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ABSTRACT .
MATTHEW J. STEPHENSON: a-Representability of Vector Lattices

(Under the direction of Gerard Buskes)

The primary topic of this thesis is representation of vector lattices. The related theory
of Boolean algebras is used as a tool to this end. In [1], Brown and Nakano present a
theorem that establishes what we will call o-representability for vector lattices in this
thesis. We cast their proof in the light of the Boolean algebra of bands. Consequently,
we show that it is the Loomis-Sikorski Theorem which makes their proof work. We
then exploit this insight to study a-representability for greater cardinal numbers c.
A primary goal of this thesis is to be self-contained. As a result of this, the bulk of
the text introduces definitions and theorems, as presented by other authors. We have
liberally used existing theorems and proofs and give credit when ideas and/or exact
proofs are borrowed. The novelty in our approach comes in connecting the work of
Brown and Nakano with the Loomis-Sikorski Theorem and isolating our definition of

a-representability.
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1. Preliminaries

By R we denote the extended real numbers (i.e. R=RU {+00,—00}).

The complement of a subset U of X is denoted by U¢ or X\U. If f : X; — X3 is
a map between sets X; and X, and U C Xo, then f~X(U) = {z € X1 : f(z) € U}.

If U C X, then the characteristic function of U is denoted by

1 :2z€eU

ly(z) =
0 :z¢U

forre X

A map f: X; — X, is said to be surjective or onto if for every y € Xa, there
exists an element z € X; such that f(z) =y. A map f: X; — X, is said to be
injective or one-to-one if f(z;) = f(z2) implies z; = z, for all 71,22 € X;. If f is
both injective and surjective, then we say that f is bijective.

A set is called directed if it is equipped with a binary operation that is transitive
and has the property that any two elements have an upper bound. That is, if Y is a
nonempty set, then (Y, <) a directed set if

(1) For z,y,z € Y, if z < y and y < 2, it follows that z < z,
(2) For z,y €Y, there exists a z in Y such that 2 > z and z > y.

A sequence is a function on the natural numbers. A net is a function on a directed
set. Every sequence is therefore a net. Given a set X and a directed set I', the map
T :I' = X is denoted by (z,)yer or shortly (z.).

Let X be aset. A collection 7 of subsets of X that contains X and # and is closed
under unions and finite intersections is called a topology on X. The sets contained in
7 are called open sets, and their complements are called closed sets. The pair (X, 7)

is called a topological space. Often, if the context is clear, X itself will be called a

topological space.




In the rest of this section, let X be a topological space. For a point = € X, a
neighborhood of x is any set that contains an open set containing z. A subset U of X
is open if and only if for every point z of U there exists a neighborhood that contains
= and is completely contained in U. A function f : X; — X, between two topological
spaces is said to be continuous if for every open set U in X3, we have f~1(U) is open
in X;.

A function f: X; — X, is a homeomorphism if it is continuous, bijective, and its
inverse is continuous. Two topological spaces X; and X are said to be homeomorphic
if there exists a homeomorphism X; — X;.

The closure of U is the smallest closed set that contains U and is denoted by U~.
A subset of X is closed if and only if it is equal to its closure. A point z € X isin the
closure of U if and only if every neighborhood of = has nonempty intersection with
U.

The interior of V is the largest open set that is contained in V and is denoted by
V°. A subset of X is open if and only if it is equal to its interior. A point z € X is
in the interior of V if and only if there exists a neighborhood of z that is completely
contained in V. We have V° = V¢

U C X is nowhere dense if U= = @. Consequently, a nowhere dense subset of
X contains no nonempty open set. A set is meagre if it is the union of countably
many nowhere dense sets. If a statement about elements of X is true except on a
meagre subset of X, then we say the statement is “almost everywhere” true. X is a

Hausdorff space if for any two distinct points x and y, there exist disjoint open sets
U and V such that z € U and y € V.

U C X is said to be regular open if it is equal to the interior of its closure, i.e.
U = U~°. Every regular open set is open. A space X is called eztremally disconnected
if every regular open subset of X is additionally closed. Thus a set is regular open if
and only if it has clopen closure. Moreover, X is called zerodimensional if the clopen

subsets of X form a base for the topology of X, that is, if every open subset of X can




be written as the union of the clopen subsets of X. Next we show that extremally

disconnected spaces are zerodimensional (see [6], page 85).

THEOREM 1.1. If X is an extremally disconnected compact Hausdor[f space, then

X is zerodimensional.

PROOF. Take z € X and a neighborhood V of z. There exists an open set U
such that z € U c U C V. Hence, z € U™ C V, which implies that V can be
written as the union of regular open sets. Hence, the regular open subsets of X form
a base for the topology of X, and since X is extremally disconnected, these sets are

all clopen. O




2. Boolean Algebras, Preliminaries

To introduce Boolean algebras, we need some definitions. Basic definitions are

found in [11] unless otherwise noted.

DEFINITION 2.1. For a nonempty set X, the binary relation < is a partial ordering

if the following hold.

(1) z < z for every z € X,
(2) £ <y and y < z implies z < z, and

(3) z <y and y < z implies z = y.

The pair (X, <) is called a partially ordered set.

If Y is a nonempty subset of a partially ordered set (X, <) and zo € X is such
that y < z, for every y € Y, then x, is an upper bound of Y. Moreover, if zo is an
upper bound of Y and zo < z' for all upper bounds z’ of Y, then we call zo the

supremum or least upper bound of Y. Lower bounds and infima are defined similarly.

DEFINITION 2.2. A partially ordered set (X, <) is called a lattice if every subset

with two elements has a supremum and an infimum.

Let (X, <) be a lattice, and let z,y be elements of X. We denote the supremum
of {z,y} by zVy. The infimum of {z,y} will be denoted by zAy. If X has a smallest
element, we denote it by 0 and call it the zero element. If X has a largest element,
we denote it by 1 and call it the unit element.

In a lattice (X, <) with a zero and unit element, 2’ is the complement of z if
zVz' =1 and z Az’ = 0. If every element of a lattice has a complement, then we say
that the lattice is complemented. We claim that every element of a lattice has at most

one complement (see [11], page 6). Indeed, suppose y and z are both complements
5



ofz,ie. zVy=zVz=1andtAy=zAz=0. It follows that
y=yV0=yV(zAz)=(yVz)A(yV2)=1A(yV2)=yVz

Hence, y > 2. Similarly, z > y. Therefore, y = z, and the complement of z is
uniquely determined. We denote the complement of an element z in a lattice by z'.

In a lattice (X, <), if £ < z and y < z, then zVy < z. It follows that
(2.1) (zAy)V(zA2)<zA(yV2)

because Ay < zA(yVz) and zAz < zA(yVz). Alattice (X, <) is called distributive

if there is equality in (2.1), that is, if
TtA(yV2)=(zAy)V(zA2)

for all z,y,z in X. We are now equipped to present the definition of a Boolean

algebra.

DEFINITION 2.3. A Boolean algebra is a complemented, distributive lattice with

a unit element and a zero element.

Next we provide the prime example of a Boolean algebra: the collection of all

subsets of a given set X under inclusion.

EXAMPLE 2.4. P(X) is a Boolean algebra

Let P(X) be the collection of all subsets of a nonempty set X, and take U,V,W €
P(X). We show that the operation of inclusion forms a partial ordering. U is trivially
a subset of itself. If U ¢ V and V ¢ W, then U C W. Finally, if U C V and V C U,
it follows that every element of U is in V and vice versa. Therefore, U = V.

Suppose that U ¢ W and V c W. It follows that U UV C W, and therefore,
U UV is the least element of P(X) that contains both U and V. We conclude that
UVV =UUV C X. By a similar argument, UAV =UNV C X. Hence, P(X) is a
lattice. For any U € P(X), we have ® C U C X. Then @ is the zero element of P(X),
and X is the unit element of P(X). We claim that X\U is the complement of U, for




UVX\U=UUX\U =X and UAX\U =UnNX\U = 0. The final requirement,

the distributive law, is an elementary exercise in set theory. Consider

ceUANVVW)ezeUn(VUW)
SzrzelUandzeVUW
& (zeUandzeV)or(zeUand z €V)
SzrzelUnNVorzelUnW
Sze(UnNV)uUnW)
Sze(UAV)V(UAW).
Therefore, we conclude that P(X) under inclusion is a Boolean algebra. This

concrete example of a Boolean algebra will be important in the third chapter when

representation is discussed.

We define a field of sets to be any subset of P(X) that forms a Boolean algebra

under the set-theoretical properties of union, intersection, and complementation.

EXAMPLE 2.5. RO(X) is a Boolean algebra

Let RO(X) be the collection of regular open subsets of a topological space X (see
[5], page 66). The partial ordering on RO(X) is inclusion, as in Example 2.4. Recall
that an open set is said to be regular open if it is equal to the interior of its closure.
Note that U° = ye—< for any U C X. Certainly, X and ) are both regular open
subsets of X, i.e. they are the unit element and zero element in RO(X), respectively.

