source and its sky location are known.
For all-sky searches, where the properties and location of the sources are typically unknown, it is
more common to use semicoherent methods, where the signal is divided in N coherent segments
with time length Tcoh . The typical sensitivity threshold, for signals of duration ∆t(1 + z)  Tobs ,
is [cf. e.g. [66]]
hthr

25
' 1/4
N

s

Sh (f )
,
Tcoh

(4.28)

where hthr is the minimum rms strain amplitude detectable over the observation time N × Tcoh .
This criterion was used, for example, in [64]. In the following we consider both cases (a full
coherent search and a semicoherent method) in order to bracket uncertainties due to specific data
analysis choices. For the semicoherent searches we only consider events for which ∆t(1 + z) 
Tobs [since the threshold gived by Eq. (4.28) only holds for long-lived signals].
A useful quantity to compare the sensitivity of different searches independently of the dataanalysis technique and the quality and amount of data is the so-called “sensitivity depth,” defined
by [83]
p
Sh (f )
D(f ) =
.
hthr

(4.29)

The average sensitivity depth of the last E INSTEIN @H OME search was D ≈ 35Hz−1/2 [84].
To compute h, we first use Eqs. (4.2), (4.12) and (4.13) to get a combination of the two GW
polarizations,
H ≡ h+ − ih× = −

2 X ∞
Z
ω̃ 2 r `m̃n `m̃ω̃

−2 Y`m̃ω̃ e

iω̃(r∗ −t)

.

(4.30)

In the following we will omit the sum over `m̃n for ease of notation. Let us focus on a single scalar
field mode3 . If the scalar field has azimuthal number m and real frequency ωR , the GW emitted
by the scalar cloud will have azimuthal number m̃ = ±2m and frequency ω̃ = ±2ωR . Defining
3

In this work we will focus on the mode with the smallest instability time scale ` = m = 1, which should be the
dominant source of GW radiation [64].
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Z ∞ = |Z|e−iφ , where |Z| and φ are both real, we have

H=−

2|Z|
ω̃ 2 r

−2 Y`m̃ω̃ e

i[ω̃(r∗ −t)+φ]

+−2 Y`−m̃−ω̃ e−i[ω̃(r

∗ −t)+φ]



,

(4.31)

∞
∞
imϕ
where we used the fact that Z`−
and S is a real
m̃−ω̃ = Z`m̃ω̃ . Since s Y`m̃ω̃ (ϑ, ϕ) = s S`m̃ω̃ (ϑ)e

function for real ω̃, we get

h+ = <(H) ≡ −

2|Z|
(−2 S`m̃ω̃ + −2 S`−m̃−ω̃ )
ω̃ 2 r

× cos [ω̃(r∗ − t) + φ + m̃ϕ] ,
h× = =(H) ≡ −

(4.32)

2|Z|
(−2 S`m̃ω̃ − −2 S`−m̃−ω̃ )
ω̃ 2 r

× sin [ω̃(r∗ − t) + φ + m̃ϕ] .

(4.33)

The GW strain measured at the detector is

h = h+ F+ + h× F× ,

(4.34)

where F+,× are pattern functions that depend on the orientation of the detector and the direction
of the source. The rms strain of the signal can be obtained by taking an angle-average over source
and detector directions and using F+2 = F×2 = 1/5, hF+ F× i = 0, h|s S`m̃ω̃ |2 i = 1/(4π)
hcos2 [ω̃(r∗ − t) + φ + m̃ϕ]i = sin2 [ω̃(r∗ − t) + φ + m̃ϕ] = 1/2.
We then obtain
2 1/2

h' h


=

2|Z|2
5π ω̃ 4 r2

1/2
=

4Ė
5ω̃ 2 r2

!1/2

where Ė is given in Eq. (4.15), which for a single scalar mode reads Ė =

,

(4.35)

P

`

|Z` |2 /(2π ω̃ 2 ). We can

factor out the BH mass and the mass of the scalar condensate: |Z| = A(χ, µM )(M ω̃)2 MS /M 2 ,
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where A(χ, µM ) is a dimensionless quantity. The final expression for the rms strain reads
r
h=

2 M MS
A(χ, µM ) .
5π r M

(4.36)

We conservatively assume that the GWs observed at the detector are entirely produced after the
saturation phase of the instability. Therefore, we compute h using the final BH mass and spin, as
computed in Eqs. (4.19) and (4.18), respectively. Larger initial spins imply that a larger fraction
of the BH mass is transferred to the scalar condensate [cf. Eq. (4.20)]. So, for a given scalar field
mass and initial BH mass, the strain grows with the initial spin.
Equation (4.36) is valid for any interferometric detector for which the arms form a 90degree angle, such as AdLIGO. For a triangular LISA-like detector the arms form a 60-degree
√
angle, and we must multiply all amplitudes by a geometrical correction factor 3/2 [85, 86].
Additionally, since we sky-average the signal, we will use an effective non-sky-averaged noise
power spectral density, obtained by multiplying LISA’s sky-averaged Sh by 3/20 [87]. The analysis
presented below takes into account these corrective factors.
4.1.5

Cosmological effects
Since some sources can be located at non-negligible redshifts, the root-mean-square strain

amplitude of Eqs. (4.35) and (4.36) must be corrected to take into account cosmological effects,
which affect the propagation of the waves to the detector [88]. These effects have two main consequences.
First, the frequency f of the signal as measured at the detector’s location (“detector frame”)
is redshifted with respect to the emission frequency fs in the “source-frame”, i.e. f = fs /(1 + z).
Second, in the strain amplitude given by Eq. (4.36), the distance r to the detector should
be interpreted as the comoving distance, which for a flat Friedmann-Lemaitre-Robertson-Walker
model is given by
Zz
Dc (z) = DH
0
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dz 0
p
,
∆(z 0 )

(4.37)

where ∆(z) = ΩM (1 + z)3 + ΩΛ , DH is the Hubble distance, ΩM is the dimensionless matter
density and ΩΛ is the dimensionless cosmological constant density. All other quantities (masses,
lengths and frequencies) in Eq. (4.36) should be instead be interpreted as measured by an observer
in the source frame.
Alternatively, one might wish to use quantities measured by an observer at the detector’s
location to compute the strain amplitude of Eq. (4.36). Detector-frame quantities are related to
source-frame ones by powers of (1 + z), namely all quantities with dimensions [mass]p (in our
geometrized units G = c = 1) are multiplied by the factor (1 + z)p , e.g. masses are multiplied by
(1+z) (“redshifted masses”), frequencies are divided by the same factor (“redshifted frequencies”),
while the comoving distance is multiplied by a factor (1+z), thus becoming the luminosity distance
DL = Dc (1 + z). Since the strain amplitude of Eq. (4.36) is dimensionless, that equation yields
the same result when using detector-frame quantities as when using source-frame ones.
The typical distance up to which BH-condensate sources are detectable can be estimated
by defining an “angle-averaged range” Drange as the luminosity distance at which either the SNR
ρ(Drange ) = 8 [cf. Eq. (4.27)] for coherent searches, or h(Drange ) = hthr for semicoherent searches
[cf. Eq. (4.28)].
In Fig. 4.4 we show Drange for both LISA and LIGO at design sensitivity under different
assumptions on the initial BH spin. The left panels refer to single coherent observation with Tobs =
4 yr for LISA (Tobs = 2 yr for AdLIGO), whereas the right panels refer to a (presumably more
realistic) semicoherent search with N = 121 coherent segments of duration Tcoh = 250 hr. In the
more optimistic case, sources are detectable up to cosmological distances of ∼ 20 Gpc (∼ 2 Gpc)
if the BH is nearly extremal and the boson mass is in the optimal mass range ms ∼ 10−17 eV
(ms ∼ 10−13 eV) for LISA (LIGO). For the semicoherent search, Drange is reduced by roughly
one order of magnitude, with a maximum detector reach ∼ 2 Gpc and ∼ 200 Mpc for LISA and
Advanced LIGO, respectively. As shown below, semicoherent searches with LISA (LIGO) could
detect individual signals at luminosity distances as large as ∼ 2 Gpc (∼ 200 Mpc) for a boson of
mass 10−17 (10−13 ) eV (compare this with the farthest estimated distance for LIGO BBH merger
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Figure 4.4. Angle-averaged range Drange for LISA (top) and AdLIGO at design sensitivity (bottom)
computed for selected initial BH spin (χi = 0.998, 0.95, 0.7). Left panels: the range is computed
using a coherent search over an observation time Tobs = 4 yr (for LISA) and Tobs = 2 yr (for
LIGO). Right panels: we assume a semicoherent search with N = 121 coherent segments of
duration Tcoh = 250 hr.

detections so far, the 880+450
−390 Mpc of GW170104 [89]).
4.2 Massive black hole population models
An assessment of the detectability of GWs from superradiant instabilities requires astrophysical models for the massive BH population. We adopt the same BH formation models [90]
that were used in previous LISA studies [77, 91–94]. In this section we describe the models
adopted in our study, and in particular our assumptions on (A) the mass and spin distribution of
isolated massive BHs, (B) their Eddington ratio distribution, and (C) their merger history.
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4.2.1

Mass and spin distribution of isolated black holes
Let n be the comoving-volume number density of BHs. For the mass and spin distribution

of isolated BHs we consider:
(A.1) A model where d2 n/(d log10 M dχ) is computed using the semianalytic galaxy formation
model of [90] (with later improvements described in [76, 95, 96]). This distribution is
redshift-dependent and skewed toward large spins, at least at low masses (cf. [76]). It also
has a negative slope dn/d log10 M ∝ M −0.3 for BH masses M < 107 M , which is compatible with observations (cf. [76], Figure 7). The normalization is calibrated so as to reproduce
the observed M –σ and M –M? scaling relations of [97], where σ is the galaxy velocity dispersion and M? is the stellar mass. We also account for the bias due to the resolvability of the
BH sphere of influence [98, 99]. Because of the slope, normalization and spin distribution,
this model is optimistic.
(A.2) An analytic mass function [77, 94]
dn
= 0.005
d log10 M



M
3 × 106 M

−0.3

Mpc−3 ,

(4.38)

which we use for redshifts and BH masses in the range 104 M < M < 107 M and z < 3.
For M > 107 M we use a mass distribution with normalization 10 times lower than the
optimistic one. For this model we use a uniform distribution of the initial spins χ ∈ [0, 1].
Because of the lower normalization and the spin distribution, this model is less optimistic.
(A.3) An analytic mass function
dn
= 0.002
d log10 M



M
3 × 106 M

0.3

Mpc−3 ,

(4.39)

which we use again for 104 M < M < 107 M and z < 3, whereas for M > 107 M we
use a mass distribution with normalization 100 times lower than the optimistic one. For this
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model we also consider a uniform distribution of the initial spins χ ∈ [0, 1]. Because of the
normalization, slope and spin distribution, this model is pessimistic.
4.2.2

Black hole mergers
Our standard choice for BH mergers is to compute the comoving-volume number density

nm of mergers per (logarithmic) unit of total mass Mtot = M1 +M2 , unit redshift and (logarithmic)
unit of mass ratio q = M2 /M1 ≤ 1, i.e.

ν(Mtot , z, q) ≡

d3 nm
,
d log10 Mtot dzd log10 q

(4.40)

from the semianalytic model of [90].
We can then estimate the average number of mergers (between z and z + dz) for a BH of
mass M as
dNm (M, z) =

µ(M, z)
dz .
φ(M, z)

(4.41)

Here
dn
φ(M, z) ≡
=
d log10 M

Z

d2 n
dχ
d log10 M dχ

(4.42)

is the (isolated BH) mass function, and
d2 nmerger
µ(Mtot , z) ≡
=
d log10 Mtot dz

Z
ν d log10 q ,
q>qc

where qc is the critical mass ratio above which we assume mergers make an impact. In practice,
most BH mergers in our semianalytic models have q & 0.01–0.001 (especially in the LISA band,
cf. [100]), so our results are robust against the exact choice of qc . Nevertheless, to be on the conservative side, we set qc = 0. A larger qc would produce a slightly lower BH merger number and,
in turn, a slightly higher number of boson-condensate sources, under the conservative assumption that mergers destroy the boson cloud. We can then compute the average number of mergers
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experienced by a BH of mass M in the redshift interval [z1 , z2 ] as
Zz2
Nm =

dNm
dz .
dz

(4.43)

z1

Note that the number of mergers depends on the seeding mechanisms of the massive BH
population, as well as on the “delays” between the mergers of galaxies and the mergers of the BHs
they host [cf. e.g. [91]].
When computing the average number of mergers Nm to be used to estimate the number
of boson-condensate GW events from isolated BHs, i.e. when evaluating the number of resolved
events [Eq. (5.8) below] and the amplitude of the stochastic background [Eq. (6.1) below], we
consider the “popIII” model of [91] (a light-seed scenario with delays). Choosing a different seed
model would not alter our conclusions. However, when considering the constraints that can be
placed on the boson mass by direct observations of BH coalescences by LISA, we consider all three
models presented in [91] (“popIII”, “Q3” and “Q3nod”). These models correspond respectively
to light seeds with delays between a galaxy merger and the corresponding BBH merger; heavy
seeds with delays; and heavy seeds with no delays; and they are chosen to bracket the theoretical
uncertainties on the astrophysics of BH seed formation and BH delays.
4.2.3

Accretion
Clearly, accretion is competitive with the superradiant extraction of angular momentum

from the BH [17], so it is important to quantify its effect. We estimate the accretion time scale via
the Salpeter time,
tS = 4.5 × 108 yr
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η
,
fEdd (1 − η)

(4.44)

where fEdd is the Eddington ratio for mass accretion, and the thin-disk radiative efficiency η is a
function of the spin related to the specific energy EISCO at the innermost stable circular orbit [101]:

η = 1 − EISCO ,
s
EISCO =

1−

(4.45)
2

,
3rISCO
χp
(3 − Z1 )(3 + Z1 + 2Z2 ) ,
rISCO = 3 + Z2 −
|χ|


Z1 = 1 + (1 − χ2 )1/3 (1 + χ)1/3 + (1 − χ)1/3 ,
q
Z2 = 3χ2 + Z12 .