For U,V e RO(X), we prove that
UANV=UNV
(UvV)=(UuUV)™®, and
U =U"".

7



First, we establish inclusions to be used later. Note that
(2.2) YCZCX=>Z°CY™®

because the closure operation preserves inclusions and complementation reverses

them. As an immediate consequence, Y~° c Z~° if Y C Z. Moreover,
(2.3) Yisopen=>Y CY™®

because Y ~° is the largest among all open subsets of Y, and Y is an open subset of
Y- '

Step 1: If U is open, then U~¢ € RO(X)

If U is an open subset of X, then (U~¢)~° C U~¢because U C U~°. For the reverse
inclusion, we consider the open set U~ and apply (2.-3), which gives U~ C (U~°)™°.
Therefore, U~¢ = (U=¢)=°, and U~° is a regular open subset of X.

Step 2: RO(X) is a lattice

Since (U U V)¢ is open, it follows from Step 1 that (UU V)¢ = (UUV) " is
regular open. Moreover, U = U~° C (U U V)~° because U C U U V. Similarly, V =
V=° C (UuV)-°. Suppose W € RO(X) such that U C W and V C W. It follows
that UUV Cc W. Hence, (UU V)= C W=° = W. Therefore, UVV = (UUV)™°.

Next we show that U NV is regular open. In one direction, U NV is a subset of
both U and V, and therefore (UNV)™° C U=°NV~°. We will use the following series

of inclusions to establish the converse:
unvecUnV) cUnvV)* " =Un V)~

For the verification of the inclusions, we first claim that UNV~- Cc (UNV)~ if U is
open. Indeed, take a point z in UNV ™ and let P be an arbitrary neighborhood of z.
Since PN U is also a neighborhood of x and z € V', it follows that PN U intersects
V. Thus there is some point in P N (U N V), and we infer that z € (UNV)~. It



follows that
unv-cUnV)y = @UnV)ccluvesunvVrclnV)™

for subsets U, V' of X where U is open. We twice use the final inclusion to obtain the
desired result, first by replacing U with the open set U~° and then by interchanging
the roles of U and V. Thus

uenvec=>nv)°cUnv)°=UnV)™,

where the final equality follows because any subset of the form Y~° is regular open.
Therefore, (UNV)=° =U-°NV~° = U NV, which implies that U NV € RO(X).

Certainly, UNV C U and UNV C V. Furthermore, if W € RO(X) such that
WCUand W CV,then WcUNV. Hence, UANV =UNV.

We conclude that RO(X) is a lattice.

Step 4: RO(X) is distributive.

Indeed, for U, V,W € RO(X),

UANVVW)=UnVUuWw)*=U"n(VUw)™
=(UnVuw))™
=(UnV)u(UnWw))™®

=(UAV)V(UAW).

Step 5: U'=U—¢

We show that UAU¢ =@ and UVU~¢ = X for U € RO(X). The former follows
immediately from U=¢ c U°¢. To establish the latter, we use that the boundary
U~NU* of any open set U is a nowhere dense closed set and therefore that it contains
no nonempty open set. Indeed, if the boundary did contain a nonempty open set,
then that set would intersect U, but it would not intersect U. Thus the complement
of the boundary U U U~¢ is a dense open set, and its closure is the whole space X.

Therefore, (UUU) =0, andUVU*=(UUU )= X.




Hence, RO(X) is a Boolean algebra.

Throughout the remainder of this section, let B be a Boolean algebra. In the
remainder of this section, definitions come from [5] unless noted otherwise. Having

provided two examples of Boolean algebras, we proceed to define ideals.

DEFINITION 2.6. A nonempty subset I of B is called an ideal if

(1) 2V y € I whenever z,y € I and
(2) z €I whenevery € I andz <y

A principal ideal of B is defined by (z) = {y € B:y < z} forz € B. An
ideal I of B is called a proper ideal if I # B. A proper ideal I of B is called a
mazimal ideal if no other proper ideal of B contains /. Maximal ideals contain either
z or ', but not both, for every * € B. Suppose that for some z € B, neither
Z nor z’ is in a maximal ideal I. The smallest ideal containing I U {z}, which is
the set {y V2 :y € I and z < z}, is a proper ideal (since it does not contain z')
that properly contains I (since z ¢ I). This contradicts the maximality of /, and
therefore I contains either z or z/. Furthermore, if z,z' € I, then z V' =1 € I,
which contradicts the condition that I be a proper ideal of B.

For a Boolean algebra B and an ideal I of B, we say that z is equivalent to y, or
T~y ifx—yelandy—zel, wherez —y =z Ay. We show that this relation
is indeed an equivalence relation, i.e. that it is reflexive, symmetric, and transitive.

Certainly, z ~ z since z — z = 0 € I for any ideal I. Moreover, if T ~ y, then
Z—y€landy—zx eI, and therefore y ~ z. Hence, the relation is symmetric. For

transitivity, suppose z ~ y and y ~ z. Note that
zAZ < (zZAY)V(YAL).

The right-hand side, which is the supremum of two elements of I, is in /, and therefore
z A2 is also in I. Similarly, z Az’ € I because z Ay and y A z’ are in I and

zAz' < (zAy)V (y Az'). Hence, z ~ 2, and ~ is an equivalence relation.
10




The equivalence class containing an element z consists of all z such that z ~ z

and is denoted by [z]. The following statements are equivalent:

(1) z~y

(2) z €[y

() (=] = [yl.
By definition of equivalence classes, z € [y] if and only if z ~ y. Furthermore, suppose
[z] = [y], and let z be in both [z] and [y]. It follows that z ~ = and z ~ y and that
T ~ y by transitivity. Conversely, suppose that z ~ y, and take z € [z]. Then
z~x ~y, and z € [y]. Thus [z] C [y]. Similarly, we have the reverse inclusion
[y] C [z], and therefore [z] = [y].

The quotient algebra B/I is the set of all equivalence classes. B/I is a Boolean

algebra with the operations defined by

Vil =[zVvy) [EAR=AY, [ =[]

for [z], [y] € B/1I.
If I is a maximal ideal of B, then B/I = {[0],[1]}. Certainly, I = [0]. Take
. o
x € B\I. It follows from the maximality of I that z’ € I. Since 2’ A1 =2z’ € I and

ZALY =zA0=0 € I, we have [z] = [1].

DEFINITION 2.7. Let B; and B, be Boolean algebras. A map ¢ : B1 — Bz is a

Boolean homomorphism if it satisfies

(1) ¢(z vV y) = ¢(z) v ¢(y) and
(2) 6(2') = ¢(z)".

If a Boolean homomorphism ¢ : B; — B, is bijective, then ¢ is an isomorphism, and

B, and B; are said to be isomorphic.

THEOREM 2.8. Let B, and B, be Boolean algebras. A bijective map ¢ : By — By

is an isomorphism if and only if both ¢ and ¢~ preserve order.

11




PROOF. Suppose that ¢ and ¢! preserve order. Then ¢(0) < ¢(z) < ¢(1) for all
z € By, and it follows that ¢(0) = 0 and ¢(1) = 1. Moreover, ¢(z) < ¢(z V y) and
¢(y) < ¢(x v y) for all z,y € By. Thus ¢(z) V ¢(y) < ¢(z Vy). If ¢(2) 2 ¢(z) V 6(v)
for some z € B, then z > z V y because ¢! preserves order. Then ¢(z) > ¢(z V y).
Hence, ¢(z V y) is the least element such that é(z Vy) > ¢(z) and #(zVy) > ¢d(y),
e, $(2) V $(3) = $(z V).

Next we show that ¢(z)’ = ¢(z') for all z € B;. Certainly, 0 < ¢(z),4(z) < 1.
If y is another element of B, such that ¢(y) > ¢(z) V #(z'), then y > z V' = 1.
Therefore, ¢(y) > 1, and it follows that 1 = ¢(x) V ¢(z’). Similarly, if z is an
element of B, such that ¢(z) < ¢(z) V ¢(z'), then z < zVz'. Thus z < z Az ,' and
#(z) < ¢(z A z') = $(0) = 0. Hence, ¢(z) A ¢(z') = 0, and we conclude that ¢ is an
isomorphism.

Suppose ¢ is an isomorphism. It follows that

t<yerVy=ye d@)Vey) =d(y) o ¢(z) < éy)

O
Therefore, ¢ and ¢! preserve order (see [9], page 16).

i l
The map ¢ : B — B/I defined by ¢(z) = [z] for z € B is called the natura

homomorphism (see [9], page 30). It is clear that ¢ is a homomorphism because

Az Vy) =[x vy =[z]V [y = (z) V $(v).

12



3. Vector Lattices, Preliminaries

In this section, we introduce vector lattices. Basic definitions in this section are
found in [11] unless otherwise stated.
Given a vector space V over R equipped with a partial ordering <, we call (V, <)

an ordered vector space if

(1) f<g=>f+h<g+hfor f,g,h€V and
(2) f20=af>0forallacRyand f€V.

We now define vector lattices.