(4.46)
(4.47)
(4.48)
(4.49)

For the Eddington ratio fEdd we consider three models:
(C.1) We use the results of our semianalytic model to construct probability distribution functions
for fEdd at different redshifts and BH masses.
(C.2) We adopt a simple model in which fEdd = 1 for 10% of the massive BHs, and fEdd = 0 for
the remaining ones. (The choice of 10% is a reasonable estimate for the duty cycle of active
galactic nuclei [102, 103]).
(C.3) Finally, we consider a very pessimistic model in which all BHs have fEdd = 1. Although
unrealistic, this models maximizes the effects of accretion, and therefore it yields the most
conservative lower bound for the superradiant instability time scale.
4.3 Stellar mass black hole population models
We now turn to a description of stellar-mass BHs, which are of interest for LIGO. Here
we have to model (A) extragalactic BHs, which turn out to dominate the stochastic background
of GWs from ultralight bosons, and (B) Galactic BHs, which (as pointed out in [64, 104]) are
dominant in terms of resolvable signals.
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4.3.1

Extragalactic BHs
In the standard scenario, stellar-mass BHs are the end products of the evolution of massive

(M & 20M ) stars. They form either via direct collapse of the star or via a supernova explosion
followed by fallback of matter (failed supernova). This process depends on various parameters,
such as stellar metallicity, rotation and interactions with a companion if the star belongs to a binary
system [105–108]. In particular, the metallicity of the star determines the strength of stellar winds
and can thus have a significant impact on the mass of the stellar core prior to collapse [109, 110]. In
addition, BHs can grow hierarchically through multiple mergers that occur in dense stellar clusters
[73, 74, 111, 112]. This process is expected to leave an imprint on the distribution in the mass-spin
plane: while BHs grow in mass via mergers their spins converge to values around ∼ 0.7 with little
or no support below ∼ 0.5 [73–75].
In this work we consider only BH formation from core collapse of massive stars. We use
the analytic fits for the BH mass as a function of initial stellar mass and metallicity from [113],
embedded in the semianalytic galaxy evolution model from [114]. In particular, the latter model
describes the production of metals by stars [115] and the evolution of the metallicity of the interstellar medium, which is inherited by the stars that form there. The extragalactic BH formation
rate as a function of mass and redshift reads
dṅeg
=
dM

Z

dM? ψ[t − τ (M? )]φ(M? )δ[M? − g −1 (M )] ,

(4.50)

where τ (M? ) is the lifetime of a star with mass M? , φ(M? ) is the stellar initial mass function,
ψ(t) denotes the cosmic star formation rate (SFR) density and δ is the Dirac delta. We use the fit
to the cosmic SFR described in [116], calibrated to observations [117, 118]. We adopt a Salpeter
initial mass function φ(M? ) ∝ M? −2.35 [119] in the mass range M? ∈ [0.1 − 100] M and use
the stellar lifetimes from [120]. The initial stellar mass M? and BH mass M are related by the
function M = g(M? ), which can be (implicitly) redshift-dependent (through its dependence on
stellar metallicity), and which we take from the “delayed” model of [113].
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4.3.2

Galactic BHs
Resolvable signals are expected to be dominated by Galactic stellar-mass BHs [64]. We

estimate the present-day mass function of these BHs as
dNMW
=
dM

Z

dM
SFR(z) dp
dt
M? dM? dM?

−1

,

(4.51)

where NMW denotes the number of BHs in the Galaxy, dp/dM? is the normalized Salpeter initial
mass function (i.e. the probability of forming a star with mass between M? and M? + dM? ), and
SFR(z) denotes the SFR of Milky-Way type galaxies as a function of z [118, 121]. The integration
is over all cosmic times till the present epoch. The (differential) relation between BH mass and
initial stellar mass dM/dM? is taken from the “delayed” model of [113], and is also a function of
redshift via the metallicity. For the latter, we use the results of [122] to describe its evolution with
cosmic time. We then “spread” dNMW /dM throughout the Galaxy in order to obtain a (differential)
density dnMW /dM , by assuming that the latter is everywhere proportional to the (present) stellar
density. To this purpose, we describe the Galaxy by a bulge+disk model, where the bulge follows
a Hernquist profile [123] with mass ∼ 2 × 1010 M and scale radius ∼ 1 kpc [124], and the disk is
described by an exponential profile with mass ∼ 6 × 1010 M and scale radius ∼ 2 kpc [125].
Since these models (for both Galactic and extragalactic BHs) do not predict the initial
BH spins, we assume a uniform distribution and explore different ranges (from optimistic to pessimistic): χ ∈ [0.8, 1], [0.5, 1], [0, 1] and [0, 0.5].
4.4 Event rates for LISA and LIGO
Having in hand the calculation of the GW signal of Sec. 4.1 and the astrophysical models of
Secs. 4.2 and 4.3, we can now compute event rates for LISA and LIGO. We consider two separate
classes of sources: (A) boson-condensate GW events which are loud enough to be individually
resolvable, and (B) the stochastic background of unresolvable sources. Here, we mainly focus on
the resolvable events and defer the details of the stochastic background to Chapter 6. However,
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since the stochastic background adds a self-confusion noise for the resolvable events, we account
for it in our results here.
4.4.1

Resolvable sources
In the limit in which the (detector-frame) signal duration ∆t(1 + z) is small compared to

the observation time Tobs , ∆t(1 + z)  Tobs , the number of resolvable events is proportional to
the observation time [126]:
d2 ṅ dt
4πDc2 dzdM dχ ,
dM dχ dz

Z
N = Tobs

(4.52)

ρ>8

where
1
dt
√
=
dz
H0 ∆(1 + z)

(4.53)

is the derivative of the lookback time with respect to redshift.
For long-lived sources with detector-frame duration ∆t(1 + z)  Tobs , the number of
detections does not scale with the observation time, but rather with the “duty cyle” ∆t/tf , where
tf ≡ n/ṅ is the formation time scale of the boson condensate. For example, if BHs form a boson
condensate only once in their cosmic history, tf is the age of the Universe t0 ≈ 13.8 Gyr. This
duty cycle has the same meaning as the duty cycle of active galactic nuclei: it accounts for the
fact that, at any given time, only a fraction of the BH population will be emitting GWs via boson
condensates. Because of the ergodic theorem, this fraction is given by the average time fraction
during which a BH emits GWs via boson condensates. This average time fraction is indeed the
duty cycle ∆t/tf . Therefore, the number of resolved sources when ∆t(1 + z)  Tobs is simply
Z
N=

d2 n ∆t dVc
dzdM dχ
dM dχ tf dz

ρ>8

Z
=

d2 ṅ
dVc
∆t
dzdM dχ ,
dM dχ
dz

ρ>8
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(4.54)

where dVc = 4πDc2 dDc .
Equations (4.52) and (4.54) can be merged into a single expression that remains valid also
in the intermediate regime ∆t(1 + z) ∼ Tobs . Indeed, the probability that a signal lasting a time
span ∆t(1 + z) (in the detector frame) overlaps with an observation of duration Tobs is simply
proportional to the sum of the two durations, ∆t(1 + z) + Tobs . This can be understood in simple
geometric terms: for the signal to overlap with the observation window (which we define, without
loss of generality, to extend from t = 0 to t = Tobs ), the signal’s starting time should fall between
t = −∆t(1 + z) and t = Tobs , i.e. in a time interval of length ∆t(1 + z) + Tobs . Therefore, we can
estimate the number of observable GW events as
Z
N=

d2 ṅ
dM dχ




dVc
Tobs
+ ∆t
dzdM dχ .
1+z
dz

(4.55)

ρ>8

Since dDc /dz = (1 + z)dt/dz, it can be easily checked this equation reduces to Eqs. (4.52) and
(4.54) in the limits ∆t(1 + z)  Tobs and ∆t(1 + z)  Tobs , respectively.
For extragalactic LIGO sources we compute d2 ṅ/dM dχ from the astrophysical models
of Sec. 4.3.1, while for LISA and galactic LIGO sources we compute d2 n/dM dχ as described
in Secs. 4.2 and 4.3.2 and then assume d2 ṅ/dM dχ = (d2 n/dM dχ)/t0 . This corresponds to
assuming that the boson-condensate formation time tf = t0 equals the age of the Universe, or that
BHs radiate via boson condensates only once in their lifetime. This conservative assumption does
not affect our results very significantly. Once a BH-boson system radiates, its spin decreases to low
values, while the mass remains almost unchanged. For the BH to emit again via boson condensates,
its spin must grow again under the effect of accretion or mergers. In this process, however, the BH
mass also grows rapidly: for example, the simple classic estimates by Bardeen [127] imply that
√
when a BH spins up from χ = 0 to χ = 1 via accretion, its mass increases by a factor 6. So
even if new boson clouds form due to the instability of higher-m modes, the instability time scales
will be much larger [cf. Eq. (3.29)] and the GW flux will be highly suppressed [cf. Ref. [40]]. Our
main results for resolvable rates are summarized in Fig. 4.5, Fig. 4.6, Table 4.1 and Table 4.2.
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Figure 4.5. Number of resolved LIGO and LISA events for our optimistic BH population models as
a function of the boson mass with different observation times Tobs , using both full and semicoherent
searches. Thick (thin) lines were computed with (without) the confusion noise from the stochastic
background.

In Fig. 4.5 we focus on optimistic models and we show how the number of individually
resolvable events depends on the observation time and on the chosen data-analysis method. More
specifically, for LISA we use the BH mass-spin distribution model (A.1) and accretion model
(C.1), while for LIGO we adopt the optimistic spin distribution χi ∈ [0.8, 1]. We bracket uncertainties around the nominal LISA mission duration of Tobs = 4 yr [79] by considering single
observations with duration Tobs = (2, 4, 10) yr. We also show rates for a (presumably more realistic) semicoherent search with 121 segments of Tcoh = 250 hours coherent integration time4 . For
AdLIGO at design sensitivity, we similarly consider single observations lasting either Tobs = 2 yr
or Tobs = 4 yr, as well as a semicoherent search with 121 segments of Tcoh = 250 hours coherent
integration time.
Figure 4.5 (together with Fig. 4.10) shows that the number of resolvable events is strongly
dependent on the boson mass and on the astrophysical model. For LISA, our astrophysical populations contain mostly BHs in the mass range 104 M < M < 108 M , and the sensitivity curve
4