DEFINITION 3.1. We call (E, <) a vector lattice if

(1) (E,<) is an ordered vector space and

(2) (E, <) is a lattice with respect to the partial ordering.

We will denote a vector lattice (E, <) shortly by E. Throughout this section, E will

be a vector lattice. Next we present several examples of vector lattices.

EXAMPLE 3.2. R" is a vector lattice

The most basic examples of vector lattices are the n-dimensional Euclidean spaces
R™ with regular addition and multiplication and coordinatewise ordering (that is,
for z = (z,,2,,... ,Zn) and y = (Y1,¥2,---1Yn), T < y when 7 < yi for k =
1,2,...,n). The supremum of two elements of R is the coordinatewise supremum:
If £ = (21,2,...,2,) and ¥y = (y1,92,.--1Yn), then (z1 VY1, 22V ¥2,---,Zn V ¥s) is
the smallest element of R™ that is greater than both z and y. Similarly, the infimum
of z and y is (z1 A y1,Z3 A ¥, ...,Zn A yn). Thus R is a lattice. That the lattice
structure of R” is compatible with the partial ordering follows from basic properties
of real numbers. Let z = (1,2, ...,Zn), ¥ = (¥1,Y2,-- -, Yn), and 2 = (21, 22, ..., 2p)

be elements of R”. Indeed, if z < y, then z; < y; for i = 1,2,...,n. Therefore,
13



Ti+ 2 < yi+z fori =1,2,...,n, and z + z < y + z. Moreover, suppose that
z > 0, and let a be a nonnegative real number. Since z; > 0 for each ¢, it follows that

az; > 0 for every 7, which implies that az > 0.

EXAMPLE 3.3. RX is a vector lattice

Let X be a nonempty set or a topological space. By RX we denote all maps
X — R. For elements f and g of RX, we say that f < g if f(z) < g(z) for all z € X.
Then RX is a lattice because the map h defined by h(z) = f(z) V g(z) is the least
element of RX that is greater than f and g. Similarly, f A g € RX. If f < g, then
for any h € RX it is clear that f + h < g + h because (f + h)(z) = f(z) + h(z) <
g(z) + h(z) = (g + h)(z) for all z € X. Moreover, if f > 0, then af(z) > 0 for all z

and for any nonnegative real number a.

We denote the positive part of an element f of a vector lattice by f* = f V0.
Furthermore, we write f~ = (—f) V0 and |f| = (—f) V f. The positive cone of a
vector lattice E is defined by E* = {f € E : f > 0}. An immediate consequence of

these definitions is that if f € E, then f*, f~,|f| € E*.

Next we provide several equalities for elements of E (see [11], page 17).

THEOREM 3.4. Let f and g be elements of E.

1) f=f*-f,
(2) f*Af-=o,
@) Ifl=f++f-

4) fVg+frg=Ff+gandfVvg—frg=If-gl.
(5) FVg=3(f+g)+3If—gl and fAg=3(f+9)—3lf —4l;

PROOF. W) fFr=f=Vv0)-f=0v(-f)=f"

@) O0=—=f"+f=(fAO)+f =+ INf=FtAf".

G) Ifl=fV(=f)={@fVO}—f=2f*-(f*-f)=f" -1
(4) Note that

fVg={(f—g)VO}+g=(f—9g)* +g=(9—f)"+fand
14




fAg=f+{0A(g-f}=Ff-{0vV(f-9}=Ff-(F-9)"

It follows that fVg+ fAg= f+g, and
fVg=fAg=(f-9)"+(@g-N*"=(F-9V-N=If-dl

(5) Follows from adding and subtracting the equalities of (4).
O

If {f,} is a collection of elements in E such that fo = sup{f,}, then fo Ah =
sup{fy A h} for all h € E. Similarly if f; = inf{f,}, then f; V h = inf{f, V A} for
all h (see [11], page 21). Indeed, let ~ be an element of E. It is clear that fo A h
is an upper bound of {f, A h}. Suppose g is an upper bound of this set. Then
9= fyNh=f,+h—(fyVh)> f,+h—(foVh). Thus g—h+(foVh) = fyfor all
7, and therefore g — h + (fo V h) > fo. It follows that g > fo+h— (foVh) = foAh.
Hence fo A h = sup{f, A h}. The proof for f; V h is similar.

We now present a theorem known as the Riesz decomposition property (see [11],

page 22).

THEOREM 3.5. Let f, g1, and go be elements in E* such that f < g1 + g2. Then
there exist elements f,, f, € E+ such that fi < g1, f2 < g2, and f = fL + fo.

PROOF. Let f; = f A g,. Define f by fo = f — f1 so that f = fi + f2. Then
J1 € E*, and f, < g;. Since f; < f, it follows that f, € E+. Moreover, we have

fe=f-fA=ffrg)=Ff+{(-f)V(-a)} =0V (f-g)S0Vg =g,
This completes the proof. -

EXAMPLE 3.6. C(X) is a vector lattice

Another example of a vector lattice is the set of all real-valued continuous functions
on a topological space X, denoted by C(X). The space C(X) is partially ordered
pointwise in the same way as RX. We show that the pointwise supremum and infimum

of two continuous functions are indeed continuous. Let (f V g)p denote the pointwise

15




supremum of {f,g} as in Example 3.3. Note that continuity is preserved under
addition, subtraction, and taking of absolute values. Therefore, (f V g)p = 3(f +
g) + 3|f — g| is a continuous function that is necessarily below all other bounds of f
and g in C(X). We infer that fV g = (f V g)p, where the left-hand side refers to the
supremum in C(X). By a similar argument, we use (5) of Theorem 3.4 to show that
{f, g} has an infimum in C(X). Hence, C(X) is a lattice.

The proof that the partial ordering is compatible with the vector space holds

precisely as in Example 3.3

The positive cone E* is an example of a Riesz subspace of E. We call a subset F’
of E a Riesz subspace if F is closed under infima and suprema. Note thatif f,g € E*,
then fV g >0and fAg >0, and therefore fV g, fAg € E*.

A function lattice is a Riesz subspace of RX for a nonempty set X. Examples 3.3
and 3.6 are both function lattices.

An ideal I is a Riesz subspace such that if f € I and |g| < |f|, theng € I. A
band D is an ideal in E such that for every subset of D that has a supremum, the
supremum is in D. For an ideal I in E, we define [I] to be the smallest band in E
that contains 7. It follows that [I] = {f € E : |f| =sup F', F C I*} (see [11], page
32).

. . I
DEFINITION 3.7. An vector lattice E is called Archimedean if for every f in E,

the infimum of the set {n~1f:n=1,2,...} is zero.

Every Riesz subspace of an Archimedean vector lattice is Archimedean.

A subspace G of a vector lattice E is said to be order dense if for every f >0 in
E, there exists an element gin Gsuchthat0<g< f.

A sequence {f,} in E is said to be uniformly convergent to f if for some 0 < g €

E™ there exists a sequence ¢, in R decreasing to 0 such that |f — fa| < €ag for all n.

Next we define Riesz homomorphisms. Recall that a map ¢ between vector spaces

Vi and V; is linear if ¢(af + bg) = a¢(f) + bo(g) for all f,g € Vi1 and all scalars a
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and b. Let F' be a vector lattice. A map ¢ : E — F is called a Riesz homomorphism
if ¢(fV g) = &(f) V ¢(g) for every f,g € E.
A bijective Riesz homomorphism is a Riesz isomorphism. If $ : E — F is a Riesz

isomorphism, then E and F are said to be isomorphic.

THEOREM 3.8. Let ¢ : E — F be a Riesz homomorphism. Then ¢(f) > #(g)

whenever f > g.

PROOF. Note that ¢(0) = 0 because for any scalar a, namely a = 0, we have

#(af) = ad(f). Let h € E, and suppose h > 0. Then h V0 = h, and
¢(h) = ¢(h Vv 0) = ¢(h) v $(0) = ¢(h) V0 = 0.

Now suppose that f > g. It follows that f —g > 0 and that ¢(f —g) = ¢(f) —#(9) 2
#(0). Therefore, ¢(f) > ¢(g). O

Let I an ideal in E. The quotient space E/I consists of the sets [f1={fieE:
Ji— [ € I}, for each f in E. Quotient spaces are endowed with a partial ordering.
Given (f],[g] € E/I, we say that [f] < [g] whenever there exist elements f1 € [f] and
91 € [g] such that fi < g;. Under this ordering, we claim that the quotient space is
actually a vector lattice (see [11], page 116).

'THEOREM 3.9. The quotient space E/I, where I is an ideal of E, is a vector

lattice.

PROOF. We first show that <, as defined above, is a partial ordering. Clearly
[f] < [f] because f < f. If [f] < [g] and [g] < [R], then there exist elements f; € [f],
91,92 € [g], and h; € [~] such that fi < g1 and g2 < h1. Therefore

fi 591=92+(g1—92)3h1+(91—92)'

Since g1 — 92 € 1, it follows that hy = k1 + (g1 — 92) € [h]. Hence, fi < hg, and
[f] < [A]-
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Furthermore, if [f] < [g] and [g] < [f], then there exist elements f1, f2 € [f] and
g1, 92 € [g] such that f, < g, and g, < f,. Note that

0<g1—- N S(91—f1)+(f2—gz)=(f2—f1)+(91—92)51-

Since I is an ideal, f; — g, € I and [f] = [fi] = [g1] = [g]- This establishes that < is
a partial ordering.

We next prove that the partial ordering is compatible with the structure of the
vector space. If [f] < [g], then there exist elements f, € [f] and g1 € [g] such that
f1 < g1. The result follows because E is a vector lattice. That is, fi < g1 = afi < ag
for all a > 0, and therefore a[f] < a[g]. To show that [f] < [g] = [f]+[*] < [g] + [A),
take fi € [f] and g, € [g] such that f1 < g1, and let ky be in [h]. Again since Eisa
lattice with respect to its partial ordering, fi + b1 < g1 + b1 with fi + b1 € [f+h] =
[f1+ [h] and g1 + hy € [g] + [A]. Thus [f] + [A] < [g] + [A]-

It now remains to be shown that suprema. and infima exist in E/I. Take[f], [9] €
E/I. It follows from fvg > f and fvg > g that [fVg] > [f] and [fVg] 2 [g]- Hence,
we only need to show that for every upper bound [#] of [f] and [g], we have [h] 2 [fVa]-
If [h] is an upper bound of [f] and [g], then for any f’ € [f], ¢’ € lg], and h' € [h], there
exist elements ji, j» € I such that &' > f'+7j; and b’ > g'+J2. Therefore, if j = j1/AJ2,
it follows that &' > f'+j and & > ¢+ j. Thus &' > (f'+4)V (¢’ +3) = (F'Vg) +J;
which implies that [r] > [f V g]. Hence, [f] V9] =[f Vg

To show that E/I contains infima, note that f+g = fVg+fAg Thus
[fAgl=[fl+1g] - [f]V [9] = [f] A [g]. Therefore E/I is a vector lattice. O

The sum of two subsets F and G of E is defined by
F+G={fi+f: heF f2€G}

LEMMA 3.10. If F and G are ideals in E, then F + G is also an ideal in E.

PROOF. To show this, let f € F + @G, and suppose |g| < |f|- Since f = fi+ f;

+
where f1 € F and f, € G, we have g* < lg| < |f] < |fil + |f2|- Moreover, g* can be
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decomposed into g* = g, + g, where 0 < g; < |f1| and 0 < g2 < | f2| by Theorem 3.5.
Since F and G are ideals, it follows that g; € F and g, € G. Therefore, gt € F+G.
Similarly g~ € F+ G,and g=g* —g~ € F+G. g

It, however, is not true that the sum of two bands is a band. For a counterexample,
consider the vector lattice E = C([—1,1]), the continuous functions on [-1,1], and

let the bands D, and D, be defined by
Dy,={fe€eE:f=00n|0,1]}, and

D,={feE:f=0o0n[-1,0]}

The sum of D, and D, consists of all f € E for which f(0) = 0. The sum D; + D is
an ideal, but not a band, in E. Indeed, the band generated by Dy + D, is the entire
space E (see [11], page 31).

The disjoint complement of a subset F of E is defined by
Fé={feE:flgforalgeF},
where f L g if and only if |f| A |g| =0
LEMMA 3.11. If F is a subset of E, then F? is a band in E.

PROOF. Let H be a subset of F¢ with sup H = fo, and let g € E be such that
lgl A |f| = 0 for every element f of H. It follows that

fo Nlgl =sup(frAlgl: fe H)=0.
Moreover, f;' A |g| < f~ A|g| = 0 for every f € H. Therefore fg Algl =0, and
[fol Algl = (f&" + f5) Algl = (f A lal) + (fo Algl) =0

Hence, if f L g for all f € H, then fo = sup H is also disjoint with g. Since every f

in H is disjoint with F, the supremum fo is in F'¢. Therefore F4 is a band. a

LEMMA 3.12. If I is an ideal in E, then I¢ = [I]°.
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PROOF. Note that if F C G C E, then G C F. Therefore [I]* C I%. For the
reverse inclusion, let f € I4 and g € [I]. Since |g| = sup I for a subset Ip of I*, it

follows that |g| A |f| = 0. Therefore f L g, and I¢ C [I]%. ]
LEMMA 3.13. If F and G are Riesz subspaces of E, then (F + G)? = FAnG°.

PROOF. Since F C F+ G and G C F + G, it follows that (F + G)? C F*nG*.
Conversely, suppose f € F*N GY, and take g = g1 + g2 € F + G such that g; € F
and g2 € G. Then

LFIA lgl S 1FIA (Jg1] + lg2l) S IfI A lgal + 1F1 A lg2] = 0.

Therefore f € (F + G)4. =

LEMMA 3.14. If E is Archimedean, then D = D* for all bands D in E.

PROOF. Certainly D ¢ D?. Suppose there exists an element g’ in D% but not
in D. If g = |g'|, then 0 < g € D#¥\D. Let M, = {h € D:0<h <g}. It is clear
the g is an upper bound of M,, but it cannot be the supremum because M, C D and
g ¢ D. Let f" be an upper bound of M, such that g < f’ does not hold. The element
f =g A f'is then an upper bound of M, such that 0 < f < g. Thus f € D*#, and
0<g— f € DX,

We claim that there exists an element j € D such that 0 < j < g — f, for if
not, then |g — f| A |h| = 0 for all A € D, and g — f € D*N D% = {0}. This is
impossible because g — f > 0. Hence for every h € M,, we have j +h € D and
0<j+h<j+f<g, and therefore j + h € M,. In particular if h = j, then it
follows that 25 € M,. By induction, nj € M, forn=1,2,..., that is, 0 < nj < g for
n = 1,2,.... This cannot occur in an Archimedean vector lattice. Therefore there
exists no element in D%\ D. We conclude that D = D% for every band of E (see

[11], page 41). O

The structure of Boolean algebras is closely related to the structure of vector

lattices, and in fact, their relation forms the basis for this thesis. We now exhibit a
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natural way in which to associate with each Archimedean vector lattice a Boolean

algebra (see [11], page 46).

THEOREM 3.15. If E is an Archimedean vector lattice, then B(E) = {D C E :

D 1is a band} is a Boolean algebra.

PROOF. We claim that B(F) is a Boolean algebra with respect to partial ordering

under inclusion and operations determined by
D1 /\Dg = Dl an, DIVD2 = [D1+D2]) Di’:Dd

The proof comes in three parts.

(i) B is a lattice. Under the partial ordering of inclusion, the largest subset
of two scts is the intersection. Let D, and D, be in B. For a nonempty subset
D C D, N D, with sup D = f, it follows that f is in D; and D, since they are both
bands. Therefore f € D, N D,, and D; N D, € B. Hence, Dy A D2 =D N D,.

Let D,, D, € B. Suppose that D, ¢ D and D, C D for some D € B. We show
that [D) + D,] C D and therefore that D, V Dy = [D; + Dy]. Note that

d
(3.1) [D1 + Do) = D, + D,)% =@ (D, + D,)* =® (D{n D)".

Equality (1) follows from Lemma 3.14. Moreover, (2) follows from Lemma 3.12
and (3) from Lemma 3.13. Then D¢ ¢ D¢ N D¢ and thus

[D1 + D,] = (D¢n D3)? c D¥ = D.

Hence, B(FE) is a lattice.

(ii) B contains complements. We claim that for an element D of B, its com-

plement is the disjoint complement D?. Note that F N F¢ = {0} for any subspace F
of E. It follows that

D A D¢ = Dn D% = {0}
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Dv D% = (DN D®)¢={0}=E

The latter equation follows from (3.1) with D; = D and D; = D?. Hence, every
element in B has a complement, indeed D®.

(iii) B is distributive. Given D, D,, D, € B, that B is a lattice implies that
(DA D)V (DAD;) <DA(D1V D2).
For the reverse inequality let f € (DN (D; + D2))*. Then f can be written as

f=h+f, f1€D+,f2€D+,f1€Di'-,f2€D'2+-

Thus f; € DN D, and f, € DN D,, and f € (DN D;) + (DN D). Hence,
DN (D, + D;) C DN D, + DN D,. Then

D A (Dy V D,) = DN [Dy + D2]
= [DN (D, + D))
c [(DN Dy) + (DN D)l

= (DA D)V (DA D2).

Therefore, B is a distributive lattice and hence a Boolean algebra. | O

Next we present a theorem that relates the Boolean algebras of bands of two

specific vector lattices (see [6]).

THEOREM 3.16. If F is an order dense Riesz subspace of an Archimedean vector

lattice E, then the Boolean algebras B(E) and B(F) are isomorphic.