The number of resolved events for other choices of number of segments and coherent integration time can be
1/2
obtained from Fig. 4.6 and expressing the sensitivity depth as D ≈ Tcoh N 1/4 25−1 [cf. Eqs. (4.28) and (4.29)].
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peaks around a frequency corresponding to ms ∼ 10−17 eV [cf. Fig. 6.1]. These considerations –
together with the condition for having an efficient superradiant instability (namely, M µ ∼ 0.4 at
large spin) – translate into the range 3 × 10−18 eV . ms . 5 × 10−17 eV for the mass of detectable
bosonic particles in a semicoherent search.
For LIGO, our models predict that most BHs will be in the mass range 3M < M < 50M ,
and the most sensitive frequency band corresponds to ms ∼ 3 × 10−13 eV [cf. Fig. 6.1], translating
into the range 2 × 10−13 eV . ms . 3 × 10−12 eV for the mass of detectable bosonic particles.
In order to quantify the “self-confusion” noise due to the stochastic background produced
by BH-boson systems, in Fig. 4.5 we also display the number of resolved events that we would
obtain if we omitted the confusion noise from the stochastic background (cf. Fig. 6.1 and Sec. 6.1).
Neglecting the confusion noise would overestimate the number of resolvable events in LISA by
one or two orders of magnitude.
The rates computed in Figure 4.5 refer to our optimistic astrophysical models. As shown in
Fig. 4.10, resolvable event rates in the most pessimistic models are about one order of magnitude
lower. Nevertheless, it is remarkable that even in the most pessimistic scenario for direct detection (i.e., unfavorable BH mass-spin distributions and semicoherent search method for the signal),
bosonic particles with ms ∼ 10−17 eV (ms ∼ 10−12 eV) would still produce around 5 (15) direct
LISA (LIGO) detections of boson-condensate GW events.
In Figure 4.6 we show how the number of events grows with the sensitivity depth of the
search [83], as defined in Eq. (4.29). For LISA the number of events grows roughly with D3 ,
3/2

corresponding to Tobs . This is expected from the fact that the number of events for sources at & 30
Mpc should grow with the sensitive volume, and thus decrease with ρ−3
crit , where ρcrit is the critical
SNR for detection [128].
On the other hand, LIGO will be mostly sensitive to signals within the Galaxy. For a given
boson mass and distance, τGW ∼ h−2 and M ∼ h1/8 [cf. Eqs. (4.23) and (4.35)]. Since the
Galactic stellar BH population obtained from Eq. (4.51) is well fitted by dN/M ∼ e−0.2M , for a
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Figure 4.6. Left: Number of events as a function of the sensitivity depth D [Eq. (4.29)] for selected
boson masses in the LISA band and accretion model (C.1). The bottom (top) of each shadowed
region correspond to the pessimistic (optimistic) model. Right: Same, but for boson masses in the
LIGO band. Here the bottom (top) of each shadowed region correspond to pessimistic (optimistic)
spin distributions.

fixed volume the integral in Eq. (4.54) goes as
Z

1/8

h−23/8 e−0.2h

N∼

−15/8

dh ∼ hthr

,

(4.56)

h>hthr

where in the last step we took the leading order of the integral for small hthr . From Eq. (4.27) one
−1/2

has hthr ∝ Tobs

15/16

and therefore N ∝ Tobs . This is in agreement with the scaling that we find.

Assuming the sensitivity depth of the last E INSTEIN @H OME search D ≈ 35Hz−1/2 [84]
and an optimal boson mass around ms ∼ 10−12.5 eV, we find that O1 should have detected 5 resolvable events for the optimistic spin distribution χ ∈ [0.8, 1], and 2 events for a uniform spin
distribution χ ∈ [0, 1]. As pointed out in Chapter 6, these optimal boson masses may already be
ruled out by upper limits from existing stochastic background searches. On the other hand, the
pessimistic spin distribution χ ∈ [0, 0.5] is still consistent with (the lack of) observations of resolvable BH-boson GW events in O1, though marginally ruled out by the O1 stochastic background
upper limits.
Our results for resolvable event rates using different search techniques, mass/spin and ac54

cretion models are summarized in Tables 4.1 and 4.2. For LISA we included “self-confusion”
noise in our rate estimates, and using different accretion models does not significantly affect our
results. Interestingly, even though the accretion models (C.2) and (C.3) are more pessimistic than
model (C.1), they predict a slightly larger number of resolvable events for boson masses in the
optimal range around 10−17 eV. This is because the self-confusion noise is lower for models (C.2)
and (C.3) [cf. Sec. 6.1], and thus the loss in signal is more than compensated by the lower total
(instrumental and self-confusion) noise floor.
Events
ms [eV] Search method Accretion model
−16
10
Coherent
(C.1)
75 – 0
0
Semicoherent
(C.2)
75 – 0
Coherent
Semicoherent
0
Coherent
(C.3)
75 – 0
0
Semicoherent
−17
10
Coherent
(C.1)
1329 – 1022
39 – 5
Semicoherent
Coherent
(C.2)
3865 – 1277
36 – 4
Semicoherent
Coherent
(C.3)
5629 – 1429
39 – 5
Semicoherent
−18
10
Coherent
(C.1)
17 – 1
0
Semicoherent
Coherent
(C.2)
18 – 1
0
Semicoherent
Coherent
(C.3)
20 – 0
Semicoherent
0
Table 4.1. Number of resolvable events in the LISA band computed including the “self-confusion”
noise from the stochastic background of BH-boson condensates for different accretion models.
The lower and upper bounds correspond to the pessimistic and optimistic massive BH population
models, respectively. For the semicoherent search we use 121 segments of Tcoh = 250 hours
coherent integration time. For the coherent search, we adopt the nominal mission duration of
Tobs = 4 years.
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ms [eV] Search method
Events
−11.5
10
Coherent
21 – 2
Semicoherent
1–0
−12
10
Coherent
1837 – 193
Semicoherent
50 – 2
−12.5
10
Coherent
12556 – 1429
Semicoherent
205 – 15
Table 4.2. Number of resolvable events for AdLIGO at design sensitivity. For the semicoherent
search we use 121 segments of Tcoh = 250 hours coherent integration time. For the coherent
search, we set Tobs = 2 years. The lower and upper bounds correpond to the pessimistic (χ ∈
[0, 0.5]) and optimistic (χ ∈ [0.8, 1]) spin distributions, respectively.
4.5 Excluding or measuring boson masses through LISA black hole spin measurements
So far we have focused on the direct detection of GWs from bosonic condensates. However
it is also possible to infer the existence of light bosons in an indirect way. As shown in Fig. 4.7, the
existence of a light boson would lead to the absence of BHs with spin above the corresponding superradiant instability window (i.e., there would be holes in the BH mass-spin “Regge plane” [58]).
For a given boson mass, spinning BHs should not exist when the dimensionless spin χ ≡ a/M
is above an instability window centered around values of order unity of the dimensionless quantity [15, 58]
M
ms c2
2GM ms
= 1.5 6
.
c~
10 M 10−16 eV

(4.57)

Typical instability windows for selected values of ms are shown as shaded areas in Fig. 4.7, which
shows the spin versus mass plane. These instability windows are obtained by requiring that the instability acts on timescales shorter than known astrophysical processes such as accretion, i.e. we require that the superradiant instability time scales for scalar field perturbations with l = m = 1, 2, 3
are shorter than a typical accretion time scale, here conservatively assumed to be the Salpeter time
scale defined below for a typical efficiency η = 0.1 and Eddington rate fEdd = 1 [cf. Eq. (4.44)].
In Fig. 4.7, black data points denote electromagnetic estimates of stellar or massive BH spins
obtained using either the Kα iron line or the continuum fitting method [129, 130]. Roughly speaking, massive BH spin measurements probe the existence of instability windows in the mass range
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Figure 4.7. Exclusion regions in the BH mass-spin plane (Regge plane) for a massive scalar field.
For each mass ms , the instability threshold is obtained by setting the superradiant instability time
scales for l = m = 1, 2, 3 equal to a typical accretion time scale, taken to be τ = 50 Myr (see
main text for details). Black data points (with error bars) are spin estimates of stellar and massive
BHs obtained through the Kα or continuum fitting methods [129, 130]. Red data points are GW
measurements of the primary and secondary BHs from the three LIGO detections (GW150914,
GW151226 and GW170104 [89, 131]). Blue, green and brown data points are projected LISA
measurements under the assumption that there are no light bosons for three different astrophysical
black hole population models (popIII, Q3 and Q3-nod from [91]), as discussed in the text. We
assume a LISA observation time Tobs = 1 yr, and to avoid cluttering we only show events for
which LISA spin measurement errors are relatively small (∆χ/χ ≤ 2/3). The top horizontal line
is a frequency scale corresponding to the BH mass, f ≈ µ/π with µ ∼ 0.2/M as a reference value.
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ms ∼ 10−19 –10−17 eV. For stellar-mass BHs, the relevant mass range is ms ∼ 10−12 –10−11 eV.
Red data points are LIGO 90% confidence levels for the spins of the primary and secondary BHs in
the three merger events detected (GW150914, GW151226 and GW170104 [89, 131]). For LIGO
BH binaries accretion should not be important. In such case, our choice for the reference timescale
tS is conservative: more accurate and stringent constraints can be imposed by comparing the instability timescale with the Hubble time or with the age of the BHs.
Blue, green and brown data points are projected LISA measurements for three different
astrophysical BH population models (popIII, Q3, Q3-nod) from [91], assuming one year of observation. The main point of Fig. 4.7 is to highlight one of the most remarkable results of this work:
LISA BH spin measurements cover the intermediate mass range (roughly ms ∼ 10−13 –10−16 eV,
with the lower and upper bounds depending on the astrophysical model, and more specifically
on the mass of BH seeds in the early Universe), unaccessible to electromagnetic observations of
stellar and massive BHs. In other words, LISA’s capability to measure the mass and spin of BBH
components out to cosmological distances5 implies that LISA can also probe the existence of light
bosonic particles in a large mass range that is not accessible by other BH-spin measurement methods.
We note that electromagnetic measurements of BH spins also provide constraints on the
scalar field masses that partly overlap with constraints derived in this paper. For example, the spin
measurements of stellar mass BHs disfavor the existence of a scalar field with masses between
roughly 2 × 10−11 eV > ms > 6 × 10−13 eV [64] and 4 × 10−17 eV > ms > 5 × 10−20 eV
for massive BHs. However, GW spin measurements and constraints rely on fewer astrophysical
assumptions (e.g. on the accretion disk and its spectrum) than electromagnetic constraints, and
are therefore more robust. On the other hand, while electromagnetic observations of stellar mass
BHs partly overlap with the GW constraints from LIGO, the electromagnetic observation of massive BHs probe lower scalar field masses that the ones coming from GW observations, and are
5

We do not study holes in the Regge plane for LIGO because spin magnitude measurements for the binary components are expected to be poor, even with third-generation detectors [132, 133], and they overlap in mass with existing
EM spin estimates.
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thus complementary to the constraints that we estimate in this paper. Fig. 4.7 shows that electromagnetic and GW observations should be considered jointly to build evidence for or against the
existence of a scalar field with a given mass.
In Sec. 4.5 below we quantify this expectation with a more detailed Bayesian modelselection analysis, showing in addition that (if light bosons exist) LISA could measure their mass
with ∼ 10% accuracy. In this section we show that LISA measurements of the spins of merging
massive BHs can be used to either rule out bosonic fields in the mass range [4.5 × 10−19 , 7.1 ×
10−13 ] eV, or even more excitingly (if fields in the mass range [10−17 , 10−13 ] eV exist in nature) to
measure their mass with percent accuracy.
In principle we could carry out a similar analysis using astrophysical models for stellarmass BBH mergers detectable by AdLIGO or third-generation Earth-based detectors. However,
spin magnitude measurements for the components of a merging BH binaries are expected to be
poor (∆χ ∼ 0.3 at best) even with third-generation detectors [132, 133]. In addition, the mass
range of BHs detectable by LIGO or future Earth-based interferometers overlaps in mass with
existing spin estimates from low-mass X-ray binaries (see [130, 134–136] for reviews of current
BH spin estimates). In summary, we focus on LISA for two main reasons:
(i) LISA allows for percent-level determinations of massive BH spins (see e.g. Fig. 9 of [91]).
(ii) In comparison with current electromagnetic estimates of massive BH spins, which can be
used to exclude boson masses in the range [10−20 , 10−17 ] eV (see e.g. [19, 52]), LISA BH
spin measurements can probe lower BH masses; therefore, depending on the details of massive BH formation models, they can exclude (or measure) boson masses all the way up to
ms ∼ 7 × 10−13 eV.
One of our main tasks in this context is to determine whether LISA observations can distinguish between two models: one where a massive boson exists (depleting the corresponding
instability region in the BH Regge plane) and a “standard” model where no depletion occurs. This
is a standard Bayesian model selection problem (see e.g. [137–139] for previous applications of
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Figure 4.8. Example of a two-year simulation of massive BHs as observed by LISA assuming
the Q3-nod model in the presence of a boson of mass ms = 10−16 eV. Each blue circle corresponds to the mass and spin of one component of an observed BBH. The brown line corresponds
to the maximum allowed spin χmax (M, ms ) for the given boson mass. This curve is shaped like
a sawtooth because different m-harmonics are more important for different BH masses. In this
particular instance, LISA measurements from the simulated data would lead to a measured boson
−16
mass 0.88 × 10−16 eV < mm
eV.
s < 1.35 × 10

model selection to LISA observations of massive BH binaries).
We simulate massive BBH catalogs corresponding to the three astrophysical models described in Sec. 4.2.2 (popIII, Q3, Q3-nod) and seven values of ms in total, one for each decade in
the boson mass range ms ∈ [10−19 , 10−13 ] eV.
To simulate the loss of mass and angular momentum for each BH in the catalogs we compute the final angular momentum Jf and mass Mf according to Eqs. (4.18) and (4.19), with azimuthal number 1 ≤ m ≤ 4 and frequency given by (3.29) with l = m and n = 0. Approximating
ωR ≈ µ in Eq. (3.29) (which is strictly valid if M µ  1, but which is a good approximation even
for M µ of order unity) we get
4Mi µ (m − Mi µχi )
,
2
pm
m − m2 − 4mMi µχf + 4Mi2 µ2 χi χf
Mf =
.
2µχf
χf =
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(4.58)
(4.59)

We migrate BHs in the Regge plane if the age of the Universe t(z) at the merger redshift is
larger than the instability time scale (t(z) > τinst = 1/ωI ) and if the spin is higher than a threshold
χmax (M, ms ) set by Eq. (4.18). This migration causes BHs in the catalog to accumulate along the
critical line χmax (M, ms ) in the Regge plane. An example of this accumulation can be seen in
Fig. 4.8.
To compare two models M1 and M2 given a set of observations (i.e., a data set D), we can
use Bayes’ theorem. The probability of model Mi given the observations is

P (Mi |D) =

P (D|Mi )P (Mi )
,
P (D)

(4.60)

where P (Mi ) is the prior on model Mi , P (D|Mi ) is the likelihood of the data given the model,
and P (D) is an overall probability of observing the data D. Given a likelihood function for each
model, we can then compute the odds ratio between the two models:

O(M1 /M2 ) =

P (M1 |D)
P (D|M1 ) P (M1 )
=
.
P (M2 |D)
P (D|M2 ) P (M2 )

(4.61)

A value of the odds ratio larger than one favors model M1 , while a value of the odds ratio lower
than one favors model M2 . When P (M1 ) = P (M2 ) the last factor on the right-hand side simplifies, and the odds ratio is just the ratio of the likelihood of the data in both models (also known as
the “Bayes factor”).
We construct a likelihood function for BHs in the Regge plane for two models: one with
no ultralight boson, and one with an ultralight boson of mass ms . To avoid a possible bias toward
high spins in the astrophysical models (see e.g. [76]) we choose the simplest likelihood function in
the absence of bosons: L0 (M, χ) = 1. In the presence of bosons, we set the likelihood Lms (M, χ)
to unity if χ ≤ χmax (M, ms ), and we set it to zero otherwise. We add to this likelihood a Gaussian
centered on the threshold χmax (M, ms ) with width σχ = 0.05, with a prefactor 1 − χmax in front
of it. This factor represents the fraction of BHs with spins higher than the threshold that have
migrated out of the exclusion region to accumulate on the threshold line, under the simplifying
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assumption that they migrate in the χ direction only (i.e., we neglect the relatively small variations
in the BH mass). In summary, the likelihood Lms (M, χ) in the presence of a boson of mass ms is
defined by

Lms (M, χ) =








1,

χmax (M, ms ) = 1

1 + G(χ, 0.05), χ < χmax (M, ms ) < 1 ,

(4.62)







G(χ, 0.05), χmax (M, ms ) < χ < 1


1 − χmax
(χ − χmax )2
.
G(χ, σ) = √
exp −
2σ 2
2πσ

(4.63)

The prefactor in front of the Gaussian ensures that the two likelihoods L0 (M, χ) and Lms (M, χ)
R
have the same “weight”, in the sense that the integral LM dM dχ is independent of the model (so
the presence or absence of an ultralight boson have, a priori, the same probability). This choice
for the likelihood functions assures that the computation of the odds ratio is agnostic about the
underlying astrophysical model.
As stated earlier, the spin threshold χmax (M, ms ) is given by Eq. (4.18). In practice this
criterion is slightly complicated by the fact that the range of affected BH masses depends on the
time available for each system to radiate, which in turn depends on the redshift. For simplicity we
compute the spin limit using a constant instability time scale of 500 Myrs (approximately the age
of the Universe at redshift z = 10), setting ωR = µ in Eq. (4.18). The choice of this time scale
is conservative in the sense that the exclusion region is smaller than it would have been if we had
chosen longer time scales. Indeed, our choice reduces the likelihood discrepancy for low redshift
BHs that will have migrated to the threshold line, but would not have had the time to do so had
they merged at higher redshifts. For illustration, Fig. 4.8 shows the distribution of BH masses and
spins for one realization of a two-year catalog with ms = 10−16 eV, along with the corresponding
spin threshold χmax (M, ms ).
We simulate LISA observations of these catalogs using a Fisher-matrix analysis similar to
the study presented in [91], using the updated LISA noise PSD of [79]. In addition to instrumental
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noise, we also include the boson mass-dependent confusion noise coming from superradiant BH
instabilities shown in Fig. 6.1. For each detectable binary (where detectability is defined as ρ >
10)6 we approximate the recovered distribution for each BBH component by a bivariate Gaussian
centered on the true values (M̄i , χ̄i ), with spread given by the two-dimensional inverse of the
covariance matrix Γ = Σ−1 :
p

|Γ|
1
exp − ΓMi Mi (Mi − M̄i )2
pobs (Mi , χi ) =
2π
2


+ Γχi χi (χi − χ̄i ) + 2ΓMi χi (Mi − M̄i )(χi − χ̄i ) . (4.64)
2

One problem is that GW observations can measure the reshifted mass Mz = (1 + z)M ,
rather than the BH mass in the source frame M . Lensing effects will induce an extra uncertainty on
lens
(z), and through the redshift-distance relation DL (z)
the distance to the source of typical size σD
L

an extra uncertainty on the redshift of size σzlens (z). We include the effects of lensing by adjusting
the observed distribution pobs (Mi , χi ) along the mass direction. We estimate the typical extra error
on the mass due to lensing as
lens
lens
(z)
σD
(z)
σM
σ lens (z)
dz
= z
=
(z) L
.
M
1+z
dDL
1+z

(4.65)

where the luminosity distance error as a function of redshift can be estimated by the approximate
relation [92, 140]

 

lens
−1/4
σD
(z)
=
D
(z)
×
0.066
4
1
−
(1
+
z)
L
L

9/5

.

(4.66)

At this stage we can compute the likelihood of an observed BH for each model M by
6

Note that this threshold is slightly different from that used elsewhere in the paper (ρ = 8, though that was for
boson-condensate sources). Still, the results hardly depend on this choice, since barely detectable events (ρ ∼ 8 − 10)
have anyhow very poor spin determinations.
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integrating the product
Z
L(i|M) =

pobs (Mi , χi )LM (Mi , χi )dMi dχi ,

(4.67)

where the index i labels the observed BH. In the absence of ultralight bosons we get L(i|M0 ) = 1,
and in the presence of bosons we use Monte Carlo methods to compute L(i|ms ). In practice we
generate a set of random points in the Regge plane (Mk , χk ) distributed according to pobs (Mi , χi ),
with an extra (spin-independent) jump in the mass direction due to lensing, which we assume
lens
to be Gaussian distributed with zero mean and standard deviation σM
(z). The integral is then

approximated by

L(i|ms ) ≈

N
1 Y
Lm (Mk , χk ).
N k=1 s

(4.68)

The integration with respect to mass and spin in Eq. (4.67) tends to suppress the effect on the
odds ratio of potential observations in the exclusion region that would favor high spins with low
confidence. As one can see from Eq. (4.64), if the measurement error on the spin is significant,
Eq. (4.67) will show a significant overlap between the two factors inside the integral, even if the
observed spin is higher than the threshold.
Using this method we can simulate a set of LISA observations D and compute its likelihood
for model M as

L(D|M) =

Y

L(i|M),

(4.69)

i

where the product is taken over all components of a binary observed with SNR ρ > 10. Then,
assuming no prior preference, we compute the odds ratio between a model with boson mass ms
and a model without bosons:

O(ms /M0 ) = L(D|ms ).

64

(4.70)

Model
popIII

Q3

Q3-nod

Tobs [yr]
0.5
1
2
4
0.5
1
2
4
0.5
1
2
4

Min [eV]
4.7 × 10−17
8.2 × 10−18
6.9 × 10−18
4.5 × 10−18
–
9.4 × 10−18
6.9 × 10−18
4.1 × 10−18
6.9 × 10−18
4.5 × 10−18
1.8 × 10−18
1 × 10−18

Max [eV]
4.7 × 10−14
8.9 × 10−14
1.3 × 10−13
1.6 × 10−13
–
1.9 × 10−15
7.5 × 10−15
8 × 10−15
3.6 × 10−15
6.7 × 10−15
1 × 10−14
2.3 × 10−14

Table 4.3. Median minimum and maximum boson mass excluded by LISA for different BH evolution models (popIII, Q3, Q3-nod) and observation times Tobs .

We simulated observations in the absence of ultralight bosons and in the presence of an
ultralight boson with seven possible values of ms (one for each decade in the boson mass range
ms ∈ [10−19 , 10−13 ] eV). For each boson mass and for the model without bosons, we simulated a
set of 21 realizations of the LISA mission considering the three astrophysical models (popIII, Q3,
and Q3-nod) and four choices for the observation time (6 months, 1 year, 2 years and 4 years),
corresponding to a total of 252 simulations per model.
In the absence of an ultralight boson, we identify as excluded the range of masses where the
odds ratio O satifies log[O(ms /M0 )] < −4.5. This criterion corresponds to rejecting the presence
of the given boson mass at 3-σ confidence level. This requirement to exclude a boson of a given
mass corresponds to a false alarm rate of ∼ 10% for a four-year mission in the popIII model, and
less than 5% in the other models: the maximum odds ratio incorrectly favoring the presence of an
ultralight boson in the 84 realizations where we assumed its absence was log(Omax ) = 5.2 for the
popIII model, 1.1 for the Q3 model, and 2.8 for the Q3-nod model. In the popIII case, a maximum odds ratio of 4.5 was exceeded twice. The median range of boson masses excluded in our
simulations is summarized in Table 4.3 and Fig. 4.9. As expected, in our light-seed (popIII) model
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Figure 4.9. Median minimum and maximum boson mass excluded by LISA for different observation times Tobs and BH evolution models (red, solid line: popIII; green, dotted line: Q3; blue,
dashed line: Q3-nod). Due to the reduced merger rate in the Q3 model, limits on the boson mass
could be put in more than half of the simulations only after one year of observations.

the excluded boson masses are higher than in the heavy-seed models Q3 and Q3-nod, because the
observed BH masses are generally lower in light-seed scenarios. The Q3-nod model allows us to
set more stringent bounds than the Q3 model, because the merger rate is higher when there are
no delays between galaxy mergers and BH mergers. Furthermore, the Q3 model failed to allow
for a boson mass exclusion after six months of observations in 12 of the 21 simulations due to its
low merger rate. For any astrophysical models among the three we considered, four years of LISA
observations would allow us to exclude boson masses in the range 4.1 × 10−18 eV to 8 × 10−15 eV.
It is also interesting to address the following question: in the presence of an ultralight
boson, could it be detected? And if so, what is the accuracy with which we could determine its
mass? To answer the first question we identify the mass range where log[O(ms )/Omax ] ≥ −4.5,
again corresponding to a 3-σ confidence level, and then use the simulated events to determine the
accuracy with which ms can be determined. Our results are summarized in Table 4.4. We do
not show results for masses where four years of observations were not enough to claim a boson
detection. In marginal detections (log(Omax ) . 10), only the order of magnitude of the boson
mass could be inferred.
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Tobs [yr]
Model ms [eV]
popIII
10−16
10−15
10−14
10−13
Q3
10−16
10−15
Q3-nod
10−17
10−16
10−15
10−14

0.5
κ
L
–
2.9
1 ± 0.4 7.9
1 ± 0.6 5.4
–
0.64
–
0.91
–
0
–
2.9
1 ± 0.4 17
1 ± 0.5 11
–
1.6

1

2

κ
L
κ
–
4.1 1.06 ± 0.25
1.05 ± 0.21 14 1.06 ± 0.11
1.02 ± 0.15 12 1.05 ± 0.1
–
1.7
1 ± 0.15
–
3.2
–
–
1.9
–
1 ± 0.23
6.5 1.03 ± 0.19
0.99 ± 0.15 47
1 ± 0.08
0.94 ± 0.18 28 0.95 ± 0.1
–
4.2 0.98 ± 0.21

4
L
13
39
31
8.6
4.5
3.6
13
98
65
14

κ
L
1.07 ± 0.12 28
1.08 ± 0.06 90
1.06 ± 0.06 81
1.02 ± 0.1 26
1 ± 0.4
9.7
1 ± 0.4
6.8
1.02 ± 0.13 25
0.97 ± 0.06 200
0.98 ± 0.07 140
0.98 ± 0.13 27