PROOF. Define ¢ : B(E) — B(F) by ¢(D) = DN F. We first prove that for a
band D of B(E), the intersection DN F is a band of F. Take a subset {f,} of DN F
whose supremum over elements of F exists in F. We show that the supremum is

in D as well. By supp{f,} we denote the supremum over F of {f,}, and similarly,
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supg{ fy} is the supremum over the whole space E. Note that supg{f,} < supz{f,}
because supg{f,} is an upper bound of {f,} in E. Suppose supg{f,} # supp{f,}.
Then supg{f,} — supg{fy} > 0, and by the order denseness of F, there exists an
element f € F such that 0 < f < supp{f,} — supg{fy}. It follows that for every
element of {f,},

Sy < sup{f,} <sup{f,} - f < sup{ fy}-
E F F

Thus supg{f,} — f € F is an upper bound of the set {f,} in F that is strictly
less than the supremum, which contradicts the definition of supremum. Therefore,
supg{fy} = supg{fy}. Since D is a band in E, it follows that supg{f,} € D. Hence,
supr{fy} € DN F,and DN F is a band in F.

We show that ¢ is surjective. Let D be an element of B(F). We claim that
¢(D?) = DN F = D. Certainly, D% is a band in E, and thus D% N F' is a band
in F'. Since D C F and D C D%, it follows that D c D% N F. To prove the reverse
inclusion, we use the property of Archimedean spaces that D = D% for all bands
D. Since D is a band in F but not necessarily E, this property implies the equality
D=D¥ = {f€F:|fl|A|g|=0forall g € D} Moreover, D¥NF C D¥ = D.
Therefore, ¢(D) = D, and ¢ is a surjective map.

We prove the injectivity of ¢. Suppose ¢(D;) = ¢(D2). Then D1 N F=D;N F.
Suppose D, # D,. Without loss of generality, we may assume there exists an f in
Di\D;. Since D, is an ideal, f = f+— f~, where f*,f~ € Dy. It follows that
f* or f~ is not in D,, for otherwise f would be in D,. We may, therefore, assume
that f € D{\D,. Note that f #£ 0 because 0 € D,. Moreover, f ¢ F because
Dy N F = D; N F. Therefore, there exists an element g € F such that 0 < g < f.
Since B, is an ideal, g € DN F = D,NF. Consider the subset G of all such elements
of F: G={g € F :0<g < f}. Certainly, G is a subset of D, N F', which is a
band of F'. Therefore, the supremum of G, if it exists, is in D1 N F. We claim that
supG = f, but f ¢ F, which provides a contradiction.

To establish that supG = f, suppose that there exists an upper bound h of G for
which it is not true that h < f. Then h' = f A h is an upper bound of G such that
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h' < f. Thus there exists an element g € F such that 0 < g < f — h’ < f. Therefore,
g € G, and g < h'. It follows that 29 = g+ g < k' + (f — k') = f, which implies
that 2g € G. By induction, ng € G forn =1,2,..., thatis,0< g < fn~! for all n.
However, F' is Archimedean, and this contradicts the definition of an Archimedean
vector lattice. Hence, f = sup G, and ¢ is injective.

Having established that ¢ is bijective, we show that ¢ is bipositive (that ¢(D,) C
¢(D>) if and only if D; C D). If D, C D,, then ¢(D;) = DiNF C DoNF = ¢(D2).
Suppose that D; N FF C D, N F. As established in the proof that ¢ is surjective,
¢~1(D1NF) = (D,NF)% and ¢~1(D,NF) = (DN F)%. It follows that (DN F)% C
(D1 N F)? and that ¢(D, N F) = (D, N F)% C (D;NF)# =¢(D2N F).

Therefore, ¢ is an isomorphism between B(E) and B(F).
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4. Representation of Boolean Algebras

The fundamental representation theorem of Boolean algebras was developed by
Stone and states that every Boolean algebra is isomorphic to a field of sets (see
[10]). In Theorem 4.2, the field of sets consists of all the two-valued homomorphisms
z: B — {0,1}. We first give a lemma to show that such maps exist (see [5], page
188).

LEMMA 4.1. If x # 0 is an element of a Boolean algebra B, then there ezists a

two-valued homomorphism ¢ on B such that ¢(z) = 1.

PROOF. Let z be a nonzero element of B, and let C be the ideal generated by z'.
Since C = (z') = {y € B: y < 2’} and 2’ # 1, we infer that 1 ¢ C and that C'is a
proper ideal of B. Let C) be a maximal ideal containing C. We claim the quotient
algebra B/C is isomorphic to the set {0,1}. Let ¥ : B — B/C; be the natural
homomorphism that sends y to [y], and let § : B/C1 — {0,1} be the map defined
by 6([0]) = 0 and 6([1]) = 1. The composition ¢ = 6 o ¢ is the desired 2-valued

homomorphism. Consider

B(y) = (1 ) 0 :yeCy
y = = 0 =
(v)) =6(ly -
Since C) is maximal and &’ € G, it follows that z ¢ Cy and that ¢(z) = 1. O

THEOREM 4.2. Let B be a Boolean algebra, and let X be the set of 2-valued
homomorphisms on B. Then B is isomorphic to a subset of P(X) via the map

f(z)={peX:¢(z) =1}

for all z € B.
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PROOF. We first show that f is a homomorphism. If z,y are elements of B, then

fzvy)={pe X :4(zVy) =1}
={p€ X :¢(z)Ve(y) =1}
={p€ X :¢(z) =1or¢(y) =1}
={pe X :4(z)=1}U{p € X:4(y) =1}
= f(z) Vv f(y).
The first equality is the definition of f. The second uses the homomorphic properties

of ¢. The third holds because ¢ can only take the values 0 and 1, while the fourth

uses the definition of union. Moreover,

f@)={peX:4(z) =1}
={peX:¢(z) =1}
={¢ € X : ¢(z) =0}
={peX:¢(z)=1}
= f(a).

To establish that f is one-to-one, we show that the kernel of f contains only
0, where the kernel of f is all elements of B that are mapped by f to the empty
set. If z # 0, then there exists a 2-valued homomorphism ¢ such that ¢(z) =1
by the previous lemma. Thus f maps every nonzero element of B onto a nonempty
set, and therefore the kernel of f contains only 0. Hence, if f(z) = f(y), then
f@)A f(y) = f(x Ay') =0, and z Ay = 0. Similarly, z’ Ay =0, and we conclude
that z = y.

We verify that f(B) C P(X) is a field of sets, ie. f(B) contains the empty
set and is closed under union and complements. Since there exists no two-valued

homomorphism that maps 0 to 1, it follows that f(0) =0 € f (B). Let Y, Z € f(B).
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Then there exist y, z € B such that f(y) =Y and f(z) = Z. It follows that

YUZ={deX:d(y)=1}U{p€X:d(z)=1}
={g€ X :¢(y)Vo(z) =1}

={peX:¢(yvz)=1}

= f(yV2) € f(B)
and
Y'={¢eX: ¢y =1}

={p € X :4(y) =0}

={¢p€ X : 4(y) =0}

={peX :¢(y)=1}

= f(y) € f(B).
We conclude that every Boolean algebra B is isomorphic to a field of sets. O

The representation presented in the previous theorem has several variations. In-
stead of using the subsets of 2-valued homomorphisms on B, one could also use
maximal ideals or maximal filters, as in Theorem 4.3.

In addition, every Boolean algebra B is representable as a space of functions
rather than sets. For a set X, the set of all functions from X to {0,1}, denoted by
2%, is isomorphic to P(X) via the map that sends a subset of X to its characteristic
function. Recall from our conventions that for a subset Y of X, the characteristic

function of Y is defined as

0 :z¢Y
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forz € X. If g : P(X) — 2% is defined by g(Y) = 1y for Y € P(X), then g is an
isomorphism. To verify this, take Y, Z C X, and note that

l:z€eYorzeZ
9(Y V Z) = 1yoz(z) = = 1ly(z) V 1z(z) = g(Y) v 9(2).
O:z¢Yandz ¢ Z
Moreover, if g(Y) = g(Z), then 1y(z) = 1z(z) for all z € X, which implies that
Y = Z and g is one-to-one. A Boolean algebra can be embedded into 2¥ through the

composition g o f of g with the function f from Theorem 4.2.

Another ficld of scts that may be used in place of the 2-valued homomorphisms is
the collection of all closed and open (clopen) subsets of a topological space X, which
we denote by b(X). The significant contribution of Stone was the determination of
precisely what sets may be used to establish this correspondence. If X is a zerodimen-
sional compact Hausdorff space, then b(X) is a Boolean algebra under the operation
of inclusion. If there exists a zerodimensional compact Hausdorff space X such that
b(X) and a Boolean algebra B are isomorphic, then we call X the Stone space of B.

The proof of the following theorem is taken from [6], page 117.

‘THEOREM 4.3. Every Boolean algebra has a Stone space, which is unique up to

homeomorphism.

PROOF. Let B be a Boolean algebra. A subset A of B is called a filter if

(1) A contains 1 but not 0 and
(2) zAy€ Aifandonlyifz € A and y € A.