Table 4.4. Median measured boson mass mm
s = κms and median maximum log likelihood L =
log Omax for different BH evolution models, observation times Tobs , and “true” boson masses ms .
For the light-seed popIII model, boson masses in the range [10−16 , 10−13 ] eV could be
confidently detected after four years of observations with measurement errors in ms of 5-10 %.
Model Q3-nod allows for the confident detection of a boson in the mass range [10−17 , 10−14 ] eV
with mass measurement errors of 5-15 %, while the less optimistic model Q3 only allows detections
for bosons with mass in the range [10−16 , 10−15 ] eV, with mass measurement errors of ∼ 40%.
We remark that the biases in the recovered boson masses are sometimes comparable to the
corresponding measurement accuracies: in low-mass (high-mass) seed models we tend to overestimate (underestimate) the boson mass. It is likely that this bias could be reduced with better
modeling of the relevant physics – e.g. by evolving Eqs. (4.17) numerically for each BH from formation until merger – or with a more careful choice of the likelihood function, e.g. by taking the
observed redshift of the system into account in the definition of the threshold line in Eq. (4.62), i.e.
in the likelihood in the presence of bosons. A more detailed analysis of systematic and statistical
errors in recovering the boson masses is an interesting topic for future work.
Figure 4.10 shows resolvable event rates assuming (conservatively) semicoherent searches
for the different astrophysical models discussed in Sec. 4.2 and 4.3. The rates shown include the
confusion noise from the stochastic background of unresolvable boson-condensate sources. Our
models typically predict ∼ 40 (200) events in 121 × 250 hours of total observation time for the
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Figure 4.10. Resolvable events for the same astrophysical models used in sections 4.2 and 4.3.
Shaded areas correspond to exclusion regions from 4-year LISA massive BH spin measurements,
using either the “popIII” (brown) or “Q3-nod” (light blue) models of [91]. For reference we also
show with brackets the constraints that can be placed by spin measurements of massive/stellar-mass
BHs [64, 129].

optimistic models and boson masses in the optimal range around ms ∼ 10−17 eV (3 × 10−13 eV)
for LISA (LIGO). Rates in the less optimistic and pessimistic models decrease by factors of order
unity. However, it is remarkable that a boson with ms ∼ 10−17 eV (3 × 10−13 eV) would produce
around 5 (15) direct LISA (LIGO) detections even for pessimistic astrophysical models.
We also superimpose the result of the Bayesian model selection to show the exclusion
region of the “Regge plane”. As indicated by the shaded areas in Fig. 4.10, a 4-year LISA mission
could rule out boson masses in a range that depends on the assumed BH model ([4.5 × 10−18 , 1.6 ×
10−13 ] for the “light-seed” popIII model, [10−18 , 2.3 × 10−14 ] for the “heavy-seed, no-delay” Q3nod model of [91]). If fields with ms ∈ [10−17 , 10−13 ] eV exist in nature, LISA observations of
BH mergers can measure ms with ten percent accuracy.
Our results indicate that ∼ 15 − 200 resolvable sources should be detectable by AdLIGO
for scalar field masses ms ∼ 3 × 10−13 eV, while LISA should be able to resolve ∼ 5 − 40
sources for ms ∼ 10−17 eV. Moreover, LISA measurements of BH spins may either determine
ms ∈ [10−17 , 10−13 ] eV to within 10% accuracy, or rule out ms ∈ [10−18 , 1.6 × 10−13 ] eV.
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CHAPTER 5
FOLLOW-UP SIGNALS FROM BOSONIC CLOUDS OF MERGER REMNANTS
We have established in the previous chapter that GW astronomy can either detect axion-like
fields, or set stringent bounds on their masses [17, 19, 58, 64, 104, 141–143]. One of the main ideas
behind ultralight boson searches with GW detectors relies on the superradiant instability of rotating
(Kerr) BHs [15, 58]. Astronomical evidence and theoretical predictions suggest that spinning BHs
should be common in the Universe. Thermal continuum fitting and inner disk reflection models
yield observational evidence for the existence of stellar-mass BHs with dimensionless spins as
high as χ ∼ 0.98, but these measurements are affected by systematic uncertainties (see e.g. Fig. 11
of [144] for a comparison of the two methods for six stellar-mass BH systems). Besides, BH
spin estimates using electromagnetic emission depend on accretion. Any studies of superradiant
instabilities using electromagnetic estimates of the spin are inevitably model-dependent, because
both accretion and superradiance change the BH mass and spin.
Fortunately, nature gave us cleaner systems to study superradiant instabilities of rotating
BHs. The ten BBH merger candidates observed so far by the LIGO/Virgo collaboration provide
relatively precise and unbiased measurements of the remnant BH mass M and dimensionless spin
χ [2], which rely only on GR being correct and are unaffected by accretion modeling systematics.
The BH merger remnants observed in the first two LIGO/Virgo observing runs O1 and O2 have
spins 0.66 . χ . 0.81 (cf. Table 5.1), and we know with great accuracy when these rotating BHs
were formed.
This begs the question: if ultralight bosons with 2µM ∼ 1 exist in our Universe, so that
the superradiant instability is effective, is the growth time of the cloud short enough (and is the
superradiant GW signal strong enough) that GW detectors could carry out follow-up observations
of the continuous GWs emitted by the boson cloud/BH system post-merger? This question was
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first raised in Ref. [104] and recently studied in more detail in Ref [143], where it was shown that
future GW detectors such as Cosmic Explorer could detect such sources out to ∼ 10 Gpc, while
AdLIGO at design sensitivity will reach distances of ∼ 100 Mpc. In this chapter we complement
and extend those works by studying in more detail the parameter space that we will be able to
probe with continuous post-merger GW signals emitted by the BH/cloud system. We consider the
expected AdLIGO/Virgo design sensitivity [145] as well as future ground-based detectors that are
expected to be operational in the next few years, including planned technological improvements
within the current LIGO facilities (A+ [146] and Voyager [147]) as well as Cosmic Explorer, a
40 km design requiring new facilities [148].
The chapter is organized as follows. In Sec. 5.1 we briefly review the BH/boson cloud
model and in Sec. 5.2 we make some remarks aboutthe method used to compute the GW signal
emitted by these sources. In Sec. 5.3 we study the parameter space that we will be able to probe
with post-merger GW signals. We also study how a stochastic background from all the unresolved
BH/cloud sources would affect the detection of continuous post-merger GW signals. In Sec. 5.4
we extend previous studies [104] by computing the number of expected BBH mergers that could
lead to a detectable post-merger GW signal for Cosmic Explorer.
Event

M

GW150914 63.1+3.3
−3.0
GW151012 35.7+9.9
−3.8
+6.4
GW151226 20.5−1.5
GW170104 49.1+5.2
−3.9
+3.2
GW170608 17.8−0.7
GW170729 80.3+14.6
−10.2
GW170809 56.4+5.2
−3.7
+3.2
GW170814 53.4−2.4
GW170818 59.8+4.8
−3.8
GW170823 65.6+9.4
−6.6

χ
0.69+0.05
−0.04
+0.13
0.67−0.11
0.74+0.07
−0.05
0.66+0.08
−0.10
+0.04
0.69−0.04
0.81+0.07
−0.13
0.70+0.08
−0.09
+0.07
0.72−0.05
0.67+0.07
−0.08
0.71+0.08
−0.10

Table 5.1. Mass and dimensionless spin of the remnants of BBH merger candidates observed by
the LIGO/Virgo collaboration in the O1 and O2 runs [2].
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5.1 Cloud formation
In what follows we assume a scenario in which a bosonic condensate forms around the
post-merger remnant. We assume that the colliding BHs are not surrounded by a boson cloud prior
to merger. If inspiralling BHs are surrounded by a cloud, level transitions can reduce the size
of the cloud and, in some cases, deplete it well before merger [141]. Therefore, a full numerical
evolution of a BBH system with a cloud surrounding one or both BHs is necessary to determine the
final state of the cloud(s). The overall dynamics of the BH/boson cloud system can be described in
terms of two competing processes: the growth of the cloud due to the superradiant instability, and
its dissipation due to GW emission. These processes can be considered independently, because
they act on very different timescales. For stellar mass BHs, the cloud grows on the superradiant
instability timescale
τinst ∼ 10 yr (M28 µ913 χ)−1 ,

(5.1)

where M2 = M/(102 M ) and µ13 = ms /(10−13 )eV. GW emission, on the other hand, occurs on
the timescale
−1
τGW ∼ 5 × 107 yr (M214 µ15
13 χ) .

(5.2)

These simple analytic expressions for the two timescales can be derived in the limit µM  1, but
they are a fairly good approximation even when µM ∼ 1: cf. Fig. 4.3. Since τGW  τinst , we can
approximate the system to be a cloud that forms quasi-adiabatically on a fixed Kerr background
and use BH perturbation theory to estimate the emitted radiation. Backreaction effects can be
neglected since the mass of the cloud is a small fraction of the BH mass, spread out over a large
spatial volume [17]. The separation in the instability and GW emission timescales allows us to use
equations (4.18) and (4.19) to estimate the mass and spin of the BH merger remnant after the cloud
forms around it, which are then used as input to compute the GW signal.
The growth of the instability is largely governed by the quantity µM , and the value of µM
at which the growth rate is maximized depends on the spin of the BH. For reference, in Fig. 5.1 we
show the value of µM corresponding to the maximum instability growth rate as a function of BH
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Figure 5.1. The value of µM (left y-axis) maximizing the superradiant instability timescale
1/(M ωI ) (right y-axis) of the dominant scalar field mode (` = m = 1) as a function of the
dimensionless BH spin χ. The superradiant instability timescale on the right y-axis is in natural
units. To convert it to seconds, it should be multiplied by GM/c3 (for quick estimates, note that
GM /c3 ≈ 5 × 10−6 s).

spin.
5.2 Gravitational wave emission
We adopt the framework employed in the previous chapter (see also [143] for a detailed
description of the signal morphology) for the computing the GW flux. If the cloud grows much
faster than the duration of the GW signal, the gravitational radiation is predominantly emitted at
constant frequency ω̃ = 2ωR (but see [143, 149] for data analysis methods taking into account
possible frequency drifts). We use the Teukolsky formalism to compute the GWs emitted by the
bosonic cloud that forms around the rotating BH as discussed in Sec. 4.1.1. Gravitational radiation
is encoded in the Newman-Penrose scalar ψ4 , given by Eq. (4.2). We are interested in the behavior
of ψ4 at infinity, since we want to assess the detectability of the signal. The Newman-Penrose
scalar at infinity is related to the two GW polarizations h+ and h× by Eq. (4.13). Through its stressenergy tensor, each mode (ω, `, m) of the scalar field [Eq. (3.26)] acts as a source of quadrupolar
radiation, emitting monochromatic GWs with frequency ω̃ = 2ω, azimuthal number m̃ = 2m,
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and orbital number `˜ ≥ 2` [40]. We will conservatively (and for simplicity) assume that only the
fastest growing scalar mode with ` = m = 1 contributes to the cloud [42]. Following Sec. 4.35,
we can write the GW strain as

H=−

X 2Z ˜∞
`

`˜

ω̃ 2 r

−2 S`˜m̃ω̃ e

i[ω̃(r−t)+m̃ϕ]


−i[ω̃(r−t)−m̃ϕ]
,
+−2 S`−
˜ m̃−ω̃ e

(5.3)

where we wrote Z`˜∞ = Z`˜∞m̃ω̃ for brevity, and we have taken into account the symmetries of the
system with respect to the transformation (ω, m) → (−ω, −m). Since s S`mω (θ) ∈ R when ω ∈ R,
the GW strains in each polarization mode h+ = Re(H) and h× = Im(H) are

h+ = −

X

˜
(`)

h0 {−2 S`˜m̃ω̃ cos [ω̃(r − t) + m̃ϕ + φ`˜]

`˜

+ −2 S`−
˜ m̃−ω̃ cos [ω̃(r − t) + m̃ϕ − φ`˜] ,
X (`)
˜
h0 {−2 S`˜m̃ω̃ sin [ω̃(r − t) + m̃ϕ + φ`˜]
h× = −

(5.4)

`˜

+ −2 S`−
˜ m̃−ω̃ sin [ω̃(r − t) + m̃ϕ − φ`˜] ,

(5.5)

where the angle φ`˜ is the phase of Z`˜∞ and, following [143], we have defined the GW intrinsic
strain amplitude:
˜
(`)

h0 =

2|Z`˜∞ |
.
ω̃ 2 r

(5.6)

Finally, the GW strain measured at the detector is

h = h+ F+ + h× F× ,

(5.7)

where F+,× are antenna pattern functions that depend on the orientation of the detector and the
direction of the source (see e.g. [150] for explicit expressions).
We would like to note here, in case of follow-up signals, we do not angle average over
the pattern antenna pattern functions. This is because we focus on searches directed at well73
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Figure 5.2. Instability timescale for a remnant BH of mass 63 M (the GW150914 remnant mass)
and selected values of the remnant BH spins. The timescale (in years) is plotted as a function of
both the GW frequency (bottom x-axis) and of the boson mass in eV (top x-axis).

localized sources. Therefore, instead of the root-mean-square strain amplitude, we work with the
intrinsic strain amplitude. We also note that, in our estimates we will only consider the gravitational
mode `˜ = 2, which is the dominant GW mode in the parameter space of interest (as discussed in
Sec. 5.2.1)
The superradiant instability must develop fast enough for the GW signal to be detectable
within the observation time of a given GW detector. Figure 5.2 shows the typical instability
timescales associated with cloud growth around a BH of mass 63 M (the GW150914 remnant
mass [151]) for selected values of the BH spins. The cloud formation timescales are plotted as a
function of the scalar field mass (top x-axis) and as a function of the corresponding GW frequency
(bottom x-axis). For a GW150914-like system, the cloud can grow in less than one year only if the
remnant spin χ & 0.5.

74

˜
(`)
Figure 5.3. Left panel: GW intrinsic amplitude h0 r/M [cf. Eq. (5.6)] for the `˜ = 2 (solid lines)
and `˜ = 3 (dashed lines) modes as a function of µM and different selected values of the BH
spin (χ = 0.7 , 0.9 , 0.99). Right panel: GW intrinsic amplitude for the `˜ = 2 and `˜ = 3 modes
computed at the value of µM that maximizes the superradiant instability growth rate (cf. Fig. 5.1).

5.2.1

Effect of higher multipoles on the radiation
The energy levels of the BH/cloud system resemble the familiar structure of the hydrogen

atom in quantum mechanics. Our estimates assume that only the ` = m = 1 mode of the scalar
field gets populated by superradiant instabilities. For this mode, the nonaxisymmetric cloud emits
gravitational radiation in all multipolar components with `˜ ≥ 2` = 2, but fixed m̃ = 2m = 2 [40].
Here we have only included the contribution of the `˜ = 2 mode in our calculations. Here we
show that, for the most important region of the parameter space, the mode with `˜ = 3 and higherorder modes can indeed be neglected. In the left panel of Fig. 5.3 we show the GW intrinsic
amplitude for the `˜ = 2 and `˜ = 3 modes as a function of M µ for selected values of the BH
spin (χ = 0.7 , 0.9 , 0.99). In the right panel we show the contribution of each mode computed
at the value of M µ that maximizes the superradiant instability growth rate as a function of χ (cf.
Fig. 5.1). We do not show modes with `˜ > 3 because they have been shown to be subdominant
relative to the ˜l = 2 and ˜l = 3 modes for any value of the BH spin and M µ [40]. The emission
is dominated by the `˜ = 2 mode up to M µ ' 0.35 and spins ∼ 0.95. On the other hand ˜l = 3
becomes important, and in fact dominates the emission, for spins χ & 0.95 and M µ & 0.35.
However, it is extremely unlikely for BH mergers to produce remnants with spins higher than 0.95
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unless the binary mass ratio is extremely large [75], therefore our restriction to the `˜ = 2 mode is
justified.
We remark in closing that our GW emissions estimates are conservative, because including high-order modes would yield higher GW amplitudes, at the cost of complicating both the
theoretical analysis and signal searches.
5.3 Detection prospects and constraints on the boson mass
Having laid down our framework to compute the GW signal from a BH/boson cloud system, let us now assess the parameter space for which these signals would be detectable by present
and future detectors, including AdLIGO, A+, Voyager and Cosmic Explorer. For long-lived signals, such as the ones we are interested in, it is usually preferable to use a semi-coherent search
method. In particular, when the source parameters are uncertain or not known a priori, the search
spans a broad frequency band which makes a fully coherent search computationally prohibitive. In
semi-coherent search methods, the signal is first divided into N segments of fixed length Tcoh , such
that the total observation time is N × Tcoh . Semi-coherent search methods specifically aimed at
BH/cloud systems have recently been proposed [143, 149]. In particular, Ref. [143] estimated the
upper limit on the GW strain amplitude necessary for detection. For signals with well-known sky
locations, but unknown inclination and polarization angle, the 95%-confidence strain upper limit
is roughly given by
h95%
≈
0

25
N 1/4

s

Sh (f )
,
Nifo Tcoh

(5.8)

for a network of Nifo detectors with comparable power spectral density (PSD) Sh (f ) at the signal
frequency. We conservatively assume Nifo = 1. As done in [143] we will consider boson signals
or higher. Ideally, the coherent time of
detectable if they reach an intrinsic amplitude of h95%
0
integration Tcoh would be chosen case-by-case such that, over a time Tcoh , the frequency varies
by at most ∼ 1/Tcoh [143]. However, the frequency drift of these signals – due to the cloud’s
self-gravity and possible axion self-interaction – is poorly known, although it is expected to be
very small for most of the parameter space [64, 143]. To facilitate comparisons with previous
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studies [104] we set Tcoh = 10 days.
In the first two observing runs, the LIGO/Virgo collaboration detected ten BBH merger
candidates [2]. The masses and spins of the merger remnants are listed in Table 5.1. The merger
of intermediate-mass BHs is also an important target for LIGO/Virgo searches [152, 153] and,
as shown in [143], the most promising source of continuous post-merger GWs from BHs surrounded by bosonic clouds. Therefore we consider merger remnants with masses in the range
[10, 1000] M . The upper limit in BH mass is motivated by the low-frequency cutoff of the detectors, that we assume to be at 10 Hz. In this range of BH masses we can probe about two orders
of magnitude in boson masses, as we show below. All merger remnants observed by AdLIGO so

Figure 5.4. Relative intrinsic amplitude above the 95%-confidence strain upper limit at AdLIGO,
A+, Voyager and Cosmic Explorer for GW signals from BHs with spin χ = 0.7 at redshift z = 0.1
and detector-frame mass in the range [10, 1000] M . We choose the boson mass such that M µ
using a coherent observation time Tcoh =
maximizes the intrinsic amplitude, and we compute h95%
0
10 days and a number of segments such that the total observation time is 2 years.

far have dimensionless spins in the range 0.66 . χ . 0.81 and source-frame masses in the range
17.8M

. M . 80.3M , as seen in Table 5.1. The superradiant instability grows at the ex-

pense of the rotational energy of the BH, so higher masses and higher BH spins (as in the recently
announced GW170729) favor the growth of a cloud and yield a larger GW amplitude.
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For illustration, in Fig. 5.4 we show that for χ = 0.7, none of the current and planned
detectors could detect the signal from the cloud for a GW150914-like event1 with M . 70 M at
z = 0.1 (or luminosity distance DL ∼ 475 Mpc) in two years of observation with Tcoh = 10 days.
Cosmic Explorer could detect signals from remnants with spin χ ∼ 0.7 and redshift z = 0.1,
but only for source-frame masses & 150M . These results are consistent with Ref. [143]. With

Figure 5.5. Contour plot in the (M, ms ) plane (where M is the detector-frame BH mass) of
BH/cloud signals at z = 0.1 that would detectable by Cosmic Explorer. We consider a semicoherent search with Tcoh = 10 days and different observation times (indicated by the different
colors) with (dashed) and without (solid) self-confusion noise. Our estimate of the self-confusion
noise is described in the main text. For all plots we consider superradiant instabilities that grow
within 30 days. The four panels correspond to different BH spins χ, as indicated in the legend.
these considerations in mind, we look more closely at the parameter space that could be probed
1

Despite the higher mass and spin of the remnant of GW170729, its follow-up signals have a lower signal-to-noise
ratio compared to those of GW150914, due to its much larger redshift.
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by Cosmic Explorer. In Fig. 5.5 we consider Cosmic Explorer sources at redshift z = 0.1 with
selected dimensionless birth spins (χ = 0.8, 0.85, 0.9, 0.95), and we show contours corresponding
to the region where the signal would be detectable in the (M, ms ) plane, where M is the detectorframe BH mass. For any M , the upper limit on ms (or µ) corresponds to the value of µM at which
the instability cuts off; the lower bound corresponds to an instability growth time of 30 days.2
This plot can be interpreted in two ways: once a BBH merger is observed and the remnant
mass M is known, one can read off from this plot the minimum observation time that would
be required to detect a superradiant signal for boson masses in the range shown in the figure.
Alternatively, in the absence of a detection, the plot shows the range of boson masses that can be
ruled out. The strain amplitude is obviously higher for sources at a lower redshift, hence a larger

Figure 5.6. Same as Fig. 5.5 for a system with BH spin χ = 0.8 detected at smaller redshift
(z = 0.05).

part of the parameter space would be detectable for the same observation time. For illustration, in
Fig. 5.6 we show how the contour plot would change for events with χ = 0.8 (corresponding to
the top-left panel of Fig. 5.5) detected at redshift z = 0.05.
2

The limits would not change significantly had we chosen larger values for the instability timescale, because the
strain amplitude drops very rapidly for small values of µM [143].
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5.3.1

Self-confusion noise from a stochastic background
So far we have considered instrumental noise as the only noise source. However, if light

scalar fields exist, signals which are too faint to be individually resolved could contribute to a
stochastic background, which could be strong enough to be a source of confusion noise (especially
for future detectors), as we discuss in the next chapter.
Here we use the estimates of the stochastic background that will be shown in the next
chapter. Most of the background is produced by isolated BHs, therefore we neglect the contribution from BBH mergers. We also neglect the astrophysical background from other sources, such
compact binaries or continuous waves from neutron stars, since those are expected to be much
smaller than the background from boson clouds in the relevant frequency range: compare Fig. 6
of [154] with Fig. 6.3. To be conservative, we maximize the background contribution by adopting

Figure 5.7. Stochastic background fluxes (in color) plotted over the noise PSD (in black) for the
different detectors.

the most optimistic spin magnitude distribution (i.e., we assume that spin magnitudes are uniformly
distributed in the range χ ∈ [0.8, 1]). The background’s energy spectrum can be translated to a
spectral density – cf. Eq. (3) of [155] – that we add to the instrumental PSD in order to estimate the
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χ = 0.85

Detector

M (M )
–
AdLIGO
–

χ = 0.9

χ = 0.95

ms (10−13 eV)
–
–

M (M )
–
–

ms (10−13 eV)
–
–

M (M )
280
(280)

ms (10−13 eV)
1.50 – 1.59
(1.51 – 1.58)

A+

–
–

–
–

260
(260)

1.49 – 1.53
(1.50 – 1.51)

110
(140)

3.82 – 4.04
(2.99 – 3.16)

Voyager

200
(210)

1.72 – 1.82
(1.62 – 1.74)

100
(140)

3.70 – 4.04
(2.58 – 2.88)

60
(70)

6.53 – 7.64
(6.00 – 6.35)

Table 5.2. Range of boson masses that can be probed by AdLIGO, A+ and Voyager for boson
clouds that grow within 30 days at redshift z = 0.1, assuming a semi-coherent search with Tcoh =
10 days and an observation time of 2 years. Only spins χ & 0.8 lead to detectable signals. BH
masses are solar mass units, while boson masses are in units of 10−13 eV. Values in parentheses
include self-confusion noise, which is estimated as described in the main text.

full noise, in analogy with the familiar galactic white dwarf binaries confusion noise in the LISA
band [156].
As shown in Fig. 5.7, the confusion noise background effectively increases the noise PSD
of the detector within a frequency range that depends on the boson mass. The background is
not expected to have a large impact on the noise budget for AdLIGO and A+, but it could become
significant for Voyager and Cosmic Explorer at frequencies ∼ 30–300 Hz, corresponding to bosons
in the mass range ∼ 10−12 –10−12.75 eV. This additional noise source can significantly impact our
ability to perform follow-up searches from BH/cloud remnants. By comparing the solid and dashed
lines in Fig. 5.5, we see that the background could significantly lower detection prospects for clouds
that form around BHs with detector-frame masses M . 100M and spins χ . 0.85.
In Table 5.2 we list the range of detectable boson masses for AdLIGO, A+ and Voyager for
boson clouds that grow within 30 days. at redshift z = 0.1. For this table we assume an observation
time of 2 years and Tcoh = 10 days. For each detector and for each value of χ we list the lowest
BH mass that would be detectable and the corresponding boson mass range. For AdLIGO and A+
there is also an upper limit on the detectable BH mass (770M for AdLIGO when χ = 0.95, and
770M for A+ when χ = 0.9). This is due to the lower sensitivity of these detectors at frequencies
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∼ 10 Hz. Table 5.2 also illustrates the effect of the stochastic background. As expected, the
confusion noise hardly affects the results for AdLIGO. For both AdLIGO and A+, the only sources
that can be detected are clouds that form around highly-spinning intermediate-mass BHs. Voyager
may be able to detect superradiant instabilities of BHs with masses M . 100M , but only if they
are highly spinning. These results are consistent with Ref. [143].
5.4 Detection rates
How many BBH merger remnants could emit observable post-merger GW signals due to
the growth of a boson cloud? Under optimistic assumptions and using analytical approximations
to the GW amplitude, Ref. [104] estimated that Cosmic Explorer could see & 100 such events
from scalar clouds (see also Ref. [19] for similar estimates for vector fields). Here we revisit those
estimates using numerical calculations of the GW strain and exploring the impact of astrophysical
assumptions on the BH mass and spin distributions. We focus on Cosmic Explorer, since (as shown
above and in [104]) detection prospects for AdLIGO, A+ and Voyager are not very promising.
We estimate the number of merger events that emit detectable long-lived GWs using [126]
Z
N = Tobs