Define S to be the set of all maximal filters, that is, every filter that is not containeq
properly in another filter of B,
Suppose A € S and z is an element of B that is not contained in A. Then, the gt

A'={y € B:yVz' € A} contains 1 because 1V z’ = 1 € A. Moreover, 4’ satisfies
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property (2) of filters because

y:eAoyvrecAdandzvr eAe (yVr)A(zv)€eA
& (yAz)VE' €A
eyAze A,
but A’ contains z and hence properly contains A. By the maximality of A, it is true
that 0 € A’ so that A’ is not a filter. Thus 0V ' =2’ € A.

Conversely, if A € S and z € A, then zAz' =0 ¢ A. Therefore, if A is a maximal

filter, then x € A if and only if 2’ ¢ A. For = € B, define a subset S; of S by
S:={AeS:ze A}

From the second property of filters, we have
(4.1) Szay = Sz N Sy-
Since z € A if and only if 2’ ¢ A, it follows that

(4.2) S\S, = S,

and therefore that

(43) vay = Sz U Sy-
Certainly,
(4.4) So=0, S$1=5.

From 4.1 and 4.4, it follows that {S;:z€B}isa base for a topology on S. By
4.2, every S; is clopen, and therefore S is zerodimensional. If A; and A, are distinct
~ elements of S, then there exists an element z € A;\Az2, Which implies that 4, € S,
and A, € Sy but S; N Sy = (. Therefore, S is a Hausdorff space.

To prove that S is compact, we show that if By C B for which S =U{S, : z € B,},
then there exists a finite set B, B, such that S = U{S: : # € Ba}. We prove the
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contrapositive. Let By C B be such that S # J{S: : = € By} for all finite subsets
B, of B;. Define

I ={z€ B:z> (supBy) for some finite B, C B,}.

It follows that 1 € I and that [ satisfies the second property of filters. By 4.3 and the
assumption that every B, is finite, Sypp, = U{S; : © € B2} # S, which establishes
that sup Bz # 1 and (sup B,)' # 0. Therefore, 0 ¢ B, for all B, and [ is a filter. [ is
contained in a maximal filter I' € S. If z € B,, then & < sup B; and z’ > (sup By)'.
It follows that =’ € I C I’ and I’ ¢ S,. Hence, S # U{S: : = € B}, and S is
compact.

Having shown that S is a zerodimensional compact Hausdorff space, we prove that
b(S) is isomorphic to B. By 4.1 and 4.2, the map = — S is a Boolean homomorphism
from B to b(S). To establish bijectivity, first let U € b(S). Since U is open, there
exists a B; C B such that U = |J{S, : z € B;}, and we may assume that B, is finite
because S is compact. Therefore, |J{S, : € Bi} = Sewn = U, and the map is
surjective.

Take z,y € B such that z # y. Suppose without loss of generality that y > .
Let J be the filter defined by J = {2 € B : zVy > z}. Certainly, J is a filter because

1Vy=1 2>z while z <y =0Vy. Moreover,
2,€J & Vy>rand VY272
& (aVy)A(nVy)22zAz
& (nAz)Vy22e
SnNn€Ed
Then J is contained in a maximal filter J, and it follows that ¢/ € J' and z € J'.

Therefore, J' € S; NSy = Sz\Sy, which implies that S # Sy. Thus the map is

injective.
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Hence, S is a Stone space of B. Next we show that any other Stone space of B is
homeomorphic to §.
Let T be a Stone space of B, and let z +— Ty be a Boolean isomorphism of B onto

b(T). There exists a map ¢ : S — T such that
#(s) € T, if and only if s € S; (s € S,z € B).

Indeed, ¢ is a homeomorphism of S onto T.

O

DEFINITION 4.4. If the supremum (infimum) of an arbitrary collection of & many
elements of a Boolean algebra B exists, then B is said to be a-complete.
If the supremum (infimum) of any collection of elements of B exists, then we say B

is complete.

Recall the Boolean algebra B(E) of Theorem 3.15. Consider the arbitrary in-
tersection (| D of bands of B = B and a subset F' of this intersection that has a
supremum. Certainly, F' is contained in every band D, and we infer that sup F' € D

for each D and therefore that sup F € () D. Hence, (1D € B, and B is complete.

DEFINITION 4.5. An ideal [ of an a-complete Boolean algebra is an o-ideal if the

supremum of any collection of at most o elements in I is in /.

DEFINITION 4.6. A homomorphism ¢ : B, — B, is said to be an a-homomorphism

if \/ ¢(z,) = ¢(z) for a collection of at most e elements z, € By with Vz, =z,

assuming all such suprema exist.

The following theorem connects the Boolean algebra b(X) with the Boolean alge-
bra of bands B(E) for an Archimedean vector lattice E.

THEOREM 4.7. For an Archimedean vector lattice E, B(E) is Boolean isomorphic

to b(X), where X is an extremally disconnected compact Hausdorff space.

PROOF. The existence of a unique space X was proven in Theorem 4.3. Given

that the algebra B(E) has a Stone space, we will show the space t0 be extremally
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disconnected. Since B(E) is a complete Boolean algebra and b(X ) is isomorphic to
B(E), it follows that b(X ) is also complete. Therefore the arbitrary union of clopen
subsets of X is clopen. Let U be a regular open set in X. Then U can be written as
the union of clopen subsets of the zerodimensional space X, and therefore U is clopen.

Hence, all regular open subsets of X are clopen, and X is extremally disconnected. O

The natural question to ask following Stone’s representation theorem is, “Is every
o-complete Boolean algebra isomorphic to a o-complete field of sets?” The answer

turns out to be negative. To provide a counterexample, we introduce several new

terms.

DEFINITION 4.8. A Boolean algebra B is said to be o-distributive if the sets I

and J have cardinality at most « and

AV ==\ Nsiwo

iel jeJ eJ! iel

where J! denotes the set of maps from I into J and each %;; € B, given that all the

infima and suprema exist.

Every o-complete field of sets is o-distributive. This statement holds because
the set-theoretical union (intersection) of elements z. coincides with the Boolean
supremum (infimum) of ., whenever the union (intersection) of all Z, belongs to the
field of sets (see [9], page 68).

A Borel set of the real numbers is any set that can be formed from open subsets
of R by using the operations of countable union, countable intersection, and comple-
mentation. By definition, the field of Borel sets forms a o-complete algebra. Let B
be the field of all Borel sets of the real numbers, and let I be the ideal consisting of
all subsets of B that are at most countable. I is an ideal because any subset of an
at most countable set is indeed at most countable. Moreover, I is a o-ideal since the
countable union of at most countable sets is at most countable.

We claim the Boolean algebra B/I is o-complete but not isomorphic to a o-

complete field of sets. First we show that B/I is o-complete because both B and [
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are o-complete. Note that if z,y € B, then
s-yelorny elekay]=0e Al =0« <

Let {z,} be a collection of at most countably many elements of B, and let z =
sup{z,}. For all n, we have , — = = z, A (sup{zs})’ = 0 € I, and therefore
[a] < [z]. Take zo € B such that [z,] < [zo] for all n. It follows that z, — zo € I
and that ¢ — zy = sup{z, — 7o} € I since I is a o-ideal. Thus [z] < [zo], and we
infer that [z] is the supremum of the collection {[z,]}. More generally, if {z,} is a
countable collection of clements in a o-complete Boolean algebra and quotients are

taken by a o-ideal, then

(4.5) sup(z,] = [sup zn)-

Hence, B/I is o-complete.
The quotient algebra B/I is not o-distributive (see [9], page 61). Let By be the

set of all numbers of the form

2 aj+1
Z 05 +1
j=1
where a; = —1l or 1 for j # n, and @, =4 (i = £l,n = 1,2,...). The sets By

belong to B because they are unions of finite numbers of closed subintervals of the
closed unit interval U. Define An; = [Bn]- The following statement establishes a

counterexample to the o-distributivity of B/I:
(4.6) Moz (An—1U Ap 1) = [U] # [0] = Uges Naz1 Angin)

where ® is the set of maps from the natural numbers to the set {—1,1}.

It follows from (4.5) and the equality N2 Bng(n) = 0 that

r];.:3:1’4'!1,,:15(1';) = nz?;l [Bn,¢(n)] = [0]

Since the action of taking arbitrary unions does not affect [0], the right-hand side of
(4.6) holds.
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We conclude that B/I is a o-complete Boolean algebra that is not o-distributive

and therefore not isomorphic to a o-complete field of sets.

Since not every o-complete Boolean algebra can be represented as a g-complete
field of sets, we turn to quotients to create a representation. The following funda-
mental theorem independently discovered by Loomis and Sikorski in 1947 answers

the question of representability for o-complete Boolean algebras (see [7]).

‘THEOREM 4.9. (Loomis-Sikorski Theorem) Every o-complete Boolean algebra is

representable as a o-complete field of sets modulo a o-ideal.

For all higher cardinals, the existence of Boolean algebras which cannot be rep-
resented in such a way has been established. In [3], Chang sets out necessary and
sufficient conditions for Boolean algebras to be a-representable. In [9], Sikorski ex-
pands on this to form an extensive list of necessary and sufficient conditions for

Boolean algebras to be a-representable.