4πc

d2 ṅ dt 2
D dzdM dχ ,
dM dχ dz c

(5.9)

h0 >h95%
0

where
1
dt
√
=
,
dz
H0 ∆(1 + z)

(5.10)

is the derivative of the lookback time with respect to redshift, and Dc is the comoving distance.
To compute d2 ṅ/dM dχ we assume that the merger rate is independent of the BH mass
and spin, such that d2 ṅ/dM dχ = R(z)P (M )P (χ), with R(z) the total merger rate per comoving
volume per year and P (M ), P (χ) represent the distribution of the remnant’s source frame mass
and spin, respectively. For the total comoving merger rate we use the estimates of Ref. [157]3
3

The majority of the mergers that produce a detectable signal have redshifts z . 1. Up to redshift z = 1 the total
comoving merger rate computed in [157] is nearly independent on the specific astrophysical model and is very well
described by R(z) ∝ (1 + z)1.4 .
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normalized to R(0) = 50 Gpc−3 yr−1 , according to LIGO and Virgo’s observed local rate [158].4
For the distribution of the progenitor’s source-frame masses, m1 and m2 , with m1 > m2 ,
we adopt two different prescriptions:
(i) Following the LIGO-Virgo Scientific Collaboration [131], we use a power-law distribution
P (m1 ) ∝ mα1 θ(m1 − 5 M ), where θ represents the Heaviside step function. We use a spectral index α = −2.35 for the primary BH, while the secondary mass is uniformly distributed
in m2 ∈ [5 M , m1 ]. For this distribution we impose an upper mass limit m1 < 50 M . For
short we call this model the power-law or “PL” model.
(ii) We also use a distribution for the primary component given by P (m1 ) ∝ mα1 e−m1 /mcap θ(m1 −
5 M ), with mcap = 60 M [159], and the the secondary mass is uniformly distributed in
m2 ∈ [5 M , m1 ]. For this distribution we do not impose an upper mass limit, therefore this
distribution allows to study the impact of the possible existence of remnants with masses
above 100M . For short we call this model the exponentially suppressed or “ES” model.
The 50 M upper BH mass limit that we impose in the first model is consistent with LIGO’s
observations and it excludes the detection of remnant BHs with masses above 100M . This distribution is realistic since pair instability and pulsation pair instability in massive helium cores may
inhibit the formation of BHs with masses above ∼ 50 M [160]. However, progenitors formed
through previous BH mergers can have masses above 50 M [73, 74]. Mergers involving secondgeneration BHs could occur in dense stellar environments [161–163]. BHs with masses above
200M can have a Population III origin, but merger rates for those BHs are expected to be very
small in the local Universe [126, 164].
We assume the dimensionless spin magnitudes to be uniformly distributed in the range
[0, 1] for both BHs, and we consider two different prescriptions for their orientations:
(i) “Isotropic” model: The spin directions are isotropically distributed, as expected for BH binaries produced in dense stellar environments [165]. This case tends to produce remnant
4

The 90% credible interval for the local merger rate measured after the first and second observing runs of AdLIGO
+55.6
and Advanced Virgo is 52.9−27
Gpc−3 yr−1 [158].
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BHs with spin magnitudes around χ ∼ 0.7 [73–75] and is therefore somewhat pessimistic.
(ii) “Aligned” model: We assume the spins to be aligned with the orbital angular momentum, as
typically expected for field binaries (see [166] for a comprehensive study of spin orientations
in this scenario). This model tends to produce more BHs with spin χ & 0.7, and is therefore
more optimistic.
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Figure 5.8. Merger events that could have detectable post-merger GW signals without (left panel)
and with (right panel) self-confusion noise for Cosmic Explorer, assuming Tcoh = 10 days and one
year of continuous observation time. The different curves correspond to different astrophysical
assumptions on the progenitor masses and spins, as described in the main text. The dashed black
line marks the threshold to have at least one observable event within one year of observation.
To estimate the number of detectable events, we first draw the progenitor properties as
outlined above, and then we compute the distributions of the mass and spin of the merger remnant
using numerical relativity fitting formulas [167, 168]. The number of events can then be obtained
using Eq. (5.9). Our results for a coherent integration time of Tcoh = 10 days and one year of
continuous observation time are shown in Fig. 5.8. Detection prospects for follow-up searches are
considerably better for the aligned-spin distribution, because larger remnant spins generate postmerger GWs with larger intrinsic strain amplitudes. In addition, due to the ∼ 100M upper limit
in the remnant’s mass, the power-law model does not predict any event for bosons with masses
ms . 3 × 10−13 . We obtain slightly smaller event rates than Ref. [104], probably because we use a
numerical calculation of the GW strain amplitude and more realistic assumptions on the BH mass
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and spin distributions (in [104] the progenitor BHs were assumed to have equal, aligned initial
spins and equal masses, yielding a larger fraction of remnant BHs with spins χ > 0.7).
As pointed out in the previous section, the existence of a stochastic background from unresolved sources could produce a “self-confusion noise” and significantly reduce the rates, especially
in the range of masses around ms ∼ 3 × 10−13 (cf. the right panel of Fig. 5.8). Here we have used
a very optimistic scenario for the amplitude of the stochastic background, as described in the previous section. The real impact of the stochastic background will likely range somewhere between
the two panels shown in Fig. 5.8, depending on the astrophysical spin distribution of invidual BHs.
As in [19, 104], we have assumed that superradiance does not operate during the early evolution of the binary. If superradiance is effective before merger and the cloud completely dissipates
before merger, the binary members will have small spin and the remnant BH spin distribution will
be highly peaked around χ ∼ 0.68 [169, 170], so few merger remnants will have large enough
spin to produce a detectable signal [104]. If one or both of the progenitor BHs are surrounded by
a cloud, a full numerical evolution is necessary to determine the final state of the cloud(s) and its
impact on the post-merger GW emission (but see [141] for analytical estimates).
We have studied the parameter space that could be probed by GWs emitted by a cloud of
ultralight bosons around a BBH merger remnant at current and future ground-based GW detectors.
We have shown that the prospects for future ground-based GW detectors are much more promising
than current ground-based detectors. We note that the range of scalar field masses that can be
probed overlaps with the range of masses that could be detected/constrained by all-sky searches
for continuous GWs from isolated BHs and stochastic background searches. However, constraints
from a follow-up search would be independent of the assumptions made on the BH population, and
therefore very robust against astrophysical uncertainties. In addition, a detection from a follow-up
search would be a conclusive confirmation that the signal is emitted by a superradiant source, and
therefore such a search would be complementary to observations from other channels. In the most
optimistic scenario, we expect Cosmic Explorer to detect dozens of BBH mergers that would be
ideal candidates to detect ultralight scalar fields, if they exist.
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CHAPTER 6
STOCHASTIC GRAVITATIONAL BACKGROUND FROM BOSON CLOUDS
In the last two chapters, we discussed in detail, the detectability of superradiant instabilities
of rotating BHs. We mentioned the existence of a stochastic background from all the unresolvable
events and also accounted for that noise in assessing the detectability of the resolvable sources.
In this chapter we discuss in detail, the calculation of the stochastic background, the prospects
for detecting this background by AdLIGO and LISA, and the astrophysical significance of the
background.
Recall that the instability occurs in two stages [17]. In the first (linear) phase the condensate grows on a timescale τinst , that depends on the quantity µM , until the superradiant condition is nearly saturated. In the second (nonlinear) phase GW emission governs the evolution
of the condensate, which is dissipated over a timescale τGW that depends on its mass MS and
on the GW emission rate. These two timescales can be computed analytically when µM  1:
cf. (4.24) and (4.25) for massive BHs and (5.1) and (5.2) for stellar mass BHs. Since τGW 
τinst  M , the condensate has enough time to grow, and the evolution of the system can be
studied in a quasi-adiabatic approximation [17] using Teukolsky’s formalism [40, 54]. The field’s
stress-energy tensor is typically small, thus its backreaction is negligible [17, 20].
Over the emission timescale (which in most cases is much longer that the observation time
Tobs ), the GWs are nearly monochromatic, with frequency fs = ωR /π ∼ µ/π. As such, BH-boson
condensates are continuous sources, like pulsars for LIGO or verification binaries for LISA. As
usual, we conservatively assume that GWs are produced after saturation of the instability, which
leads the BH from an initial state (Mi , Ji ) to a final state (M, J), and we thus compute the rootmean-square strain amplitude h using Eq. (4.36). As shown in chapter 4, MS scales linearly with
Ji , so h also grows with Ji . For LISA, we also take into account correction factors due to the
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Figure 6.1. GW strain produced by BH-boson condensates compared to the AdLIGO PSD at
design sensitivity [80] and to the non-sky averaged LISA PSD [79] (black thick curves), assuming
a coherent observation time of Tobs = 4 yr in both cases. Nearly vertical lines represent BHs with
initial spin χi = 0.9. Each line corresponds to a single source at redshift z ∈ (0.001, 3.001) (from
right to left, in steps of δz = 0.2), and different colors correspond to different boson masses ms .
Thin lines show the stochastic background produced by the whole population of astrophysical BHs
under optimistic assumptions (cf. main text for details). The PSD of DECIGO [171] (dashed line)
is also shown for reference.

detector geometry [87]. In the detector frame, Eq. (4.36) still holds if the masses M and MS
are multiplied by (1 + z), r is replaced by the luminosity distance, and the frequency is replaced
by the detector-frame frequency f = fs /(1 + z). Nevertheless, one needs to use detector-frame
frequencies when comparing to the detector sensitivity.
In Fig. 6.1 we compare the GW strain of Eq. (4.36) with the PSDs of LISA and AdLIGO
at design sensitivity. The GW strain increases almost vertically as a function of ωR ' µ in the
superradiant range (0, ΩH ). Thin solid curves correspond to the stochastic background from the
whole BH population, for a boson mass ms . This background produces a “confusion noise” when
ms ≈ [10−18 , 10−16 ] eV, complicating the detection of individual sources. Figure 6.1 suggests that
bosons with masses 10−19 eV . ms . 10−11 eV (with a small gap around ms ∼ 10−14 eV, which
might be filled by DECIGO [171]) could be detectable by LIGO and LISA. Below we quantify
this expectation. Assessing the detectability of these signals requires astrophysical models for BH
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populations. For LISA sources, the main uncertainties concern the mass and spin distribution of
isolated BHs, the model for their high-redshift seeds, and their accretion and merger history. We
adopt the same populations of [77, 91], which were based on the semianalytic galaxy formation
calculations of [90] (see also [76, 95, 96]).
6.1

Stochastic background
In addition to individually resolvable sources, a population of massive BH-boson conden-

sates at cosmological distances can build up a detectable stochastic background. This possibility
is potentially very interesting, given the spread in BH masses (and, hence, in boson masses that
would yield an instability) characterizing the BH population at different redshifts, but to the best
of our knowledge it has not been explored in the existing literature.
The stochastic background produced by BH-boson condensates is given by an integral over
unresolved sources – those with signal-to-noise ratio (SNR) ρ < 8 – of the formation rate density
per comoving volume ṅ [172]:
f
ΩGW (f ) =
ρc

Z
dz

dt
dEs
ṅ(M, χ, z)
,
dz
dfs

(6.1)

ρ<8

where ρc = 3H02 /(8π) ≈ 1.3 × 1011 M /Mpc3 is the critical density of the Universe, dt/dz is the
derivative of the lookback time t(z) with respect to z, dEs /dfs is the energy spectrum in the source
frame, and f is the detector-frame frequency. For extragalactic stellar mass BHs (which are sources
for LIGO), we calculate d2 ṅ/dM dχ based on the model of Sec. 4.3, while for LISA sources we
use the model of Sec. 4.2 to obtain d2 n/dM dχ, and then (as we did for the resolved sources)
we assume d2 ṅ/dM dχ = (1/t0 )(d2 n/dM dχ). As before, this corresponds to the conservative
assumption that formation of boson condensates occurs only once in the cosmic history of each
massive BH.
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We compute the energy spectrum as
dEs
≈ EGW δ(f (1 + z) − fs ) ,
dfs

(6.2)

where we recall that fs is the frequency of the signal in the source frame, EGW is the total energy
radiated by the boson cloud in GWs during the signal duration ∆t, and the Dirac delta is “spread
out” over a frequency window of size ∼ max[1/(∆t(1 + z)), 1/Tobs ] to account for the finite signal
duration and the finite frequency resolution of the detector. For LIGO we can safely neglect the
effect of mergers [73, 74] and accretion [67] and use ∆t = min (τGW , t0 ) [cf. Eq. (4.23)]. For
LISA, we conservatively assume that mergers and accretion cut the signal short, and thus define
the signal duration as ∆t = hmin (τGW /(Nm + 1), tS , t0 )i, where τGW is given by Eq. (4.25);
tS = 4.5 × 108 yr η/[fEdd (1 − η)] is the typical accretion “Salpeter” timescale, which depends on
the Eddington ratio fEdd and on the spin-dependent radiative efficiency η; h...i denotes an average
weighted by the Eddington-ratio probability distribution; and Nm , as usual, is the average number
of mergers in the interval [t(z) − 21 τGW , t(z) + 12 τGW ]. Moreover, since our calculation assumes
that the instability saturates before GW emission takes place, our stochastic background calculation
only includes BHs for which the expected number of mergers during the instability timescale is
Nm < 1, and for which τinst < ∆t (thus ensuring that the instability timescale is shorter than the
typical accretion and merger timescales).
The total energy emitted by the boson cloud during the signal duration ∆t can be estimated
by integrating the GW energy flux given by Eq. (4.21). Using Eq. (4.22) we have
dEGW
dẼ MS2
MSmax τGW
,
=
=
dt
dt Mf2
(t + τGW )2

(6.3)

and by integrating over a time ∆t we get
Z∆t
EGW =

dt

MSmax ∆t
dEGW
=
.
dt
∆t + τGW

0
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(6.4)

Figure 6.2. Average fraction of mass of an isolated BH emitted by the bosonic cloud for the
optimistic models.

The order of magnitude of the stochastic background can be estimated by computing the
mass fraction of an isolated BH that is emitted by the boson cloud through GWs. This can be
defined as
fax =

EGW
,
Mi

(6.5)

where we recall that Mi is the initial mass of the BH. In Fig. 6.2 we show the average fax , weighted
by the BH population, for our most optimistic models. In the LIGO and LISA band fax can be order
O(1%), leading to a very large stochastic background.
Note that Eq. (6.1) cannot be applied to Galactic BHs which emit in the LIGO band, because it implicitly assumes that the number density of sources, d2 ṅ/dM dχ, is homogeneous and
isotropic. That assumption is clearly invalid for Galactic BHs [cf. Eq. (4.51)]. However, in this
case we can simply sum the GW densities produced by the Galactic BH population at the position of the detector. These densities are simply given by ρgw = Ė/(4πr2 ) = (5/4)πfs2 h2 [cf.
Eq. (4.35)], r being the distance from the source to the detector. (Note that we neglect redshift
and cosmological effects, since those are negligible inside the Galaxy.) Therefore, the GW en90

ergy density per (logarithmic) unit of frequency coming from each BH in the Galaxy is simply
dρgw /d ln f ≈ (5/4)πfs2 h2 δ(ln f − ln fs ), where the Dirac delta is “spread out” over a frequency
window of size ∼ max[1/∆t, 1/Tobs ] to account for the finite duration of the signal and the finite
frequency resolution of the detector. Therefore, the contribution to the stochastic background from
the population of Galactic BHs can be written as
1
Ωgw (f ) =
ρc

Z
dM dV

dnMW ∆t dρgw
.
dM t0 d ln f

(6.6)

Here dV denotes a volume integration over the Galaxy, and ∆t/t0 is again a duty cycle (i.e., we
assume that Galactic BHs emit via boson condensates only once in their cosmic history).
The order of magnitude of the stochastic background shown in Fig. 6.3 can be estimated by
a simple back-of-the-envelope calculation. The average mass fraction of an isolated BH emitted by
the boson cloud is fax ∼ O(1%). Because the signal is almost monochromatic, the emitted GWs
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Figure 6.3. Stochastic background in the LIGO and LISA bands. For LISA, the three different
signals correspond to the “optimistic” (top), “less optimistic” (middle) and “pessimistic” (bottom)
astrophysical models. For LIGO, the different spectra for each boson mass correspond to a uniform
spin distribution with (from top to bottom) χi ∈ [0.8, 1], [0.5, 1], [0, 1] and [0, 0.5]. The black lines
are the power-law integrated curves of [155], computed using noise PSDs for LISA [79], LIGO’s
first two observing runs (O1 and O2), and LIGO at design sensitivity (O5) [173]. By definition,
ρstoch > 1 (ρstoch = 1) when a power-law spectrum intersects (is tangent to) a power-law integrated
curve.
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in the detector frame span about a decade in frequency, i.e. ∆ ln f ∼ 1 for both LISA and LIGO
(cf. Fig. 6.3). Thus,

ΩGW, ax =

1
ρc



dρGW
d ln f


∼

fax ρBH
,
ρc

(6.7)

where ρGW and ρBH are the GW and BH energy density, respectively. Since the BH mass density
is
ρBH ∼ O(104 )M /Mpc3

(6.8)

−9
in the mass range 104 − 107 M relevant for LISA, this yields ΩLISA
GW, ax ∼ 10 . For LIGO, the

background of GWs from BH binaries can be approximated as

ΩGW, bin ∼ fGW fm

ρBH
,
ρc

(6.9)

where fGW ∼ O(1%) is the binary’s mass fraction emitted in GWs [168], and fm ∼ O(1%) [114]
is the fraction of stellar-mass BHs in binaries that merge in less than t0 . Therefore
fax
ΩGW, ax
∼
∼ 102 .
ΩGW, bin
fGW fm

(6.10)

Since the O1 results imply peak background values ΩGW, bin ∼ 10−9 − 10−8 [173, 174] (or larger if
−7
−6
spins are included), we obtain ΩLIGO
GW, ax ∼ 10 −10 . These estimates are in qualitative agreement

with the of Fig. 6.3.
6.1.1

SNR of the background
To compute the SNR for the stochastic background we use

ρstoch

v
u
fZmax
u
Ω2
u
.
= tTobs
df GW
Ω2sens

(6.11)

fmin

For LISA we have [175]
Ωsens = Sh (f )
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2π 2 3
f ,
3H02

(6.12)

while for LIGO [176]
Ωsens = √

Sh (f ) 2π 2 3
f ,
2ΓIJ (f ) 3H02

(6.13)

where LIGO’s noise power spectral density Sh (f ) is assumed to be the same for both Livingston
√
and Hanford, and ΓIJ is the overlap reduction function as defined in [155]. Notice the 1/ 2 factor
in Ωsens for LIGO compared to LISA, due to the use of data from two detectors instead of one.
As shown in Fig. 6.4, the SNR for this stochastic signal can be very high. Since the galactic
background only contributes to the full spectrum in a very narrow frequency window around fs ,
the contribution of the extragalactic background to the SNR largely dominates. When computing
the background for LISA we assumed the semianalytic accretion model (C.1). Considering the
most pessimistic accretion model (C.3) lowers the maximum SNR by at most a factor two.
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Figure 6.4. SNR of the backgrounds at LIGO and LISA; three lines correspond to “optimistic”
(top), “less optimistic” (middle) and “pessimistic” (bottom) astrophysical models as described in
Fig. 6.3. We assumed Tobs = 2 yr for LIGO and Tobs = 4 yr for LISA.

Remarkably, ρstoch (Fig. 6.4) can be very high. For optimistic astrophysical models, boson
masses in the range 2 × 10−13 eV . ms . 10−12 eV (5 × 10−19 eV . ms . 5 × 10−16 eV)
yield ρstoch > 8 with LIGO (LISA). Our estimates suggest that, for the most pessimistic model
and masses around ms ≈ 3 × 10−12 eV, the background would have SNR ≈ 1.2 using our simple
analytic estimate of the LIGO O1 sensitivity, thus being only marginally allowed by current LIGO
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O1 upper limits [174]. Our conclusions should be validated by a careful data analysis of the
stochastic background in LIGO O1 and O2. In particular, current upper limits on the stochastic
background assume that the spectrum can be described by a power law in the LIGO range [174],
which is not the case for the backgrounds computed here.
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CHAPTER 7
CONCLUSIONS
The advent of the GW era has opened up opportunities to look for sources that can provide
clues to new particles and improve our understanding of BH spacetimes. Here, we have discussed
one of these strong-field probes: superradiant instabilities. We studied in detail this problem for a
scalar field using BH perturbation theory, and computed the GWs emitted by these sources.
We assessed the detectability of light-boson condensates around BHs with GW interferometers combining the best available estimates for GW emission from these systems, state-of- the-art
astrophysical BH population models, and relatively realistic GW data analysis techniques. LIGO
is sensitive to boson masses in the range ms ∈ [10−11 − 10−14 ], and LISA is sensitive to the range
ms ∈ [10−15 − 10−19 ].
We find that, for both AdLIGO and LISA, the most stringent constraints on the boson mass
ms should come from the stochastic background produced by the superposition of unresolved GW
signals from BH-boson condensate systems. We show that this background should be detectable
by AdLIGO for ms ∈ [2 × 10−13 , 10−12 ] eV, and by LISA for ms ∈ [5 × 10−19 , 5 × 10−16 ] eV.
We also find that existing constraints on the stochastic background from Advanced LIGO’s O1
run may already rule out a range of boson masses in the AdLIGO window. Although the precise
constrained regions depend on the astrophysical model, the order of magnitude of the stochastic
background is robust with respect to astrophysical uncertainties, as shown in Fig. 6.3
Our results also indicate that ∼ 15 − 200 resolvable sources should be detectable by
AdLIGO for scalar field masses ms ∼ 3×10−13 eV, while LISA should be able to resolve ∼ 5−40
sources for ms ∼ 10−17 eV. The analysis of the statistical error affecting GW measurements of BH
spins in the LISA band and our use of Bayesian model selection techniques (while far from realistic) are a step forward with respect to the estimates of [104], and they lead to one of the most
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remarkable conclusions of our work. As shown schematically in Fig. 4.7, LISA could either rule
out light bosons in the mass range [4 × 10−18 , 10−14 ] eV, or measure ms with ten percent accuracy
if particles in the mass range [10−17 , 10−13 ] eV exist in Nature.
Some of our conclusions differ from previous work on this topic by Arvanitaki et al. [64,
104], which neglected the stochastic background from boson condensates in the LISA and in the
LIGO band, focusing on resolved events. This had the two-fold effect of (i) missing the strong
constraints (summarized above) from existing and projected stochastic background limits, and
(ii) missing the “self-confusion” problem, i.e. the fact that the stochastic background itself is a
confusion noise (similar to the familiar white dwarf confusion noise in the LISA band), impairing
the detectability of individual sources.
Another important difference with respect to Arvanitaki et al. [64, 104] lies in our astrophysical models. Refs. [64, 104] focused on Galactic BHs as resolvable LIGO sources. This is
probably the main reason why they overlooked the presence of a significant stochastic background,
which is mostly produced by extragalactic BHs. Likewise, the lower LISA event rates found by
[64] (in spite of their neglecting the aforementioned confusion noise from the background) seem
to be due to their simplified (and overly pessimistic) models for the massive BH population. For
example, Ref. [64] considered the chaotic accretion model of [177], where BHs with large spins
are unlikely. Such models are either disfavored or ruled out (depending on the assumed spin distribution) by iron Kα line data [76].
We anticipate that pulsar-timing arrays [178–182], though sensitive to the stochastic GW
background in the nHz band, may not set stringent constraints on the masses of ultralight bosons.
The reason lies in the very large instability and gravitational radiation time scales for bosons masses
in the nHz band and in the paucity of massive BHs with masses M & 1010 M [183, 184], which
would be required to produce a significant background from BH-boson condensates. Conversely,
an interferometer like DECIGO [171] would allow one to put constraints on boson masses ms ∼
10−14 eV.
We have studied the parameter space that could be probed by GWs emitted by a cloud
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of ultralight bosons around a binary BH merger remnant at current and future ground-based GW
detectors. Although most sources are expected to be too far away for these sources to be detectable
by current ground-based GW detectors, we have shown that the prospects for future ground-based
GW detectors are much more promising. We note that the range of scalar field masses that can be
probed overlaps with the range of masses that could be detected/constrained by all-sky searches
for continuous GWs from isolated BHs ([64] and our work) and stochastic background searches.
However, constraints from a follow-up search would be independent of the assumptions made on
the BH population, and therefore very robust against astrophysical uncertainties. In addition, a
detection from a follow-up search would be a conclusive confirmation that the signal is emitted
by a superradiant source, and therefore such a search would be complementary to observations
from other channels. We have shown that, in the most optimistic scenario, we may expect Cosmic
Explorer to detect dozens of binary BH mergers that would be ideal candidates to either detect or
constrain the existence of ultralight scalar fields.
The future generation of Earth-based detectors has the potential to detect follow-up signals
from BBH merger remnants. The detection of a stochastic background may be possible with both
present (Earth-based) and future (space-based) detectors. Together, GW detectors will allow for
multiband GW searches of ultralight bosons in the range [10−19 − 10−10 ] eV.
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