DEFINITION 4.10. A Boolean algebra is a-representable if it is isomorphic to an

a-complete field of sets modulo an a-ideal.
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5. Representation of Vector Lattices

An important theorem in the representation of vector lattices, discovered by
Maeda and Ogasawara, states that any Archimedean vector lattice can be repre-
sented as an order dense subset of a vector lattice of functions with values in the

extended real numbers.

Let X be an extremally disconnected space. C*°(X) denotes the set of all contin-
uous functions f : X — R, such that f ‘I(R)C is meagre, that is, where the function
takes finite values almost everywhere. If f, g € C*°(X), then the subset of X on which
f or g takes finite values is also meagre. Outside of this meagre subset, f + g and fg
arc well-defined, continuous functions. Under pointwise partial ordering, C*°(X) is a,

vector lattice. Indeed, C(X) C C*(X).

THEOREM 5.1. (Maeda-Ogasawara) If X is the Stone space of B(E), then there

exists a Riesz isomorphism from E to an order dense subspace of C*(X).

Let (z,) be a net in a vector lattice E. If Ty1 > T2 Whenever y1 > 42, then we
say (z,) is increasing, or z.T. We write z,1z if (z,) is increasing and the supremum

of (z,) isequaltor € F

DEFINITION 5.2. Let G be an ideal of a vector lattice E. Then G is an a-ideg]
if for any collection of at most a elements in G whose supremum exists in E, the

supremum exists in G.
An ideal is a band if it is an a-ideal for every cardinal a.

DEFINITION 5.3. A vector lattice is called a-complete if all of its nonempty subsets

of cardinality at most & that are bounded above (below) have a supremum (infimum)
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DEFINITION 5.4. Let E and F be vector lattices. A homomorphism ¢ : E — F'

is called an a-homomorphism if

A 1f = é(f)16(F)

for a net (fy)yer, where the directed set I' contains at most o elements.
We present a lemma before the proof of the following theorem (see [11], page 129).

LEMMA 5.5. Given the following statements, (1)=(2)=(3).
(1) If {f»} is an increasing sequence in G* that uniformly converges to some f, then
feq.
(2) If f,g € E* and (nf — g)* € G for alln, then f € G.
(8) E/G 1is Archimedean

PROOF. (1)=(2) Take f,g € E* such that (nf — g)* € G for all n, and assume
that (1) holds. Since

0< /= (f=nTlg)* =|f* = (f=nT'g|SIf = (f-nTg)l =n""g,

we infer that the increasing sequence hy, = (f — n'g)* converges uniformly to f.
Moreover, h, € G for all n by assumption. It follows from (1) that f € G.

(2)=>(3) Assume (2) holds and take f,g € E* such that n[f] < [g] for all n. Then
[0] = (n[f] = [g])* = [(nf — g)*] for all n, and (nf — g)* € G. By (2), f € G so that
[0] = [f]. Therefore, E/G is Archimedean. O

In fact, the converses are true as well, but the proof is not necessary for the

following theorem.

THEOREM 5.6. Let E be an Archimedean vector lattice and I a o-ideal in E.

Then, E/I is Archimedean.

PROOF. Suppose [ is a o-ideal in an Archimedean vector lattice E, and take an
increasing sequence {f,} in I* that converges uniformly to some f (i.e. g € E* such

that there exists a sequence €, | 0 for which |f — fa| < €ng for all n). Since E is
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Archimedean, €,g9 | 0, and therefore 0 < f, 1 f. Furthermore, f € I because I is a

o-ideal. By the previous lemma, E/I is Archimedean. O

Since every a-ideal is necessarily a o-ideal, it follows immediately that quotients by
a-idecals arc Archimedean vector lattices. The following theorem states that the natu-
ral homomorphism, which takes f to [f] for all f € E, is actually an e-homomorphism

when the ideal used to take quotients is an a-ideal.

THEOREM 5.7. Let E be a vector lattice, and let I be an a-ideal in E. If ¢ : E —
E/I is defined as ¢(f) = [f] for f € E, then ¢ is an a-homomorphism.

PROOF. To show that ¢ is an a-homomorphism, we prove that

1 f=6(f,) 16(f)

for a net of cardinality at most . Take a net (f,) such that f, € E and sup(fy) = f.

Since ¢ is a homomorphism, f > f, implies that ¢(f) > ¢( fy), and therefore the
net (¢(f,)) is bounded above by ¢(f). Next, we show that ¢(g) > ¢(f) for any upper
bound ¢(g) of (#(fy)). Equivalently, we may show that 0 is the least upper bound of
the difference (¢(f) — &(f,)).

Suppose (9) < @(f)~4() for all 7. Then ¢(g—f-+fy) < 0,and$(g = f + )" =
0. It follows that ¢((9 — f + f,)*) = 0 because ¢ is a homomorphism. Therefore,
(9 — f + fy)" is in the kernel of ¢, which is the a-ideal I. The net ((9 = f+ f»)*)
increases with supremum equal to g*. Therefore, g* € I, which implies that 0 =
¢(9%) = ¢(9)* and that ¢(g) < 0. It follows that 0 is the infimum of (¢(f) - 6(f))
and that ¢(f,) T #(f). Hence, ¢ is an a-homomorphism. O

We now arrive at a crucial definition of this thesis.

DEFINITION 5.8. A vector lattice is a-representable if it is isomorphic to a function

lattice modulo an a-ideal.

As an immediate consequence of this definition, C(X) is a-representable for every

X and every cardinal o.
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6. a-Representability of E via B(E)

The following definitions generalize the common notions of nowhere dense sets

and sets of the first category (see [9], page 85).

DEFINITION 6.1. A set is a-closed if it is the intersection of at most & clopen sets.
A set is a-nowhere dense if it is a subset of a nowhere dense a-closed set. A set is of

the a-category if it is the union of at most « sets that are a-nowhere dense.

The following lemma of Sikorski (see [9], page 120) plays a subtle but significant role

in Theorem 6.4.

LEMMA 6.2. A Boolean algebra is a-representable if and only if, in its Stone space,

no nonempty open set is of the a-category.
By “a-almost everywhere”, we mean “at all points except on a set of a-category.”

COROLLARY 6.3. Let X be the Stone space of an a-representable Boolean algebra,

and let f,g € C°(X). If f = g a-almost everywhere, then f =g on X.

PROOF. We claim that {z € X : f(z) # g(z)} = 0. Since f,g € C®(X), the
difference f — g is a continuous function X — R. By the definition of continuity, the
set {z € X : f(x) # g(z)} = {(f — g)" (v) : y € R\{0}} is open in X because R\{0}
is open in R. Therefore {z € X : f(z) # g(z)} is an open set of a-category. By
Lemma 6.2 {z € X : f(x) # g(z)} =0, and f(z) = g(z) forall z € X. 0

We now present the primary theorem of this thesis.

THEOREM 6.4. If E is an Archimedean vector lattice such that B(E) 4s a-Tepresentable
then F is «-representable
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PROOF. Let L be the order dense subset of C*®(X) that is isomorphic to E by
Theorem 5.1. Let £ be a set of real-valued functions on X defined by: f € £ if there
is a g € L such that the set {z € X : f(z) # g(z)} is of a-category.

Step 1: £ is a vector lattice under pointwise ordering

Take f1, f2 € £, and let g, g, be the corresponding functions in L to which f;
and f,, respectively, are a-almost everywhere equal. At every point z for which
fi(z) = g1(z) AND fi(z) = g5(z), we have fi(z) V fo(z) = g1(z) V go(z). The
remaining points lie within the union of two sets of a-category, which is itself of a-
category. Thus the pointwise supremum of f; and f; equals g, V g, except on a set
of a-category. Hence, f; V f, € £. Similarly, fi A f2 € £.

With this in mind, we define a mapping ¢ : £ — L by o(f) = g5, where f = g5

except on a set of a-category.

Step 2: ¢ is well-defined

To show that ¢ is well-defined, suppose f € £ such that ¢(f) = g1 and ¢(f) = ga.
We show that g, = g,. By definition, f # g1 on a subset U C X of a-category,
and f # g2 on a similar set V. It is then clear that g = f = g everywhere in the
complement of U UV and possibly at points in U UV as well. Equivalently, the set
on which g1 # g is a subset of U UV, which as the union of two sets of a-category,
once again is of a-category. From Corollary 6.3 it follows that gi(z) = gy(z) for all
z € X.

Step 3: ¢ is surjective

An element g of L C C*(X) only takes the values of +-00 and —co on a meagre
subset U of X. Since a nowhere dense set is a-nowhere dense, it follows that a meagre
set is of the a-category. Therefore g takes real values except on a set of o-category.
Hence, if h(z) = 0 for £ € U and h(z) = g(z) otherwise, then h is a real-valued

function that equals g except on a set of a-category (i.e. ¢(h) = g).

Step 4: ¢ is a homomorphism
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#(fi V f2) = fL V fo c-almost everywhere. Moreover, ¢(f1) and ¢(f2) are o-
almost everywhere equal to f; and f,, respectively. Therefore ¢(f1) V é(fe) = 11V f
everywhere except on a set of a-category. It follows that ¢(f1 V f2) = ¢(f1) V é(f2)
a-almost everywhere and thus everywhere on X by Corollary 6.3 because #(fiV f2)
and ¢(f1) V ¢(f2) are both continuous functions on X.

Step 5: Ker(¢) is an ideal

Since ¢ is a Riesz homomorphism, the kernel of ¢ is an ideal. Indeed, take an
element f of N = Ker(¢). Then f has the same zero set as |f| so that |fleN. If
lg| < |f]| for some g € £, then |g| = 0 whenever |f| = 0. Therefore |g| € N, which
in turn implies that g € N. Since N is an ideal, by Theorem 3.9 the quotient space

£/N is a vector lattice.

Step 6: L and £/N are isomorphic
We define a map ¥ : £/N — L by ¥([f]) = #(f). The map 9 is well-defined
because ¢ is well-defined, for if y([f]) = ¢(f) = o1 and ¥([f]) = é(f) = 92, then

g1 = g2. We claim that v is a homomorphism as well because

WUV [9) =w((f V) = (F v g) = #() v 8l9) = ¥/ v ¥(le])

The surjectivity of ¢ follows from that of ¢. If g € L, then g = ¢(f) = ¥([f ]) for some
[f] € £/N. Moreover, suppose 9([f]) = %([g]). Then ¢(f) = ¢(g), and ¢(f — g) =
Hence, f — g € Ker(¢) = N, and [f] = [g]. We conclude that the map 1 is bijective

and thus an isomorphism.

Step 7: N is an a-ideal

Take a net of at most & many positive elements in N that increase with supremum
f,ie fy 1 fwith f, € N. We need to show that f € N, that is, that f is equal to 0
except on a set of a category. This is equivalent to showing that {z:¢(f(z)) #0} #
0. Let ¢(f) = g, and suppose [g > 0] # @, where the notation [g > 0] is shorthand
for {z : g(x) > 0}. There exists an z € X such that g(z) > 0, and there exists an
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open (and closed, since X is extremally disconnected) set U containing z such that
g(y) > € for all y € U and some € > 0.

Let A be defined as the set of points on which at least one f, takes a positive value:
A = U,[fy > 0]. For each f,, the set [f, > 0] is of a-category because ¢(f,) = 0.
Hence, the union of a many such sets is also of the a-category. In addition, let the
set B be defined as all the points in X where f and g are not equal, i.e. B = [f # 9]
Since ¢(f) = g, it follows that B is also of the a-category. We define a map h by

ef2 :xz e A°NB°NU
0 cx ¢ A°NB°NU.

h(z) =

Consider the difference f — h. As the map h is defined, it is continuous outside of U
and a-almost everywhere continuous in U. Thus h is continuous except on a set of
a-category. It follows that h € £ and that the difference f — h is also in £. At all
points outside of the set A°N BN U, certainly f, < f—h=f. fz € AN BN U,
then f(z) = g(x) because z ¢ B and g(z) > € because z € U. Moreover, fy(x)=0
for all € A°N B°NU and all . Therefore, f —h=g—h>e—¢/2=¢/2>0, and
fy £ f—hon A°NB°NU. Furthermore, f —h < f, which contradicts the minimality
of f as the supremum of (f,). We conclude that ¢(f) = g = 0, which implies that
f € N and that N is an a-ideal.

Hence, E is isomorphic to £/N, which is a function lattice modulo an a-ideal. [

The Loomis-Sikorski Theorem and Theorem 6.4 together give the result of Theo-
rem 3 of [1].

COROLLARY 6.5. If E is an Archimedean vector lattice, then E is o-representable.

PROOF. Every Boolean algebra, particularly B(E), is o-representable (see [9],
page 123). Note that a set is of the o-category precisely when it is meagre. It follows
from Lemma 6.2 that a Boolean algebra is o-representable if and only if no nonempty
open set in its Stone space is meagre. Moreover, Stone spaces are compact Hausdorff

spaces, and no nonempty open subset of a compact Hausdorff space is meagre (see
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[4], Theorem 7.2). We conclude that B(E) is o-representable and therefore that E is

o-representable by Theorem 6.4. O

As another corollary, if F is an order dense subspace of an Archimedean vector
lattice E and the Boolean algebra B(E) is a-representable, it follows that B(F) is a-
representable by Theorem 3.16 and therefore that both E and F are a-representable

as vector lattices.
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7. Questions and a Conjecture

Question 1: Can Theorem 6.4 be proven constructively, that is, without the use

of the order dense subspace of C*(X) guaranteed by Maeda and Ogasawara?

Question 2: Does the converse of Theorem 6.4 hold? Is it true that if a vector
lattice is a-representable, then the Boolean algebra generated by its bands is o-

representable?

CONJECTURE 7.1. The natural embedding £/N — RX/N (where £, N, and X

are as in Theorem 6.4) is an a-homomorphism.

If this conjecture holds for a equal to the cardinality of the natural numbers, then

we obtain Theorem 3.2 of [2].
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8. Index of terms

The following table outlines how items are denoted throughout this thesis.

Archimedean - 16

Sets - X,Y,Z

Topological spaces - X

Subsets of topological spaces - U,V,W,Y,Z
Points of a topological space - z,, z

Real numbers - qa, b, c

Boolean algebras - A, B,C

Elements of a Boolean algebra - z,y, 2
Vector lattices - E, F, G, ...

Elements of a vector lattice - f, g, h,...
Maps - ¢, 7,9, f, g, h

Cardinal numbers - o

Complemented lattice - 5

B(E) - 21 Complete -
b(z) - 28 Boolean algebra - 31
Band - 16 vector lattice - 35

Bijective - 2
Boolean algebra - 6

Borel set - 32

Continuous - 3
Directed set - 2

Disjoint complement - 19

C(X)-15 Distributive - 6
C>®(X) - 35 Equivalence class - 11
Closed set - 2 Field of sets - 7
Closure - 3 Filter - 28

Complement - 5

Function lattice - 16
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Hausdorff space - 3
Homomorphism -
Boolean algebra - 11
vector lattice - 17
[1]-16
Ideal -
Boolean algebra - 10
vector lattice - 16
Increasing net - 35
Infimum - 5
Injective - 2

Interior - 3



Isomorphism -
Boolean algebra - 11
vector lattice - 17
Lattice - 5
Loomis-Sikorski - 34
Lower bound - 5
Maeda-Ogasawara - 35
Maximal ideal - 10
Meagre - 3
Natural homomorphism -
Boolcan algebra - 12
vector lattice - 37
Neighborhood - 3
Net - 2
Nowhere dense - 3
Open set - 2
Order densc - 16

Ordered vector space - 13

Partial ordering - 5

Partially ordered set - 5

Positive cone - 14
Principal ideal - 10
Quotient algebra - 11
Quotient space - 17
Regular open - 3
Riesz subspace - 16
Stone space - 28
Sum of sublattices- 18
Supremum - 5
Surjective - 2
Topology - 2

Upper bound - 5
Vector lattice - 13

a-category - 38

45

a-closed - 38
a-complete -
Boolean algebra - 31
vector lattice - 35
a-distributive - 32
c-homomorphism -
Boolean algebra - 31
vector lattice - 35
a-ideal -
Boolean algebra - 31
vector lattice - 35
a-nowhere dense - 38
a-representable -
Boolean algebra - 34

vector lattice - 37



(1]
2]
(3]
(4]
(5]
(6]
(7]
(8]
[9]

(10]

(11)

Bibliography

L. Brown and H. Nakano, A Representation Theorem for Archimedean Linear Latiices, Proc.
Amer. Math. Soc. 17 (1966), 835-837.

G. Buskes, B. de Pagter, A. van Rooij, The Loomis-Sikorski Theorem Revisited, Algebra Uni-
versalis 58 (2008), 413-426.

C.C. Chang, On the Representation of a-Complete Boolean Algebras, Trans. of the Amer. Math.
Soc. 85 (1957), 208-218.

Dugundji, Topology, Prentice Hall, 1965.

S. Gavant, P. Halmos, Introduction to Boolean Algebras, Springer, 2009.

E. de Jonge, A.C.M. van Rooy, Introduction to Riesz Spaces, Mathematical Centre Tracts 78 ,
Amsterdam, 1977.

L.H. Loomis, On the representation of o-complete Boolean algebras, Bull. Amer. Math Cos. 53,
(1947), 757-T60.

R.S. Pierce, Distributivity in Boolean algebras, Pacif. J. Math. 7 (1957), 983-992.
R. Sikorski, Boolean Algebras, Berlin, 1969.

M.H. Stone, The Theory of Representations for Boolean Algebras, Trans. of the Amer. Math.
Soc. 40 (1936), 37-111.

A. Zaanen, Introduction to Operator Theory in Riesz Spaces, Springer-Verlag Berlin Heidelberg,
1997.

47




	Alpha-Representability of Vector Lattices
	Recommended Citation

	tmp.1622830323.pdf.d0I32

